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Notice 


In this paperback edition of volume I a number of small errors — and some 
actual mathematical mistakes — present in the original hard-cover version have 
been corrected. Many were pointed out to me by Henrik Pedersen, my former 
student; it was he who observed in particular that the hint given for Problem 
28 (b) was ineffective. I wish to express here my gratitude for the considerable 
service he has thus rendered. 

Let me also call the reader’s attention to two annoying oversights in 
volume II. In the statement of the important theorem on p. 65, the condition 
that the quantities a, all be > 0 was inadvertently omitted. On p. 406 it would be 


better, in the last displayed formula, to replace the difference quotient now 
p(x + Ax) - p(x - Ax) ! 
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March 22, 1997 
Outremont, Québec 
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Preface 


The two volumes that follow make up what is meant primarily as a book 
for reading. One reason for writing them was to give a connected account 
of some of the ideas that have dominated my mathematical activity for 
many years. Another, which was to try to help beginning mathematicians 
interested in analysis learn how to work by showing how I work, seems 
now less important because my way is far from being the only one. I do 
hope, at any rate, to encourage younger analysts by the present book in 
their efforts to become and remain active. 

I have loved f? (log M(t)/(1 + t?)) dt — the logarithmic integral—ever 
since I first read Szegó's discussion about the geometric mean of a function 
and the theorem named after him in his book on orthogonal polynomials, 
over 30 years ago. Far from being an isolated artifact, this object plays 
an important role in many diverse and seemingly unrelated investigations 
about functions of one real or complex variable, and a serious account 
of its appearances would involve a good deal of the analysis done since 
1900. That will be plain to the reader of this book, where some of that 
subject’s developments in which the integral figures are taken up. 

No attempt is made here to treat anything like the full range of topics 
to which the logarithmic integral is relevant. The most serious omission 
is that of parts of probability theory, especially of what is called prediction 
theory. For these, an additional volume would have been needed, and we 
already have the book of Dym and McKean. Considerations involving 
H, spaces have also been avoided as much as possible, and the related 
material from operator theory left untouched. Quite a few books about 
those matters are now in circulation. 

Of this book, begun in 1983, all but Chapter X and part of Chapter IX 
was written while I was at McGill University; the remainder was done 
at UCLA. The first 6 chapters are based on a course (and seminar) given 
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at McGill during the academic year 1982-83, and I am grateful to the 
mathematics department there for the support provided to me since then 
out of its rather modest resources. Chapters I- VI and most of the seventh 
were typed at that department's office. 

Chapter VII and parts of Chapter VIII are developed from lectures I 
gave at the Mittag-Leffler Institute (Sweden) during part of the spring 
semesters of 1977 and 1983. I am fortunate in having been able to spend 
almost two years all told working there. 

Partial support from the U.S. National Science Foundation was also 
given me during the first year or two of writing. 

I thank first of all John Garnett for having over a long period of time 
encouraged me to write this book. Lennart Carleson encouraged and 
helped me with research that led eventually to some of the expositions 
set out below. I thank him for that and also for my two invitations to the 
Mittag—Leffler Institute. For the second of those I must also thank Peter 
Jones who, besides, helped me with at least one item in Chapter VII. The 
book's very title is from a letter to me by V.P. Havin, and I hope he does 
not mind my using it. I was unable to think of anything except the 
mathematical expression it represents! 

It was mainly John Taylor who arranged for me to come to McGill in 
the fall of 1982 and give the course mentioned above. Since then, a good 
part of my salary at McGill has been paid out of research grants held by 
him, Jal Choksi, Sam Drury, or Carl Herz. Taylor also came to some of 
the lectures of my course as did Georg Schmidt. Robert Vermes attended 
all of them and frequently talked about their material with me. 
Dr Raymond Couture came part of the time. The students were Janet 
Henderson, Christian Houdré and Tuan Vu. These people all contributed 
to the course and helped me to feel that I was doing something of value 
by giving it. Vermes' constant presence and evident interest in the subject 
were especially heartening. 

Most of the typing for volume I was done by Patricia Ferguson who 
typed Chapters I through VI and the major part of Chapter VII, and by 
Babette Dalton who did a very fine job with Chapter VIIT. I am beholden 
to S. Gardiner and P. Jackson of the Press' staff and finally to Dr Tranah, 
the mathematics editor, for their patience and attention to my desires 
regarding graphic presentation. The beautiful typesetting was done in 
India. 


August 13, 1987 
Laurel, Comté Argenteuil, Québec. 


Introduction 


The present book has been written so as to necessitate as little consultation 
by the reader as reasonably possible of other published material. I have 
hoped to thereby make it accessible to people far from large research 
centres or any ‘good library’, and to those who have only their summer 
vacations to work on mathematics. It is for the same reason that references, 
where unavoidable, have been made to books rather than periodicals 
whenever that could be done. 

In general, I consider the developments leading up to the various results 
in the book to be more important than the latter taken by themselves; 
that is why those developments are set out in more detail than is now 
customary. My aim has been to enable one to follow them by mostly just 
reading the text, without having to work on the side to fill in gaps. The 
reader’s active participation is nevertheless solicited, and problems have 
been given. These are usually accompanied by hints (sometimes copious), 
so that one may be encouraged to work them out fully rather than feeling 
stymied by them. It is assumed that the reader’s background includes, 
beyond ordinary undergraduate mathematics, the material which, in North 
America, is called graduate real and complex variable theory (with a bit 
of functional analysis). Practically everything needed of this is contained 
in Rudin’s well-known manual. My own preference runs towards a more 
leisurely approach based on Titchmarsh’s Theory of Functions and the 
beautiful Leçons d'analyse fonctionnelle of Riesz and Nagy (now available 
in English). Alongside these books, the use of some supplementary 
descriptive material on conformal mapping (from Nehari, for instance) is 
advisable, as is indeed the case with Rudin as well. The Krein-Milman 
theorem referred to in Chapters VI and X is now included in many books; 
in Naimark’s, for example (on normed algebras or rings), and in Yosida’s. 
In the very few places where more specialized material is called for, 
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additional references will be given. (Exact descriptions of the works just 
mentioned together with those cited later on can be found in the 
bibliographies placed at the end of each volume.) 

Although the different parts of this book are closely interrelated, they 
may to a large extent be read independently. Material from Chapter III 
is, however, called for repeatedly in the succeeding chapters. For finding 
one's way, the descriptions in the table of contents and the page headings 
should be helpful; indices to each volume are also provided. Throughout 
volume I, various arguments commonly looked on as elementary or 
well-known, but which I nonetheless thought it better to include, have 
been set in smaller type, and certain readers will miss nothing by passing 
over them. 

The book's units of subdivision are, successively, the chapter, the 
$ (plural $8) and the article. These are indicated respectively by roman 
numerals, capital letters and arabic numerals. A typical reference would be 
to ‘§B.2 of Chapter VI’, or to ‘Chapter VI, §B.2’. When referring to another 
article within the same §, that article's number alone is given (e.g., ‘see article 
3’), and, when it's to another § in the same chapter, just that §’s designation 
(e.g., ‘the discussion in § B’) or again, if a particular article in that § is meant, 
an indication like '$B.2. Theorems, definitions and so forth are not 
numbered, nor are formulas. But certain displayed formulas in a connected 
development may be labeled by signs like (*), (t), &c, which are then used to 
refer to them within that development. The same signs are used over again 
in different arguments (to designate different formulas), and their order is 
not fixed. A pause in a discussion is signified by a horizontal space in the 
text. 

About mistakes. There must inevitably be some, although I have tried as 
hard as I could to eliminate errors in the mathematics as well as misprints. 
Certain symbols (bars over letters, especially) have an unpleasant tendency 
to fall off between the typesetters' shop and the camera. I think (and hope) 
that all the mathematical arguments are clear and correct, at least in their 
grand lines, and have done my best to make sure of that by rereading 
everything several times. The reader who, in following a given development, 
should come upon a misprint or incorrect relation, will thus probably see 
what should stand in its place and be able to continue unhindered. If 
something really seems peculiar or devoid of sense, one should try 
suspending judgement and read ahead for a page or so - what at first 
appears bizarre may in fact be quite sound and become clear in a moment. 
Unexpected turnings are encountered as one becomes acquainted with this 
book's material. 

It is beautiful material. May the reader learn to love it as I do. 


Jensen’s formula 


On making the substitution t = tan(9/2) and then putting M(t) = P(9), the 
expression 


1 f log M(t) 


dt 
n}J_, 14+? 


goes over into 


1 (* 7 
i | oroa 


We begin this book with a discussion of the second integral. 

Suppose that R>1 and we are given a function F(z), analytic in 
{|z| < R}. If F(z) has no zeros for |z|<1 we can define a single valued 
function log F(z), analytic for |z| < R’, say, where 1 < R' < R. By Cauchy’s 
formula we will then have 


2n 
log F(0) = xl log F(e/?) d9, 
2n 0 
so, taking the real parts of both sides, we get 
1 f* : 
log|F(0)| = xl log| F(e?^)|d9. 


What if F(z) has zeros in |z| < 1? Assume to begin with that there are 
none on |z| = 1, and denote those that F(z) does have inside the unit disk 
by 4,,45,...,a,. According to custom, a zero is repeated according to its 
multiplicity in such an enumeration. Put 


F(z) 


vos (z — a,)(z — a2). . (Z — a) 


2 I Jensen's formula 


Then ®(z) has no zeros in {|z| < 1}, so, by the special case already treated, 


1 [* i 
log|®(0)| = x| log| d (e^)|d9 


1 |" i e 1|" is 
=z; [tenir dg Dx oz NT a,|d 9. 
Here we make a side calculation. For |a,| « 1 we have 
EM log|e? djs. i log|1 — a,e?|d 9. 


and this = log1 =0 by the case already discussed (F(z) without zeros in 
|z| < 1)! Combined with the previous relation this yields 


1 |* i 
log|®(0)| -x| log|F(e?)|d3. 
Especially, if F(0) # 0, 
n 1 R ¢ 
log|F(0) — 5; logia] —. Í log|F(e?)|d9. 
k=1 n -r 
The sum on the left can be written differently. Call n(r) the number of 


zeros of F(z) in |z| & r (counting multiplicities). Then, if F(0) # 0, 


1 n( 


- XY logia! [ mU dy 
k=1 0 


r 


Indeed, since n(r) = 0 for r >0 close to 0, 


* n(r) : J 
-, dr = n(1)log 1— | logrdn(r)= — 5, logla,l. 
k=1 


0 0 


We therefore have 


1 1 R . 
log| F(0)| «[ Dara | log|F(e?)|d3. 
o f 2x J-. 
In case F(z) is regular in a disk including {|z| < R} in its interior and 


F(0) #0 we can (provided that F(z) € 0 for |z| - R) make a change. of 
variable in the preceding relation and get 


R 1 R . 
log FO + Í Dara Z| log| F(Re?)|d3. 
o r 2n -zr 


This is Jensen's formula. 
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The validity of Jensen’s formula subsists even when F(z) has zeros on 
the circle |z| = R. To see this, observe that then F(z) will not have any 
zeros on the circles |z| = R’ with R' < R and sufficiently close to R, for 
F(z) is analytic in a disk {|z| < R +n}, 4 7 0, and not identically zero 
(F(0) z 0). So, for such R’, 


R' 1 Ei . 
log| F(0)| + f mr) ay = xl log|F(R'e?)|d3. 

o f 2n j-r 
As R'—R, the left side clearly tends to log|F(0)| + fentryr) dr - the 
integral on the left is a continuous function of its upper limit because n(r) 
is bounded. We need therefore merely verify that 


f log FUe*)1a9— | log | F(Re"*)|d9 


as R'— R. The idea here is the same whether F(z) has several zeros on 
|z| = R or only one, and in order to simplify the writing we just treat the 
latter case. Suppose then that F(x) 2 0 where |«|=R, and there are no 
other zeros in a ring of the form {R — n < |z| < R +n}, n » 0. On this ring 
we then have |F(z)| > const.|z — a|", if m is the multiplicity of the zero at 
a, SO, since | F(z)| is also bounded above there, 


|log| F(R’e'’)|| < const. + m log* [Rea] 
for R—n<R'<R. (Here, for p>0, log* p denotes logp if pz1 
and 0 if p<1.) The expression on the right is, however, < const. + 
mlog" (1/| Re? — «|), independently of R’, when the latter quantity is close 
to R: 


Figure 1 


4 I Jensen's formula 


(The constants of course will be different; the relation between them 
need not concern us here.) In other words, for R'—R the expressions 
llog|F(R'e?)|| are bounded above by the fixed function const. + 
mlog* (1/| Re? —a|) of 8, which however, has a finite integral over [ — n, x], 
as we easily check directly. Since also log|F(R'e?)| —log|F(Re?)| 
pointwise as R' — R, we have 


f log rejas [ log | F(Re^)|d9 
by Lebesgue’s dominated convergence theorem. This is what we needed to 


complete our derivation of Jensen’s formula. (We see that the same 
computation which shows that 


| log|F(Re?)d9 > — œ 


also establishes the convergence of |" log|F(R’e'’)|d9 to that quantity 
as R'— RI) 
Here is a first application of Jensen's formula. 


Theorem. Suppose that F(z) is analytic and #0 for |z| « 1, and that the 
integrals 


f log* | F(re'’)|d9 


are bounded for 0 <r « 1. Then for any ro, O< ro < 1, the integrals 
| log" |F(re?)|d8 
are bounded for rọ <r « 1. 
Notation. For p > 0, we write (as remarked above) log* p = max (log p, 0). 
We also take log" p= — min(logp,O), so that log p>0 and logp= 


log* p —log™ p.(Everybody means the same thing by log* p, but, regarding 
log" p, usage is not uniform.) 


Proof of theorem. Without loss of generality (henceforth abbreviated 
‘wlog’), let F(0) #0. (Otherwise work with F(z)/z* for a suitable k instead 
of F(z).) By Jensen's formula, 


— © < log| F(0)| «x log* |F(re?)|d9 


->f log” |F(re)|d9, O<r<1. 
2r ]-. 


Jensen’s formula 5 
By hypothesis, the right-hand side is 
1 [7 : 
< const. — — f log" |F(re?)|d9. 
2nJ_, 
The desired result follows by transposition. 
Corollary. Under the hypothesis of the theorem, suppose that 
F(e?) = lim F(re?) 
rol 
exists a.e. Then 


f log |F(e)|d9_ < oo. 


-— 
Proof. Fatou's lemma. 


Remark 1. Actually, the hypothesis of the theorem forces a.e. existence of 


lim F(re?). 
r2l 


This is a fairly deep result, and depends on Lebesgue's theorem on a.e. 
existence of derivatives of functions of bounded variation. In the situations 
we will mostly consider, the existence of this limit can be directly verified 
(‘by inspection’), so the deeper result will not be needed. Therefore we do 
not prove it now. The interested reader can work up a proof by using the 
subharmonicity of log * | F(z)| together with an argument from Chapter III, 
§F.1, so as to produce a positive measure v on [— z, x] for which 


1 n et +z 
apia [ Sao, |z| « 1. 


After this, one applies results from $F.2 of Chapter III to the analytic 
function ®(z) within | | on the right, and then to the ratio F(z)/®(z). 


|F(z)| < 


Remark 2. The idea of the corollary is that if | F(z)| is not too big in {|z| < 1} 
(especially if |F(z)| is bounded there), then the boundary values |F(e'%)| 
cannot be too small unless F = 0. 


Problem 1 


(a) Let F(z) be entire, F(0) = 1, and | F(z)| < Ke^"! for all z, where A and K are 
constants. If n(R) denotes the number of zeros of F having modulus « R, 


6 


I Jensen's formula 


show that, for all R, n(R) < eAR + const. (Here, the constant depends on 
K) 

*(b) Show that in the relation established in (a) the coefficient eA of R cannot 
in general be diminished. (Hint. Fix R — m/e with m a large integer. 
Compute the maximum value of (x/R)**e~* for x z 0. Then look at a 
function which has m equally spaced zeros on the circle |z| = R and no 
others.) 


II 


Szegó s theorem 


A. The theorem 


Szegó's theorem is a beautiful result in approximation theory, 
obtained with the help of Jensen's formula. Its proof also uses a limit 
property of integrals involving the Poisson kernel (for the unit disk) which 
is now taught in many courses on real variable theory. The reader who 
does not remember that result will find it in $B, together with its proof. 


Theorem (Szegő). Let w(9) > 0 belong to L,(— v, n). Then the infimum of 
1 n 


as w(9)d9, 


1- Y ae"? 
n>0 


taken with respect to all possible finite sums ¥.,594,¢'", is equal to 


exp (z ils log was), 


ote: og” Wi is finite if weL,(— n,n). So |__log either 
N FK log* w(9)d9 is fi if weL,( ). S f w(9)d9 eith 


converges, or else diverges to — oo. 


Proof of theorem, By the inequality between arithmetic and geometric 
means, 


1 7 ind 
xl. 1- PL 


2 exp ixl (os 1- Y ae? 
-r n>0 


Jensen's formula applied to F(z)=1—>,>9@,z" shows that this last 
expression is always 


2 exp (= | log o) 


w(3)d9 


+ log wo jaa}. 
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the desired infimum is thus > the latter quantity. We must establish the 
reverse inequality. 

Write w (9) = max(w(9), e^"). By Lebesgue's monotone convergence 
theorem and the finiteness of f* log* w(9)d9 we have 


1 [7 1 [7 
x. |. toewn(0)49 = = | togm(aya. 


It will therefore be enough to show that for any N and any 6 > 0 there exists 
some finite sum 1 — Fp >o .4,e such that 
1 n 


2n 


ks È Ape? 
k>0 


w(9)d9 < (=f logwy(9)49 +ô 


To this end, put first of all 


1 * pit 
(*) F(z) = exp ixl S tog( art 


for |z| « 1. We have 


1 1 
x) F0 ex (7. | Ee xs)" e); 


Since wy(t) 2 e^", |Fy(z)| <e% for |z| < 1. Indeed, taking real parts of the 
logarithms of both sides of (») gives us 


log| F y(r ee i xe. EA idi 
E^ NIC AS 25 |_,1—r2 — 2rcos(8— 1) e \ walt) 


On the right side we recognize the Poisson kernel (that's the real reason 
for using (e! + z)/(e" — z) in (*), aside from the fact that we want F(z) to be 
analytic in (|z| « 1]). As one knows, 


1 [* 1-7 =t 

2n J-l +r? N OE : 
the integrand is obviously positive. We see that log|Fp(re®)| < N by the 
previous formula. 


Now we use another, much finer property of the Poisson kernel, 
established in §B below. According to the latter, 


1 (* 1-72 i 1 aq iz 
xb onera SE ary ka E. Wy(9) 


for almost all 9 as r1. So |Fy(re?)| > 1/wy(9) ae. for r> 1. However, 
|F y(z)| is bounded above and w(9)eL,(— n, x). Therefore, by dominated 
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convergence, 
WF) 4 
Ev 


as r> 1. The right-hand side is clearly < 1. Given & > 0 we can therefore 
get anr<1 with 


xl. |F.(re?)|w(8)d9 — — xl 


(t) zx |. Eeoa l4 €. 


Fix such an r. 

By the very form of the right side of («), F(z) is analytic in {|z| < 1); 
it therefore has a Taylor expansion there. And, by (f), F (0) #0. Letting 
S(z) be any partial sum of the Taylor series for Fy(z), we see that for our 
fixed r, 


S(re?) . 
is of the form 1 — Y Ae’, 
Fy) oo 


the sum on the right being finite. Since Fy(z) is regular in {|z| <1} and 
r « 1, we see by (f) that we can choose the partial sum S(z) so that 


x | IS(re?)|w(9) d9 « 1 + 2e. 


Hence 


1 


f ik9 
oz |! 2, Aye 


= 2n Hr 


(1 + 2g) exp (f low dr) by (2). 


w(9)d8 


S(re?) M 


F,(0) w(8)d9 < (1+ 2e)-—— 


F ^U 


which equals 


This is enough, and we are done. 


Remark. This most elegant result was extended by Kolmogorov, and then 
by Krein, who evaluated the infimum of 


1 


Lu ind 
on d "pL 


du(9) 


ind 


for all finite sums Ð> oae"? when pis any finite positive measure. It turns 
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out that the singular part of u (with respect to Lebesgue measure) has no 
influence here, that the infimum is simply equal to 


exp ix I log (42) as}. 


I do not give the proof of this result. It depends on the construction of 
Fatou-Riesz functions which, while not very difficult, is not really part 
of the material being treated here. The interested reader may find a proof 
in many books; some of the older ones which have it are Hoffman's and 
Akhiezer's (on approximation theory) The newer books by Garnett (on 
bounded analytic functions), and by me (on H, spaces) both contain proofs. 


B. The pointwise approximate identity property of the 
Poisson kernel 


Theorem. Let P(9)e L,(— n, n), and, for r < 1, write 
1 (7 1—r? 
iJ ee re ipm 
i aa r 1 +r? —2rcos(9—1) 


For almost every 9, U(z) tends to P(9) uniformly as z tends to e? within any 
sector of the form 


P(t) dt. 


Jarg(1 — e^? 


Figure 2 


Remark. We write *U(z)  P(9) a.e. for z e?" Some people say that 
U(z) ^ P(9) a.e. for z tending non-tangentially to e°, others say that 


* It is clear that for z of modulus > sin « in such a sector we have 
largz —9| < K(1— |z|) with a constant K depending on a. 
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U(z) 5 P(9) uniformly within any Stoltz domain as ze (for almost 
all 9). 

Of course, the theorem includes the result that U(re'*)— P(9) ae. for 
r— 1, used in proving Szegó's theorem. 


Proof of theorem. We will show that U(re^)  P(9) for r21 if |9,- 9|« 
K(1 — r), whenever (d/d9) foP()dt exists and equals P(9), hence for almost every 
9, by Lebesgue's differentiation theorem. The rapidity of the convergence will be 
seen to depend only on the value of K measuring the opening of the sector with 
vertex at e?, and not on the particular choice of 9, satisfying the above relation for 
each value of r. 

Without loss of generality, take 9 — 0, and assume that 


f P(t) dt = 9P(0) + o(| 91) 


for 9—0 (from above or below!). Pick any small ô> 0 and write 


l f E P(t)dt 
2n J ., 1 +r? — 2rcos(8, — t) 


G f 43 F) Er Pit)dt 
2m Jsewexr 2%) -3/1 +9? —2rcos(8, — t) f 


As r—1, |9| becomes and remains < 6/2, so (1—r?)/(1 +r? — 2r cos (9, —t))—>0 
uniformly for ô < |t| < n, and the first integral tends to zero. 

The second is treated by partial integration. Writing J(9) = foP(t) dt, that second 
integral becomes 


|o zs I-38) = | 
2n 1 +r? — 2rcos(8, — ô) 1 +r? — 2rcos(9, + ô) 


1 f? ô 1-7 
—-—| J(0—l —— dt. 
21J.,  ot\1+r? — 2rcos(8, — t) 
The two integrated terms in square brackets tend to zero as r — 1. Since J(t) = 
P(0)t + o(|t|), the integral equals 


: f Prone den Ja 
Qn J .; ôt \ 1 +r? — 2rcos(8, — t) 


1 f? ô 1-7? 
—- t|) 2-| —5——— —— — — } dt. 
tm ME HE a] 


Here, the first term is readily seen (by reverse integration by parts!) to equal 


as 


p, 29 f I te ty + OKI —o(D) 
9t 2n j.,1-4 r? —2rcos(8, — t) = mare 


which tends to P(0) as r 1. 
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To estimate the second term, we have to use the fact that 
1-r? 
1 +r? —2rcos(9, — t) 
is a monotone function of t on each of the intervals — ô < t < 9, and 9, <t <ô. 
(We are supposing that r is so close to 1 that —ó < 9, < ô.) Given any €> 0, we 
can choose 6 > 0 so small to begin with that the second term is in absolute value 


e fê ô 
< — Iti — 
2n ES 


( [or Je 
ôt \ 1 4 r? — 2rcos(9, — t) 


Writing t = 9, — t, this becomes 
x), 3 eese] 
1 +r? —2rcost 


We break this up as 
xe) 
1 4 r? — 2rcost 


€ 0 € $,46 
i (Sf tal) Je- 


in the second integral, 


2 ( 1-7 ) 
—|[——————— 1«0, 
ôt \1 +r? — 2rcost 


so that second integral is < 


€ $46 Q ( 1-7" ) 

E t— | ——— ]dt 
2n ôt Vd +r? —2rcost 
E 


ms pes 1-r? 
dt 
14+r?—2rcost 


Here, the first term is e(4-+ o(1)) (see above treatment of expression involving 
P(0) !), and the second is 


dt. 


dz; 


PEL el 9,1 1+r 
“Qn l-r 
This last, however, is <(K/n)e in view of our condition on 9.. We see that the 
second integral in («) is &(K/n +4+ o(1))e for r close enough to 1. 


The first integral in (+*) is similarly treated, and seen to also be 
€ (K/n +$ + o(1))e for r close to 1. In this way, we have found that the expression 


1 f? aos ( 1—r? Ja 
2n LI ét\1+r? — 2rcos(9, — t) 


is in absolute value « (1 -- 2K/z + o(1))e if 6 >0 is small enough to begin with, 
and r close enough to 1. However, according to the calculation at the beginning 
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of this proof, the sum of the last expression and P(0) differs by o(1) from U(re') 
when r > 1. So, since £ > 0 is arbitrary, we have established the desired result. 


Remark. Suppose that 


n 1—r 


; 1 
iN — 
a 2n F 1 +r? — 2rcos(8 — t) dut) 


with a finite (complex valued) measure u. Form the primitive 


9 
u(9) = f du(t). 
0 


Then it is still true that, wherever the derivative u'(9) exists and is finite, we 
have U(z) 2 u'(8) for z Z—e?. (Hence lim, .. , U(re'?) exists and is finite a.e. 
by Lebesgue's differentiation theorem.) The proof of this slightly more 
general result is exactly the same as that of the above one. 


Problem 2 


The purpose of this problem is to derive, from  Szegó's 
theorem, the following result. Let w(x) z 0 be in L,(— œ, œ) and let 
a0. There are finite sums S(x) of the form S(x) 2 X:,,,A;e"* with 
© d SQx)pw(x)dx arbitrarily small iff f? (log w(x)/(1 + x?) dx = 
— oo. In case f? (log w(x)/(1 + x))dx = — oo, we can, given any 
bounded continuous function q(x), find finite sums S(x) of the above 
mentioned form with f^ _ | (x) — S(x)|w(x) dx arbitrarily small. Establish- 
ment of this result is in a series of steps. 

Let « > 0 and let p be a positive integer. There are numbers A, with 


(; A) D yA, (=). 


the series on the right being uniformly convergent for — oo « x < oo. (Hint: 
Put w — (i — z)(i + z) and look at where f(w) — z/(1 — iaz) is regular in 
the w-plane. Little or no computation is used in doing (a).) 

(b Let 420. There are finite sums S,(x), each of the form 
E. soCK((i — x) + x), such that |S,(x)|<2 on R and Sx) o e^ 
u.c.c.* on R. (Hint: e = lim, ,, + e*/0 7*9, For each « > 0 the series for 
exp (iAx/(1 — iax)) is uniformly convergent for — oo < x < oo. Little or no 
computation here.) 

(c) Given any integer n > 0 there are finite sums T,(x) of the form 3^; . 9 A;e"* 
with |T,(x)| < C independent of k on R and T,(x) 1/(i +x u.c.c. 


(a 


— 


* uc.c means uniform convergence on compacta. 
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on R. (Hint: Start from the integral formula 


i [e] 
— =| eda, 
i+x Jo 


-Í ide” ĉei?* dA, 
0 


&c.) 


(d) Given w 2 0 in L,(R), denote by æ the class of bounded continuous o 
defined on R such that f MALOS — S(x)|w(x) dx can be made arbitrarily 
small with suitable finite sums S(x) of the form >, A,((i — x)/(i + x))". 
Call £ the set of bounded continuous ¢ for which finite sums T(x) = 
YX,,,4,€* exist making f^.1o(x) - T(x)|w(x)dx arbitrarily small. 
Prove that £ =@. 

(e) Let a > 0, and denote by F the set of bounded continuous q such that 
there are finite sums o(x)=>,,,A,e%* with f? | g(x) — o()| wx) dx 
arbitrarily small. Prove that if 1&4 then F contains all bounded 
continuous g, and this happens iff J? dog w(x)/(1 + x?)) dx = — oo. 
(Hint: If 1eF, then £ (of part (d)) includes all e?* with 42 — a, hence, 
by iteration, all e^* with A> — 2a, with A> — 3a, &c. So £ includes all 
integral powers ((i — x)/(i + x))' with positive and negative n. These are 
enough to approximate e^ ***g(x) for any bounded continuous o.) 


(+x? 


III 


Entire functions of exponential type 


An entire function f(z) is said to be of exponential type if there is a constant 
A such that 


| f (z)) < const.e4! 


everywhere. The infimum of the set of A for which such an inequality holds 
(with the constant in front on the right depending on A) is called the type 
of f(z). 

Entire functions of exponential type come up in various branches of 
analysis, partly on account of the evident fact that integrals of the form 


f eidz du(4) 
K 


are equal to such functions whenever K is a compact subset of C. In this 
chapter we establish some of the most important results concerning them, 
which find application throughout the rest of the book. We are not of 
course attempting to give a complete treatment of the subject. Fuller 
accounts are contained in the books by Boas and by Levin. 


A. Hadamard factorization 

As in Chapter I, we denote the number of zeros of f(z) having 
modulus <r by n(r) (each zero being counted according to its multiplicity). 
We sometimes write n,(r) instead of n(r) when several functions are being 
dealt with. 


Theorem. If f(z) is entire and of exponential type, n(r) < Cr + O(1). 


Proof. See Problem 1(a) Chapter I. If | f(z)| « conste"! we can take 
C —eA. 
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Theorem (Hadamard factorization). Let f(z) be entire, of exponential type, 
and denote by (z,) the sequence of its zeros #0 (multiplicities counted by 
repetition), so arranged that 


0«|zlI&lz;l&lzil&--. 


Then 


f() » cze"[] (: - Z) etie», 


n n 


the product being uniformly convergent on compact subsets of C. 


Terminology. Henceforth we abbreviate the last phrase as ‘u.c.c. converg- 
ent on C’. 


Proof of theorem. By working with f(z)/z* instead of f(z) (if necessary), 
we first reduce the situation to one where f(0) #0. Then n(r) < Kr for 
some K. 

If, with a zero z, of f, we have |z,| » 2R, then, for |z| € R, 


BATTU EE 123 
loa (1 3 | :, Az) a 


(We are using the branch of the logarithm which is zero at 1) 
Therefore 


«feel 


whence (assuming always that |z| « R), 


1 
<i 
2 


2 
=| (1+ O(1)), 


Zn 


2 
Y sf (1- £e] < 1+0(1) R 
leni > 2R Zn 2 tld 2R|2n 
_ 140) pz (7 dn) 
"2 eet 


. 1+0) — n(2R) > n(t) 
= el a f" 3 al 
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< 140) p2. 2K a, _ 1+00) kg 
2 at 2 


This inequality establishes absolute and uniform convergence of 


Y, log {hı — 3 e 
Izal > 2R Zn 


for |z| < R, and hence the uniform convergence of 


I ( ! E Z) 2 
Iz, 22R Zn 


for such values of z. 

Write P(z) = [ (1 — z/z,)e”?"; according to what has just been shown, 
P(z) is an entire function of z. Since f(0) #0, f(z)/P(z) is entire and has 
no zeros in C. There is thus an entire function (z) with 


fe Lu 
[ih 


and it is claimed that q(z) = a + bz with constants a and b. 

To show that g(z) has the asserted form, we use the fact that f(z) is of 
exponential type in conjunction with the inequality n(r) « Kr in order to 
get some control on | R¢(z)| for large |z|. For |z| < R, 


Role) SO , 1 


= EH EDS aoe SUE AN = III, say. 
TRIER 
lz,| « 2R n Izal 2 2R n 


The computation made above shows that |log II| < CR with some constant 
C (we estimated |log (1 — z/z,}e7/*"| !), and it suffices to estimate I. 

For I we use a trick. The ratio y(z) =f GY T T, on — z/z,)e*"*" is entire, 
so, by the principle of maximum, sup, 4lu(z)| <SUp,,-4e|¥(Z)|. Here, 
estimation of the quantity on the right will furnish an upper bound for 
I, which is at most equal to the left-hand side. We have, for |z| =4R, 
|z/z,| = 4R/|z,|, whence 


I le] > exp] —4R 2 Vea] 


Iz «2R Iz] «2R 


2 
= exp} —4R | 9 = exp| - ne) - an | "P ar. 


0 0 


e 


Since n(t)=0 for O«t«|z,|, a quantity >0, and n(t)/t < K, the last 
expression is 


> e 7 4R{K log R + O(1)) 


18 III A Hadamard factorization 


At the same time, for |z| =4R and |z,| < 2R, 


Zn 


so 


> e 4R(K log R + O(1)) 


i-e 
Iz] «2R Zn 


when |z| = 4R. Because f(z) is of exponential type we therefore have 
Iv(z)] « e*KRüog R +0(1)) |z| =4R, 


whence 


I < e*KR(logR + O(1)) 


and finally, since e?" = I-II, 
Rolz) < 4KRlogR+O(R) for |z/<R 


in view of the fact that log II < CR. 
At this point, we use a device already applied to the study of log| F(re?)| 
near the end of Chapter I. By analyticity of q(z), 


9$19(0) = xl 9to(Re?)d9 


1 y i 1 ; i 
= xl. [3to(Re^)].. 49 [ tote ?)]- d9 


(with self-evident notation). Therefore, 


f Re(Re)|49 = r {[Ro(Re)], + [9to(Re)]..) a9 


= 2" [Re(Re')], d9— 2n9t o(0). 


By the one-sided inequality just found for Re(z), |z| < R, this last expression 
is < 16nKR log R + O(R) + O(1). 
Now we can conclude the proof. Since ¢(z) is entire, 


olz) = Y» 
so 


29 g(Re?) = Y 5, Re^"? + Wyo + Yr y, Re"? 
1 1 
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Okzl 


z2, 
nk - P we get, for nz 2 


Using the relations f 


=R 


e-i q.9 — i 


1 
mR" 


Ya = f 98to(Re?)e 7"? d.9. 


Therefore 


1 [* : 
Il «ael [Ro(Re^)d9 


which, by the above work, is < R~"(16KR log R + O(R) + O(1)). Making 
R — oo, we see that y, = 0 for n > 2. Our power series for (z) thus reduces 
to the linear expression yg + 7,2, and finally 


f e? P(z) = eei 2 = e 


the required representation. We are done. 


B. Characterization of the set of zeros of an entire function 
of exponential type. Lindelóf's theorems 


While establishing the Hadamard factorization in the preceding $ 
we found that 


II « eC? 


which was to be expected (having started with a function of exponential 
growth), but we could only show that 


I < eAR logR) 


This, however, forced ¢(z) to be a first degree polynomial, whence, in fact, 


I< EAR), 


because the method used to estimate II showed at the same time that 
II >e7 OR”), 
The refinement on our estimate of I from eO(!os& to e%®) is due to the 


fact that | f(z)| < e°"? for large |z|. Otherwise, the Rlog R growth is best 
possible, and if we only know that n(r) < Kr, we can only conclude that 


moe 


for |z| large, most of the contribution coming from the factors with 
Iz,| < 2lļzl. 


< e0lzloslz) 
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The fact that f(z) is of exponential type imposes not only the growth 
condition n(r) < O(r) (for large r), but also a certain symmetry in the distri- 
bution of the zeros z,. This symmetry is a deeper property of that set than 
the growth condition. 


Theorem (Lindelöf). Let f(z) be entire, of exponential type, with f(0) 40, 
and denote by {z,} the sequence of zeros of f(z), with, as usual, each zero 
repeated therein according to its multiplicity. Put 


1 
Se) = Y — 
izal <r Zn 
Then |S(r)| is bounded as r> oo. 


Proof. By double integration. Since n(r) < Kr, f being of exponential type, 
we clearly have 
|S(r) - S(R.) &2K for R<r<2R, 


whence 
2R 
[ S(r)r dr = 3R?S(R) + O(R?). 
R 


We proceed to calculate the integral on the left. 
Provided that f(z) has no zeros for |z| =r, we have, by the calculus of 
residues, 


= L LNA '(re?) ire^d3 L'O 
SF in “ral, fec? re FO)" 
By the Cauchy- Riemann equations, 

f&e (9 .90 

($ is; lel sol 
whence, putting z = re^, 

_ip(a ð O 
s-i (z-i iz 5; lel fred — for 


This holds for all save a finite number of values of r on the interval [ R, 2R]. 
Multiply by rdr and integrate from R to 2R. We find 


3R?S(R)- S(r)rdr + O(R?) 
R 


-> [I (-i 5; legi fed dy + oq. 


diee 
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Since S(r) = S(r +), there is no loss of generality in assuming that f(z) 
has no zeros on |z| = R or on |z| = 2R. We may then apply Green's theorem 
to the double integral on the right (this is justified by first excising a small 
disk of radius p, say, about each of the z, in the annulus R « |z| « 2R, 
and then making p — 0), obtaining for it the value 


2n 
>Í (2R log| f(2Re?)| — Rlog| f(Re^)|)e ^3, 
T Jo 
whence, by the previous relation, 


2n ‘ 
rise | (2log| f(2Re°)|] + |log| f(Re?)]|) d9 
0 
+ O(R?). 


Here, by Jensen’s inequality (see Chapter I), 


2 


| " logl fre^)l|d3 « 2 f "log* | f(re®)|d9 — 2zlogl f(O), 


0 0 


which is < 4zAr + O(1) if | f(z)| < const.e4". Combined with the preceding, 
this yields 


3R?|S(R)| < O(R?) + 8AR? + 2AR? + O(R), 
and 
|S(R) &O(1) for Roo. Q.E.D. 


The result just proven has an easy converse. 
Theorem (also due to Lindelóf!). Let 
0 «|z,l &Izz| &Izal & ^, 


denote by n(r) the number of z, having modulus &r (taking account of 
multiplicities, as usual), and suppose that n(r) < Kr. Suppose also that the 
sums 


1 


Iz] <r Zn 


remain bounded in absolute value as r —^ oo. Then the product 


C(z) = gh: = = ern 


n Zn 
is equal to an entire function of exponential type. 


Terminology. C(z) is frequently called a canonical product. 
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Proof of theorem. Uniform convergence of the product on compact subsets 
of C has already been shown during the establishment of the Hadamard 
factorization (§A). 

Let R be given, and, for |z| = R, write 


Z Zz 
| Eee e2/zn ( l= z) ez 
Es ( Z, ) Al, Zn 


say. It has already been shown that II < e°® while we were deriving the 
Hadamard factorization, so we need only consider I. Clearly, 


EL | 


I< [I (1 + — 
Iz, «2R |z 


lzql<2R 7n 
By hypothesis, the exponential factor on the right is < e°), and we need 
only estimate the product. 
The logarithm of that product is 


Y le (1 + R )- [toe (1 +2) ame 
iz, <2R EA 0 t 


i 2R R n(t) 
= n(R)log3 + f Rrr È 


since n(t) is zero for t near 0. Plugging in n(t) < Kt, we see that the last 
expression is < KR log} +2KR so that, finally, 
logI < KR log} + 2KR + O(R) = O(R). 


Since II has a similar estimate, we see that |C(z)| < e°® for |z| = R. 
We're done. 
Here is an important consequence of the above results. 


Ici) = =I, 


Theorem. Let f(z) and g(z) be entire and of exponential type. If the ratio 
J (zyg(z) is also entire, it is of exponential type. 

Proof. Combine the Hadamard factorization theorem with the two 
Lindelóf theorems. 


Problem 3 
Let p be an integer > 1; suppose that f(z) is entire with f(0) #0 and that 
ISIS ce. 
Prove that n,(r) < Kr? and that the sums 
1 

T()- Y = 

Izal &r ^n 
are bounded. (Hint: In studying T(r), express f '(re?)/f(re?) in terms of 


(0/8r)log | f (re?)| and (3/39) log| f (re?)|, assuming, of course, that f has no 
zeros on |z| =r.) 
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C. Phragmén- Lindelóf theorems 


The entire functions of exponential type one meets with in the 
following chapters (and, for that matter, in many parts of analysis where 
they find application) have their size on the real axis subject to some 
restriction. During the remainder of this chapter we will be concerned 
with such functions, and we start here by seeing what it means to impose 
boundedness on R. Some of the following materialis contained in textbooks 
on elementary complex variable theory; we include it for completeness. 


Theorem (extended maximum principle). Let 2 be a domain in C not equal 
to all of C, and suppose that f(z) is analytic and bounded in D. Assume 
that, for each (€09), limsup| f(z)| < m. Then | f(z)| < m in 2. 

zð 
Remark. If 2 is a bounded domain, this is the ordinary maximum principle, 
and then the assumption that f(z) is bounded in Z is superfluous. When 2 
is unbounded, however, this assumption is really necessary, as the simplest 


examples show. 


Proof of theorem. Wlog, say that 0€02. Pick any n > 0 and fix it. According to 
the hypothesis, we can find a p >O such that | f(z)| <m + n for zeZ and |z| € p; 
we fix such a p and write 

9,7 9^nllzI p). 


The open set 2, may not be connected, but that doesn't matter; its boundary 
consists of pari of 09 and the arcs of {|z| = p} lying i in 2. 


en Loa 
s 7. I Peni Ly 


777 GY SULLA A 7 
e 1 "EV. i : 


Figure 3 
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By choice of p, limsup | f(z)| < m + n for (ed9,. 
i3; 


Take now a small £> 0 and consider, in 2,, the subharmonic function 
v,(z) = log] f(z)] — £loglzl. 


The right side is x«log|f(z)]-Felog(l/p) for zeM,, and this is in turn 
Xlogi f(z)] +4 if £ is chosen sufficiently small, which we assume henceforth. 
Referring to the previous relation, we see that 

(*) limsup v,(z) < log (m -F 5) 4- 5 


zt 
zeg, 


for each (€02,. 

Let 2 €Q,. Since f(z) is bounded in 2, say | f(z)) <M there, we can find an 
R > |Z | (depending of course on s) so large that v,(z) < log M — elog|z| is < logm 
for ze, and |z| = R. (This is the crucial step in the proof.) Denoting by 2, 4 the 
bounded open set 2,n (|z| « R}, we see that ( ) holds for every (€02, r, because 
any such ¢ which is not on 02, lies in the intersection of 2, with the circle |¢| = R. 


Figure 4 


Since J, , is a bounded open set, we therefore have, by the (ordinary) maximum 
principle, v,(z) < log (m + n) + n, z€D, a. This holds in particular for z = 29, so 


log] f(Zo)| < log (m +n) +n + elog|zo|. 
However, £ > 0 could be chosen as small as we pleased. Therefore, 
log| f(zo)] < log (m+n) +n 
and, since y > 0 was arbitrary, 


| f(Z)| < m. 
QED. 
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Remark. The peculiar reasoning followed in the above proof is called a 
Phragmén-Lindelóf argument. Most Phragmén-Lindelóf theorems are 
proved in the same way. Note the special róle played by the harmonic 
function ¢log|z|; a function used in this way is called a Phragmén- Lindelóf 
function. 


Theorem (Phragmén- Lindelóf). Let f(z) be analytic in a sector S of opening 
2y, and suppose that 


Lf (2)| « Cet!" 


in S, where a < n/2y. If, for every Ce0S, limsup | f(z)| < m, then | f(z)|<m 
z>% 


in S. 


Figure 5 


Proof. By making a change of variable, we may reduce our situation to the case 
where S is the sector 


(zi —y«argz«y) 


with vertex at the origin. Pick any number f), « < f < x/2y, and, with €> 0 fixed 
but arbitrary, consider, in S, the subharmonic function 


v,(z) = log| f(z)| — eR(z’). 
(Note: z^ is certainly analytic and single valued in S.) For z — re? in S, we have 


Riz*) = r’ cos B9 > rf cos By, 
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and cos By > 0 since 0 < By < 1/2. Therefore, in the first place, v,(z) < log| f(z)! in 
S, so, for (e$, 


limsup »,(z) < log m. 
zt 
zeS 


In the second place, since 

logi f(z)| < O(1) + Alz|* 
in S and B >a, we have 

v,(z) « logm 


for zeS whenever |z| is large enough (how large depends on «!). 
Suppose now that zọ€S. With our fixed ¢ > 0, choose an R > |Z | so large that 
v,(z) < logm for zeS and |z| = R. Then 


limsupv,(z) is «logm 


z>% 


for any ¢ on the boundary of the bounded region S {|z| < R}, 


Figure 6 


so, by the principle of maximum, v,(z) < log m throughout that region. In particular, 
v,(zo) < logm, so log| f(Zo)| < log m + £$8(z5). Now, keeping Zp fixed, squeeze £. Get 
|f (zo)| < m, as required. 


Important remark. The preceding two theorems remain valid if we merely 
suppose that log| f(z)| is subharmonic instead of taking f(z) to be analytic. 
The proofs are exactly the same. 
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In the hypothesis of the second of the above two results we required 
&«mn/2y (with strict inequality); this in fact cannot be relaxed to the 
condition a € z/2y. What happens when a = 7/2y is seen from the following 
result, which, for simplicity, is stated for the case where 2y = x (the only 
one which will arise on our work). We give its version for subharmonic 
functions. 


Theorem. Let u(z) be subharmonic for Xz > 0 with u(z) < A|z| + o(|z]) there 
when |z| is large. Suppose that, for each real x, 
limsup u(z) « 0. 


IX 


$0 
Then u(z) < A3z for Jz > 0. 


Proof. Takeany e > 0. The function v,(z) = u(z) — (A + £)yz is subharmonic 
in the first quadrant and v,(z) < O(!z|) there when |z] is large. If ¢ lies on 
the boundary of the first quadrant, we clearly have 

limsupv,(z) < M 


zt 


$0 
for some M since ufiy) < Ay + o(y) for y > 0 and large. 


Figure 7 


The first quadrant has opening « 7, so by the preceding theorem (or rather 
by its version for subharmonic functions), v,(z) < M throughout that region. 
We see in like manner that v,(z) is bounded above in the second quadrant, 
so, finally, v,(z) is bounded above for 3z > O. 
However, for x real, 


limsupv,(z) < 0. 


$20 


28 III C Phragmén- Lindelóf theorems 
Therefore, by the version for subharmonic functions of the first theorem in 
this $, 
v(z)<0 for 3z>0. 
That is, 
u(z)<(A+e)3z for 3220. 
Squeeze e. Get u(z) < A3z, 32» 0. Q.E.D. 


Corollary. Let f(z) be analytic in Jz > 0, continuous up to the real axis, and 
satisfy 


If (|< Cet”! 
for 3z>0. If |f(x)| < M for real x, then 
If(2)| & Me^* 
when 3z > 0. 
Proof. Apply the theorem to u(z) 21og| f(z)/M|. 


Remark. The example f(z) = e ‘4? shows that the inequality furnished by 
the corollary cannot be improved. (Note also the relation between this 
particular function — or rather log|f(z)) - and the Phragmén-Lindelof 
function (A + £)3z used in proving the theorem. That's no accident!) 
The preceding theorem has an extension with a more elaborate state- 
ment, but the same proof. We give the version for analytic functions. 


Theorem. Let f(z) be analytic in 3z > 0 and continuous in 3z > 0. Suppose 
that 


(i) log| f(z)| < O(Iz1) for large |z|, 3z > 0, 
(ii) lf (x)| <M, —00«x« oo, 
(iii) limsup(log| f(iy)|)/y = A. 
yo 


Then, for 3z > 0, 
IF| < Me“. 


Remark. The growth of f on the imaginary axis is thus enough to control the 
exponential furnished by the conclusion, as long as | f(z)| has at most some 
finite exponential growth in 3z > 0. 

The proof of this result is exactly like that of the preceding one. It is 
enough to put u(z) = log| f(z)/M | and then copy the preceding argument 
word for word. 
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Any sector of the form 0 < argz<« or «<argz<z has opening « 7. 
Looking at the reasoning used to establish the above two theorems, we 
see that we can even replace (iii) in the hypothesis of the preceding one by 


(iiy limsup(log| f(Re'*)|)/R sina = A for some a, 0<a<z, 
Ro 
and the same conclusion holds good. 


Theorem. Let f(z) be analytic for 3z>0 and continuous for %z>0. 
Suppose that | f (z)| < Ce! for Sz > 0, that | f (x)| is bounded on the real axis, 
and that 


f(xX)20 as x70. 
Then f (x + iy — 0 uniformly in each strip 0 < y € L as x> oo. 


Proof. 1f, say, | f(x)| < M on R, we have | f(z)| < Me^* for 3z 2 0 by the 
corollary preceding the above theorem. Take any B > A and some large K, 
and look at the function 


z 
z+iK 


9x(Z) = el? f(z) 
in 3z > 0. Since B > A and K >0, we have |g,(z)| < M, 3z 20. We can, 
however, do better than this. 

Given e > 0, we can find a Y so large that e^ 9^ Y < €/M; take such a 
Y and fix it. Then, 


—— Je -AFM < e 


< 
lgl < FiK 


for 3z 2 Y as long as K > 0, Choose now X > 0 so large that |f(x)| <€ 
for x > X; this we can do because f(x)—>0 as x — oo. 


0 X = x 
Figure 8 
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Having fixed X and Y, we now take K so large that 
X + iy)(X + iy +iK)|M <efor0<y< Y; fixing this K we will then have 


X+iy 


>= le 8 4PM < e 
X+iy+ik 


Igx(X iy < 


for 0 «€ y < Y. By choice of Y the same inequality also holds if y > Y. 
Finally, |gx(x)| € | f(x)| <e for x > X. 

We see that [g&(z)| < £ on the boundary of the quadrant 
{Rz > X, 3z > 0). However, |gx(z)| < M in that quadrant, so, by the first 
theorem of this $, |gx(z)| < e throughout it. Let then Rz > X and 3z > 0. We 
have 


z+iK 
a OES Pe, 


Ifl = mals 
2 


Suppose that 0 < 3z < L. Then, if Rz > max (X, K) we have, by the previous 
relation, 


| f(z)| < 2e”! e. 


Here, ¢ > 0 is arbitrary. Therefore f(x + iy 20 uniformly for < y < Las 
x oo. 
We are done. 


D. The Paley-Wiener theorem 
Theorem. Let f(z) be entire and of exponential type A. Suppose that 


io | f(x)|?dx < oo. 


— 00 


Then there is a function qQ(A)e L}(— A, A) with 
Ep. zu: 
feos = f , e "^o(1)dA. 


Remark. If f(z) is given by such an integral, it is obviously of exponential 
type A and belongs to L,(— oo, oo) on account of Plancherel's theorem. So 
the converse of the theorem is evident. The two results (the theorem and its 
converse) taken together constitute the celebrated and much used Paley- 
Wiener theorem. 


Proof of theorem. Is essentially based on Plancherel's theorem, combined 
with contour integration and the third and fifth results of the previous $. An 
easy but rather fussy preliminary reduction is necessary. 
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Plancherel’s theorem says that 
M * 

ọ(å) = Lim. f e?^* f(x) dx 

Mo J-M 

exists and belongs to L,(— oo, oo), and that, for xeR, 
1 Mu 

f(x) 5 L—lim. f e 4 o(1) dd. 

2n M-o -M 


(Here, 'Li.m.' stands for ‘limit in mean (square), and denotes a limit in 
L;(— 00, oo).) Our main task is to show that q(4) z 0 ae. for A> A and 
À« — A. 

To this end, let us introduce the function 


Moa [| re enar 
f(z) is clearly entire. Because f(z) is of exponential type A, we have, for 
any A’> A, 

| f(z)| € const.e^"!, 
and from this it is clear that also 

| f,(z)| € const.e^"! 


(with a different constant). 
By Schwarz’ inequality we also have 


x+h 
nos (gi uera). 


so, since f(x)eL,(— oo, oo), f,(x) is bounded on R and in fact f,(x) ^O for 
x + oo. (This is the main reason for doing (1/2h)(", on f!) If we call 
sup,.al fa(x)| = M,, we see by the previous inequality for | f,(z)| and the 
third theorem (p. 27) of the previous $ (applied in each half plane 3z > 0 and 
Sz « 0) that 


| fn(z)| < Mel, 
Here, A’ can be any number > A, so in fact 
(*) [fa & Mpe". 
The fifth theorem of § C (p.29) shows moreover that 


(x) falx iy) 9 0 uniformly for — L< y < L when x t œ. 
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In order to prove that 
M 
Q(A) = Lim. | e?* f (x) dx 
Mo J-M 


vanishes a.e. for 2 > A and for A< — A it is more than sufficient to show 
the same thing with f(x) replaced by f,(x) in the right-hand integral, h > 0 
being arbitrary. That's because 


sin Ah 
Ah 


li.m. 3 eiè f (x) dx = eA), 
-M 


Mo 
which we can check using Fubini's theorem and the fact that 


D LAUR sin Ah 
p angys Dy 
mha AR 


Taking a large M, look at u fi(x) dx, assuming that A> A. Let y 
consist of the three upper pieces of the rectangular contour shown. 


Mi 


Figure 9 
By Cauchy’s theorem, 


F e^* f(x)dx = f ei% f (z) dz. 


-M y 


The contribution to IP from the top horizontal portion of y has absolute value 


5 


M 
| eG * M f£ (x + 1M) dx 


~M 


and this, by (+), is 
«2M-:M,e 0 ^M, 


a quantity tending to zero as M > co, since A> A. 
Fix any large number L. If M > L, we write the contribution to f, from 


* To do this, one should start from the second formula at the top of p.31 and 
conclude by applying Plancherel's theorem. 
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the right-hand vertical portion of y as 


L fM 
— (| + f Jenner ju + iy) idy. 
o JL 


The second integral is in modulus 


-(A-A4)L = 


M,, 


M Q-A) 
< "d es ee, 
ES || e y 


again by (+), and we can make the quantity on the right as small as we 
like by taking L large. The first integral, however, has modulus 


L 
< f e™™]| f,(M + iy)|dy 
0 


and this, for any fixed L, tends to 0 as M — oo according to (*). We see 
that the contribution from the right vertical portion of y tends to zero as 
M — oo; that of the left vertical portion does the same, as a similar argument 
shows. 

In fine, j,e?* f, (z) dz —0 as M > œ, i.e., 


M 
[ e^*f(x)dx—0 as Mo 
-M 


when 4» A. For 4 « — A we establish the same result using a similar 
argument and this contour: 


-M 0 M 


—Mi 
Figure 10 


Thus, f^, e* f, (x) dx — 0 pointwise in A for |A| > A as M — oo. However, 
for some sequence of Ms tending to co, the integrals in question must tend 
a.e. to 


sin Ah 
—— fA). 
Th (A) 


Mo 


M : 
Lim. | el f (x)dx = 
-M 


(L4 convergence of a sequence implies the a.e. pointwise convergence of 
some subsequence to the same limit.) This means that (sin Ah/Ah)g(4) = 0 
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a.e. for |A| > A, whence (A) =0 ae. for |A| > A. (sin Ah/Ah vanishes only 
on a countable set of points!) 
The Fourier-Plancherel inversion formula now gives us, for xeR, 


M 
HE lim. x| e 1 9(1)dA 


1 (4 ; 
->Í e“iig(à)dà a.e. 


-A 
In fact, we have 


1 $ —izå 
so=z | oad 


for all complex z. That’s because each of the two sides is an entire function 
of z. Since these two entire functions coincide a.e. on R, they must be 
everywhere equal by the identity theorem for analytic functions. Our 
theorem is completely proved. 

If we refer to the fourth theorem of §C (p. 28), we see that we can give the 
result just proved a more general formulation. The statement thus obtained, 
which we give as a corollary, also goes under the names of Paley and 
Wiener. 


Corollary. Let f(z) be entire and of (some) exponential type, with 
S(x)eL,(R), and let 


limsup 


yr 


loglfy) | 
y , 
limsup IPLE _ 


yr-a@ M 
Then 


1f? 
fi- xl e ^ (A) dd, 


where geéL,(a, b). 
Proof. 1f f is of exponential type A, say, we certainly have 
Lot 
fe. (a) dà 


by the theorem, so, if xeR, 


1 A 
IFI < x ies l(a)? 4). 
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a finite quantity, i.e., f is bounded on R if we only assume feL,(R), provided 
that it is entire and of exponential type. Applying the fourth theorem of $C in 
each of the half planes 3z > 0, 3z < 0, we now see that 


|f(z) &«conste^"*, | 32206; 
| f(z)| < conste", 3z <0. 


Symmetrize by taking g(z) = e f(z) with y = (b + a)/2. Then g(z) is also 
entire, g(x)e L;(R), and, by the previous relations, 
lg(z)| < const.c?- 9542 


in both upper and lower half planes, i.e., g(z) is of exponential type (b — a)/2. 
(We see at this point that (b — a)/2 cannot be <0 unless f(z) 20 - the 
reader is urged to think out why this is so.) Use the above theorem once 
more, this time for g(z). We find 


Gel [ eraai 
g(z) =— e 
27 J -aj20-9 


with a certain yeL,. Going back to f(z) 2 e "*9(z), we have 


b 
fex. | eva). 


establishing the result with (A) = W(A — y). 


Scholium. The Paley-Wiener theorem has more content than meets the 
eye. Suppose that geL,(a, b); then 


b 
f&);- | en 4 (2) dà 


is entire, of exponential type, and belongs to L, on R. We can also easily 
verify directly that 


logi f t iy) y 


limsu 
ar y 
and 
1 ; 
imp ee 191 «X -—a 
y--o lyl 


for each real x. 

These inequalities remain true as long as ọ vanishes a.e. outside [a, b]. If, 
however, we take for [a,b] the smallest closed interval containing q's 
support — the so-called supporting interval for œ — the inequalities become 
equalities! 
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Without loss of generality, take x = 0, and suppose, for instance, that 


log| f (iy)| -b <b 
y 


limsup 
y?o 


The above corollary then shows that 


Q(4) = Lim. I- e^* f(x) dx 
Mo2oJ-M 


in fact vanishes a.e. for À > b'. The support of @ would thus be contained in 
[a, b/], so [a,b] would not be ’s supporting interval, and we have a 
contradiction. 
If [a,b] is the supporting interval of o, we must therefore have 
limsup SELON =b. 
yo y 


It is clear that this b can only come from the portions 


1 f^ : 
xl e 4 a(A) dA 
b~e 


of the integral giving f(z), £>0. We know that q(4) cannot vanish 
identically a.e. on any interval of the form [b — e, b], but it is still quite 
conceivable that 


b 
f e"^o(4) dA 


b- 


could come out much smaller than e® for large y on account of cancellation. 
The Paley-Wiener theorem teaches us that such cancellation cannot take 
place. This is a remarkable and deep property of (square) integrable 
functions (A). 


There are versions of the Paley-Wiener theorem for other spaces besides 
L,(R). The following is frequently used. 


Theorem. Let q(4)e L,(R) have compact support, put 
fi2- mg e 1? o(1)d4 
T 2 n | p > 
and suppose that 


imsup SO p, timsup S/o)! _ _ 


yo y y--o yl 


Then q(4) vanishes a.e. outside [a,b]. 
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Proof. This would be part of the corollary to the Paley~Wiener theorem, 
save that f(x) is not necessarily in L,(R). For h>0, put 


1 h 
På) = 2h I: (4 + 1) dt; 
then ||9,—¢@||, 70 as h-0 and we need only show that 9,(4)=0 for 
Aé€[a — h, b +h]. 
Write 


o 


1 : 
faz) = In f e^ ^o.) dd; 
n 


—00 
then 


sin hz 


fie) = px f(z), 


so, since f(x) is clearly bounded on R (q being in L,(R)), f,(x)¢L,(R). By the 
hypothesis we now have 


limsup 08! Sty)! =b+h, 
yo y 

limsup LEAI =—ath. 
y*-o 


Therefore q,(4) = 0 outside [a — h, b +h], by Paley-Wiener. We're done. 


Remark. The same result holds (with almost the same proof) if we replace 
€(4)d4 (with peL, and of compact support) by dy(A), p being any finite 
signed measure of compact support. 


E. Introduction to the condition 

JP, log* | f(x)|/(1 + x?) dx < oo 

The entire functions of exponential type considered in the previous 
§ certainly satisfy this condition, as do those arising in the study of many 
questions in analysis. We will meet repeatedly with such functions in the 
following chapters of this book, and the rest of the present chapter is mainly 
concerned with them. It turns out that the boundedness condition 


dx « oo 


il log" |f) 


za. dx 


implies many results for entire functions f of exponential type. 
The following simple result is very useful, and all that one needs for 
many investigations. 
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Theorem. Let f(z) be regular in 3z>0 and continuous up to the real 
axis. Suppose that log| f(z)| < O(|z|) for |z| large when 3z > 0, that 


limsup log |f y)! = A, 
yr o y 
and that 
oo 1 + 
[ ps BU ASI Feo dx < œ. 
-æ l+x 


Then, for Xz >0, 


logi (ell < A3 += * Sclog' lf (0l 4, 


-o dz-t? 


Proof. 3z/\z — t|? = R(i/(z — t)) is, for each teR, a positive and harmonic 
function in 3z > 0. For fixed z with positive real part we have, by calculus, 


1{° 3$ 
E dt — 1, 


and, if z> x 9éER, 


3z 1 
EE E R) 
ER e+if —— 


for each ó > 0. Therefore, if P(t) is any positive continuous function with 
* P(t 
f () ——zdt < oo, 
-oltt? 


we have by the usual elementary approximate identity argument (no need 
to refer to Chapter II, §B, here!), 


1 


DE: 
Jm [geo PUE E PU) 


for z  xoeR. 
In our present situation P(t) = log* | f (t)| is continuous on R, so if we put 


uo L[" Seles" if 


-o dz-t 


for 3z>0, U(z) is positive and harmonic in the upper half plane and 


dt 
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U(z) > log* | f(xo)| for z>x eR. We see that in 3z>0, log|f(z)| — U(z) 
is subharmonic, is < O(|z|) for large |z|, and has boundary values <0 
everywhere on R. Moreover, 

log|f (iy)| — U(iy) < Ay + o(y) 


for y>oo. The fourth theorem of $C (p.28) (or rather its version 
for subharmonic functions) now yields without further ado 


log| f(z) — U(2)< ASz, 3220, 
that is, 
log|f(z)| < ASz + U(z), 3z>0. 
We are done. 


Later on we will give some refined versions of this result. Their derivation 
requires more effort. 


F. Representation of positive harmonic functions as 

Poisson integrals 

In order to proceed further with the discussion begun in §E, it is 
simplest to apply the Riesz-Evans-Herglotz representation for positive 
harmonic functions, although its use can in fact be avoided. We explain that 
representation here, together with some of its function-theoretic 
consequences. 


1. The representation 


Theorem. Let V(w) be positive and harmonic for |w| « 1. There isa 
finite positive measure v on [ — n,n] with 


vws | AME ayo, wie 
= ]w— ej? w 
Sketch of Proof. By the ordinary Poisson formula, if R < 1, we have, for |w| « R, 


vwt EMÈ prendr 
= —_— e " 
7 | Iw — Re"? 


that is, for |w| « 1, 


d 1 —|w|? . 
(*) Kw ~ra V (Re")dt. 


e"? 
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In particular, 

1 [* : 
(2 — f V(Re*)dt = V (0) < oo, 

22 J -x 


no matter how close R < 1 is to 1. 

We must now use some version of Tychonoff’s theorem in order to obtain the 
measure v. 

Take any sequence {R,} tending monotonically to 1, for example R, = 1 — 1/n. 
The functions ¢,(t) = V(R,e") are all > 0 and have bounded integrals over [ — 2,7] 
by (*); we can therefore (by using Cantor's diagonal process) extract a subsequence of 
these functions, which we also denote by (o,) (so as not to write subscripts of 
subscripts!), having the property that 


L(G) — lim | G(t) o, (t)dt 


exists and is finite for G ranging over a countable dense subset of €( — n, n). 
If, however, G and G'e€(— n,n) and || G — G'|| <£, we have, for every n, 


| i G(t)o,(t)dt — | i oota < f eQ,(t)dt = 2neV(0), 


mi -R 


so in fact L(G) = lim,- of“ .G(t)g,(t)dt exists for every Ge@(—2,2), and 
|L(G)| < 2nV(0)|| G ||. 

Lis thus a bounded linear functional on @( — n, 2); itis moreover positive because, 
if Ge€(— n,n) and G20, L(G) 20 since g,(t)>0 for each n. By the Riesz 
representation theorem there is thus a positive finite measure v on [ — 2,7] with 


L(G)= | G(t)dv(t), Ge¢(— n,n). 
Taking in particular G(t) = (1/22)(1 — |w|?)/|w —e"|? with a fixed w, |w| < 1, we 
obtain 

1 (* 1—|w/? 


— 5 V(R,e!)dt. 
27o2n J, |w — e|? (Re ') 
Referring to (x), we see that the last expression equals lim,- V(R,w) = V (w), 
V being certainly continuous for |w| « 1. 
This completes the proof. 


Scholium. Once we know that the measure v giving rise to the desired 
representation exists, we see that the passage to a subsequence of the o, (t) in 
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the above proof was not really necessary (although we are only able to see 
this once the proof has been carried out!). 


Suppose G(t) is any continuous function on [ — z, n] with G(— 2) = G(x); 
then, by the elementary approximate identity property of the Poisson 
kernel 

1 1-|w? 


2r |w — e*|?" 


1f" 1-R? 
I— —— G(9)d 9 
on | le" ER Re?|? G( ) — Git) 


uniformly for — n <t <n as R-1, so, by Fubini's theorem, 


x i5 kr z L4 f= R? 
f aove d9 =>- 5 Je - gez 0 (9d 9dv(o) 


— | , G(t) dv(t) 


as R > 1. This simple fact can frequently be used to get information about 
the measure v. 

The reader should think through what happens with the argument just 
given when Ge€( — n,n) but G( — x) z G(n). Here is a hint: we at least have 


1 x j= R? G(t), t- N,N, 
xx | pagan 009 — 4G(n) + G( — n) 


2 ,t——mnm, 


as R — 1, although the convergence is no longer uniform. The integrals on 
the left are, however, bounded. 


Terminology. The situation of the scholium is frequently described by 
saying that 


V(Re?)d9 —dw9) w* 
for RA 1, or by writing 

*'V(Re?) — dv(9) as RoI’ 
(with a half arrow). 


Theorem. Let v(z) be positive and harmonic in 3z 7 0. There is a positive 
number « and a positive measure u on R with 


> dy(t) 
MAE 
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such that 


v(z) =a3z+ L F du(t) for 3z>0. 


|z—t|? 


Proof. From the previous theorem by making the change of variable 


which takes 3z > 0 conformally onto the open unit disk. 

Everybody should do this calculation at least once in his or her life, so 
let us give the good example. The conformal mapping just described takes 
v(z) to a positive harmonic function V(w) — v(z) defined for |w| « 1, so 
we have 

1 —|w|? 


1 R 
V(w) = 2n E je [ore 


with a positive measure v according to the result just proved. We write 
t here because t will denote a variable running along the real axis. 
We have w — (i— z)/(i + z), and the real t corresponds in a similar way 


to 
it i—t 
e ———. 
i+t 
Therefore 
i-z|? 
1—|w|? - i+z 
le*—w|?? — li-r i-z}? 
itt dz 
_ (li zl? — li —z|)li +t]? — 432(t? +1) 
lü—oi-z-ü-0i—-z2!? — [2i(z £)? 
Sz 
= —~—,(1 +£?) 
iq tt) 
Since e*" = — 1 corresponds to t = oo, we see that 
1 1 — |w]? 1(^ 3z 
P —— —;4 dv(t) 2 — ———7 dut), 
2n tan le” — w]? v(t) n -oZ — t|? ut) 


where du(t) =4(1 + t?)dv(1). 

We are finally left with the (possible) point masses coming from v at — x 
and z; their contribution gives us the term «3z with « > 0. Recalling that 
v(z) = V(w), we see that the proof is complete. 
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Remark. If (t) is a continuous function of compact support, 
f O(t)dy(t) = Jim, f O(t)v(t + iy)dt. 


To see this, just use the approximate identity property of (1/z)(Syz/Iz — t|?) 
($E) - compare with the above scholium. 


2. Digression on the a.e. existence of boundary values 


The representation derived in the preceding article can be 
combined with the result in Chapter II, §B, to obtain some theorems about 
the a.e. existence of (non-tangential) finite boundary values for certain 
classes of harmonic and analytic functions defined in (|w| « 1) or in 
{3z>0}. Although this is not a book about boundary behaviour or 
H, spaces, it is perhaps a good idea to show here how such results are 
deduced, especially since that can be done with so little additional effort. 


Theorem. Let V(w) be positive and harmonic in (|w| « 1). Then, for almost 
every 9, the non-tangential boundary value 


lim V(w) 
w rei’ 


exists and is finite. 
Proof. By the previous article, 
— |w]? 


V(w) = xl M woe 


where v is a finite positive measure. A theorem of Lebesgue says that 


9 
v(d= is (f 2) 


exists and is finite a.e. And by the remark at the end of Chapter 2, $B, 
V(w)- v(8) as w +e"? wherever v'(9) exists and is finite. We're done. 


Corollary (Fatou). Let F(w) be analytic and bounded for |w| « 1. Then 


lim F(w) 
w- 


exists for almost all 9. 


Proof. If |F(w)| <M in {|w| « 1), M+ &RF(w) and M + SF(w) are both 
positive and harmonic there. 
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Notation. Let F(w) be analytic and bounded for (|w| « 1}. The non- 
tangential limit 


lim F(w) 
w 2d 
(which, by the corollary, exists a.e.) is denoted by F(e'?). The function F(e'’), 
thus defined a.e., is Lebesgue measurable (and, of course, bounded). 


Theorem. Let F(w) be analytic and bounded for |w| <1. Then 


1 f* F(ei?)e?ag 
-— — 1. 
F(w) x| o> dwi« 
Remark. Thus, the boundary values F(e'’) (which are defined a.e.) serve to 


recover F(w). 
Proof. For each R < 1, we have, by Cauchy’s theorem, 
1 * F(R i9 i949 
F(Rw) = SiS at DL re 
2n i9 


-R e —w 


Fix w, and take R = R, with R, —1. We have | F(R,e?)| < M, say, and 
F(R,e*) — F(e^) ae. by the corollary. The result follows by Lebesgue’s 


dominated convergence theorem. 


Lemma. Let F(w) be analytic for |w| « 1 and suppose that |F(w)| <1 there. 
Let |a| = 1, and take 


E-(9:F(e?) 2a, 1«9«n)]. 
Then, unless F(w) = a, |E| = 0.* 


Remark. The result is also true when || < 1. But then the proof is more 
difficult. 


Proof of lemma. Take, wlog, « = 1. We must then prove that F(w) z 1 if 
|E| » 0. 

The function ((F(w) + 1)/2)" is analytic in (|w| < 1} and in modulus <1 
there, so, by the above theorem applied to it, 


FO)+1\"_ 1 fF (Fe%)+1\" 
Gore rr Gere A 


Here, (F(e?) + 1/221 if SEE, and, if 9, —z«9x, is not in E, 
I(F(e) + 12] < 1, so ((F(e?) + 1)/2)" — 0. We see by bounded conver- 


* We follow the customary practice of denoting the Lebesgue measure of ESR 
by |El. 
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gence that 


1 (* (F(e’)+1 JEI 
zf ( > Jas- on 


Tr 


for n— oo. Suppose |E|>0. Then the last relation combines with the 
previous to yield 


ott "I E| 
5, Toll ) noo, 


after extracting an nth root. Since the right side tends to 1 for n oo we have 
finally F(0) = 1. 

However, |F(w)| < 1, |w| « 1. Therefore F(w)=1 there by the strong 
maximum principle, Q.E.D. 


Theorem. Let f (t) — m, n), and put, for |w| < 1, 


1 (7 M 


m (t)dt. 


Then lim G(w) exists and is finite a.e. 
w -yei 


Proof. Wiog, f (t) > 0. Notice that G(w) is certainly analytic in {|w| < 1}, 
and that 


- |w]? 


1 Li 
wot -z [^ is i c eif dt 


is >0 there. (Compare Chapter II, §A!) 
The function 


G(w)—1 


FESTE 


is therefore analytic and in modulus <1 for |w| « 1. So, by a previous 
corollary, 
F(e?) 2 lim F(w) 
weld 
exists a.e. It follows that, whenever this limit exists, 


lim G(w) 
w ei? 
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must also exist and equal the finite quantity 


1+ F(e'’) 
1 — F(e'’) 
unless F(e?) = 1. 
However, F(e'’) can equal 1 only on a set of measure zero by the lemma- 
otherwise G(w) would equal oo everywhere in (|w| « 1), which is absurd. So 
lim, __,.isG(w) exists and is finite a.e., as required. 


Scholium. Write w = re? and suppose that fe L,(— n, n) is real-valued. Then 
we have 


1 [* 1-r 
zi eel 
i [^ 2rsin(9 — 
TOR -rl +r? UU 5 de 


We see that both 


m 1-7 
edm 2n |-,1 4 P? —3rcos(8 =n) dt 
and 
Ore) - L- 2rsin(9— (od 


nj-,i+r? es —t) 


are harmonic in (|w| < 1}, U (w) being equal to RG(w) there, and Ü(w) equal 
to SG(w), with G(w) the analytic function considered in the above theorem. 

Ü(w)is frequently called a harmonic conjugate to U (wy; it has the property 
that U(w) + iO(w) is analytic in (|w| < 1}. It is an easy exercise to see that 
any two harmonic conjugates to U(w) must differ by a constant; the 
particular one we are considering has the property that 


0(0)- 
By Chapter II, §B, we already know that 


lim U(w) 
weld 


exists and is finite a.e.; it is in fact equal tof (9) almost everywhere. The above 
theorem now tells us that lim, _,_,.isU(w) also exists and is finite a.e., indeed, 
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under the present circumstances, Ü(w) = SyG(w). This conclusion is so 
important that it should be stated as a separate 
Theorem. Let f eL,(— n,n). Then, for almost every q, the limit of 


1 f7 2rsin(9 — t) 


22] toe G=n nd 


exists and is finite for re? —— eie 


Notation. The non-tangential limit in question is frequently denoted by 
f (9); for obvious reasons we often call 7 the harmonic conjugate of f. It is 
also called the Hilbert transform of f. We wil come back to the 
consideration of 7 later on in this chapter. 


G. Return to the subject of SE 
1. Functions without zeros in 3z > 0 


Theorem. Let f(z) be analytic in 3z > 0 and at the points of the real 
axis. Suppose that 


log] f(z)| < O(IzI) 
for Xz >0 and |z| large, and that 


oo + 

f log" IfI IFO gy < oo. 
-æ 1+x 

Then, if f(z) has no zeros in Xz > 0, 


1 (^ Szlogl/(0I 4, 


lglfül- Ay *-| p 


there, where 


A =limsup logi soy)! 
yo y 
Remark. f(z) is allowed to have zeros on R. 


Proof of theorem. With 
oo + 
v=! f Jelog* IfI 


dt 
-o jz — t]? 


we have by §E 
log| f (z)| — A3z — U(z) < 0 
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for Jz > 0. Since f(z) has no zeros in 332 > 0, v(z) = log| f(z)| — Az — U(z) 
is harmonic there, and we have, by §F.1, 


(z) = -03-4 = 
* 


-2elz-tl 


dut) 


for 3z » 0, where « > 0 and p is a positive measure on R. 
We use the remark at the end of §F.1 to obtain the description of u. 
According to that remark, if (t) is continuous and of compact support, 


-[ 9(t)du(t) = lim f e(t)v(t + iy) dt. 
-o0 y20tJj-o 
In view of the formula for U(z), we also have 
f ®(t)log* | f(t)|dt = lim f @(t)U(t + iy) dt. 
-%0 y20* J-o 
Therefore 


f P(t)(log* | f(t)|dt — dult) 


= lim F @(t)(U(t + iy) + v(t + iy))dt 


y20* J-w 


= lim In (t)(log| f (t + iy)| — Ay) dt. 


y*0tJj-o 


Under the hypothesis of the present theorem (analyticity up to and on R), 
the last limit is just 


F D(t) log] f (t)ldt. 


7% 


Indeed, we easily verify directly (using dominated convergence) that 
f llog| f(t + iy)| — logl f(t)||dt — 0 
J 


as y > 0 for any finite interval J on R. (The argument is essentially the same 
as that used in the proof of Jensen’s formula, Chapter I.) We thus have 


F O((log* | flat — d) = rL 9()log! fdt 


for each continuous function ® of compact support, and hence 


log* | f(t)|dt — dult) = log] f(t)]dt. 
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Therefore, for 3z > 0, 


log| f(z)| = ASz + U(z) + v(z) 
1 {° Szloglf()] 


=(A— z 
( ez ren 


dt, 


by the formulas for U(z) and v(z). 
In order to complete the proof, we must show that « — 0. To see this, 
recall that by $F.1 the positive measure p introduced above satisfies 


° dult) 
f Oe. 
(We are already tacitly using this property — without it the formulas for v(z) 


and especially for log| f(z)| make no sense!) Therefore, by the evaluation of 
dy(t) just made, 


T f. Ilogl fo 


dt « oo. 
-œo 1-40 


The formula for log| f(z)| just obtained now yields 


log! f(iy)| -A-a |” log| fl 


dt. 
y tj. Pty’ 


Making y — oo, we see from (x) that log| f(iy)|/y— A — a. Since we called 


A = limsup 


yo 


> 


logi fy)! 
y 


we have « = 0, and the theorem is proved. 


Remark. Under the conditions of the present theorem, we see that 
limsup(log| f (iy)|/y) is actually a limit. 
y> o 


2. Convergence of (^... (log" |f(x)|/(1 + x?)) dx 


Weare going to extend the work of the previous article to functions 
f(z) having zeros in 3z >0. For this purpose, we need some preparatory 
material. 


Lemma. Let S(w) be positive and superharmonic in (|w| « 1) and suppose 
that lim, , , S(re*) = S(e") exists a.e. Then, if |w| « 1, 

1 f* 1—iw _, 

am DUANE EU CN it < E 

on | we S(e**) dt < S(w) 


Remark. The assumption on the a.e. existence of the radial limit S(e'*) is 
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superfluous. This is a consequence of a difficult theorem of Littlewood, 
which can be found in the books of Tsuji and Garnett. In our applications, 
this existence will, however, be manifest, so we may as well require it in the 
hypothesis of the lemma. 


Proof of lemma. Let |wo| < 1. By superharmonicity (mean value property) 
liminf,, ..,,,5(w) < S(wo). If r, increases towards 1 we can therefore 
find a sequence {w,} with |w,|<1 and w, -Wo such that 
liminf, o S(rw,) < S(wo). 
By superharmonicity of S(w) for |w| « 1 we have, for each r, « 1, 
1 (7 1-|w,2 . 
Dicat ERE PL, it < i 
73 Ne erp ne )d: S S(r,w,) 
Also, ((1 — |w,l2)/|w, — e*|?)S(r,e'") is 2 0 and tends to 
((1 — |wo|2)/Iwg — e*|2)S(e*) for almost all t as n — oo (separate convergence 
of the two factors!). Therefore, by Fatou's lemma, 
1 (* 1—|wol? 


oF le essent apse’) dt 


"DPA 1—|w,|? 
< liminf — ae 
no 2n J-,Iw,— e"| 


S(r,e?) dt 


< liminfS(r,w,) < S(wo), 
noo 
and we are done. 


Lemma. If v(z) is subharmonic and < 0 in 3z > 0 and v(t) = lim, Iz) exists 
a.e. on R, then, for 3z > 0, 


n |-slz— 


v(z) « JN ul) dt. 


Proof. Apply the previous lemma to S(w), given by the formula 


i—z 
s(12)- — v(z), 


and use the calculation made to establish the second theorem of §F.1. 
From this lemma we have first of all the very important and much used 


Theorem. Let f(z) be analytic for Xz > 0 and continuous up to R. Suppose 
also that log| f(z)| < O(|z|) for |z| large, z > 0, and that 


F log* |f 


dx < oo. 
cm Lex? 
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Then, unless f(z) =0, 


dx « oo. 


I: log | f(x) 


2-9. +x? 


Proof. Without loss of generality, f(i) #0; otherwise work with 


z+i\ 
e 


instead of f(z) if f should have a zero of multiplicity k at i. By the theorem 
of 8E, if we write A = limsup,.. ,, (log] f (iy)|/y), the function 


ve) logi fiel - A3 [^ Slog |f (BI ay 


z -0 |z — t|? 


is <0 for 3z>0. It is not, however, harmonic there as in the previous 
subsection, but merely subharmonic. 

For z> teR, the right-hand integral in the previous formula tends to 
log* | f(t)|, since log* | f(x)| is continuous on R. Therefore, when zt, 


oz) > log| f(O| — log* ifl = — log" | f(0)I. 


We may now apply the preceding lemma with v(t) = — log" | f(t)|. Since 
f) £0, we find that 


; 1 {° log |f) 
-œ < ti) < -i ise dt. 


We are done. 


Theorem. Under the hypothesis of the preceding result, 


2 SzlogifOl ,. 


logl/(2)l < 432-2 | 


-=o \z— t 


for 3z > 0, where 


A= limsu 
y-o 


r logi f(iy)| 
y > 


the integral on the right being absolutely convergent. 
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Remark. This is an improvement of the result in $E, where we have 
log* | f(t)| 2 0 instead of the (signed) quantity log| f(t)| in the right-hand 
integral. 


Proof. Taking v(z) as in the proof of the preceding theorem we have, by the 
discussion there, 


1 (° 3log fO 4, 


uz) « — 
e 5 T j-o Iz — tl? 


* 


3z > 0, according to the above lemma. Adding 


L (^ Szlog*lftDl 4, 


A3z+— 
Stel. let? 


to both sides of this inequality gives the desired result. 


3. Taking the zeros in 3z > 0 into account. Use of Blaschke products 


Theorem. Let f(z) be analytic in {3z>0} and continuous up to 
R, and suppose that log] f (z)| < O(|z|) for |z| large, 3z > 0, and that 


FL log*|f()] 


dx « oo 
za dX 


» Assume also that f(0) #0. 


Denote by {z,\ the sequence of zeros of f(z) in 3z > 0 (with repetitions 
according to multiplicities). Then 


Remark. The requirement that f(0) #0 is essential. 


Proof of theorem. Since f(0) #0 and f(z) is continuous up to R, the z, 
cannot accumulate at 0, i.e., |z,| >c for some c>0. We may, wlog, take 
€ = 3, for, if c is smaller than 3, we can work with f((3/c)z) instead of f(z). 
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The integral 


if? 1 
LU Cz n JL |f (01dt 


is absolutely convergent for Jz >0 because of our condition 


[n log * |fOl 


dt < o; 
-æ +0? 


it therefore represents a function analytic in that half plane whose real part 
is none other than 


1 œ 
J : tog’ (slat. 


T 


From this observation and the result of §E we see that 


ei^: f(z) 
g(z) = ek Ce oe ae bares a ee 
exp S zu spen fola} 


is analytic and in modulus < 1 for Jz > 0, where the constant A is defined in 
the usual fashion. We have g(i) # 0, since (here) all the |z„|are > 3. For each N, 
apply the principle of maximum to 


a fti -z) 


in 3z > 0. Since |g(z)| € 1 there, we find 


; N Ji— Z, 
0 < lg] < [] I: 


1 1—Z, ! 


For each n, we have 
i—z, 1— i/z, 
1 — yz, 


2 SG 


~ 1-1/2, Iz? | 


i—Z, 
Here, however, |z,| > 3, so the last expression is certainly 


2. S 
14 V/Iz,| Iz, I?" 


<1- 


as is evident if we look at the image of the circle |œ| = 1/|z,| (<4) under 
the linear fractional transformation 


2 35. 


amd WU ERANT 
1+oa|z,|? 
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e 
- 


Figure 11 


Substituting into the previous inequality and taking logarithms, we get 


2|z,l i| 
œ < logig(i)| < $1og(1 |Z,|+1 2) 
and this is in turn 
y 2a = 3 Sn 
"lapins rn 


since |z,| > 3. 
We thus have 


N 
ba z,| TO] e 


for all N, and our theorem follows on making N > œ. 


Theorem. Let f(z) be an entire function of exponential type with 


F log* [FOI 4. 


< œ. 
-æ 1+x? 


There is an entire function g(z) of exponential type with no zeros in 3z > 0 
and |g(x)| = |f (x)| for — oo < x < oo. 


Proof. Let (4,) denote the set of zeros of f(z) in 3z > 0, and {u} all the 
other zeros of f(z) (repetitions according to multiplicities, as usual). Wlog, 
f(0) #0, otherwise work with f(z)/z* instead of f(z). The Hadamard 
factorization of f(z) can then be written 


f(z) = Ce? im | I (i-e II (i-E)e-t 
Ro lII«R An luu < R Ln 
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By the previous theorem, the sums Diacr(GAn/lAnl?), and by Lindelóf's 
theorem (§B), the sums 


1 1 
— + = 
p R Àn D R Hin 


are bounded in absolute value. 


The sums 
1 1 
m T das 
i R An i R ln 


are therefore also bounded in absolute value, so, by the (easy) converse of 
Lindelóf's theorem, the products 


Zz Zz 
Ce’? (1 -4 jer (1 -Eje- 
Jl, An JL, Hn 


converge u.c.c. in the complex plane to an entire function g(z) of exponential 
type as R> oo. 
For real x, 


go) |. x) (is ) 
$7 im ILI SP mp 


the product being u.c.c. convergent on R in view of the condition 


Y Jå, 


< ©. 
n Anl? 


The right side of the above expression is clearly of modulus 1 on R, so 
If (x)| = 1g(x)| there. And g(z) has no zeros in 3z > 0. 


Theorem (Riesz—Fejér). Let F(z) be entire and of exponential type, let 
F(x) 2 0 on R, and suppose that 


| log* F(x) 


dx < oo. 
-æ 1+x? 


Then there is an entire function f(z) of exponential type without zeros in 
Sz > 0 such that F(z) =f (z) f (Z). In particular, F(x) =| f(x)|?, xeR. 


Proof. Since F(x) is real on R, F(Z)= F(z) by the Schwarz reflection 
principle, so, if 34 > 0, A is a zero of F(z) iff A is also a zero thereof, with the 
same multiplicity. Because F(x) 2 0 on R, any real zero of F must have even 
multiplicity. 

Denote by (4,) the set of zeros of F(z) in 3z > 0 (repetitions according to 
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multiplicities); then, by the observations just made, the Hadamard factoriz- 
ation of F must take the form 


F(z) m Ce" lim | [I (i-i) II (1 y 


79? Cals n ASR n 


2 
. II ( -i) ont 
la] € R On 


Here, the o, are certain real numbers corresponding to the possible real 
zeros of F(z) — of course, there may not really be any «,. Using the fact that 
F(x) 2 0 we easily check that C z 0 and that b is real. 

As in the proof of the preceding theorem, we have Y,54,/|A,|? < oo, and 
this, together with the Lindelöf theorems of §B, implies that the products 


Ce I (1 y^ [I (1 -ie- 
ERES: n lanl < R n 


converge u.c.c. in C to a certain entire function f (z) of exponential type as 
R- oo. We clearly have 


Fo =f A, 
and f(z) has no zeros in 3z > 0. As required. 
Theorem. Let f(z) be entire and of exponential type and suppose that 


f ? log*|f(x) 


dx < oo. 
-œ 1+x? 


Denote by {A,} the set of zeros of f(z) in Jz > 0 (repetitions according to 
multiplicities), and put 


A= limsup logl y 
y> o y 


Then, for 3z>0, 


Tyi te — log| f (t)| dt. 


logl f (2) = A3z + È log |z—tl? 


1—2/A, F 3z 


Proof. With the entire function g(z) used in proving the theorem before the 
last one, put 


G(z) = TESI — yc. 


* As long as F(0) » 0. Otherwise, an additional factor z?* appears on the right, 
and the description of f(z) following in text must be modified accordingly. 
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We have, of course, 


34, 
eh ups m 
so G(z) is an entire function of exponential type because g(z) is, and, for xeR, 
IGG9)I21g(x)| =| f(x)l. G(z) is without zeros for 3z > 0, and, in view of the 
description of g(z) given where it was introduced, 


Gt) - ft): lim [T (=). 


TES: 1 — z/A, 


Using (*) and the fact that 4, — oo, we readily verify directly that the 
infinite product 
1l — z/A, 
I ( 1- z/A, ) 
is u.c.c. convergent for 3z > 0; in the upper half plane, G(z) evidently equals 
f(z) divided by this infinite product. 


For 3z » 0, |(1 — z/Z,)/(1 — z/A,)| > 1, therefore | G(z)| > | f(z)|. Hence, if 
we call 


A = limsup 28100)! 
yo y 


we have 


A' 2 limsup A. 


y> o 


logifüy)) _ 
y 


Apply now the theorem of article 1 to G(z), which has no zeros in 3z > 0. 
Since |G(t)| = | f (t)| for real t, we find that 


i 1[^ 3 
log|G(z)| =A 3z if poroa 
for 3z >Q. In view of the relation between G(z) and f(z), this yields 
, l1 — z/A, 
log| f(z)| = A'3z + 2, log 1-2, 


fe | " _ SF loglf(fidt, 3z>0. 


n Iz — tl? 


We will be done when we show that A’ = A. Indeed, we have already seen 
that A' > A so it is only necessary to prove that A’ < A. 
To this end, consider the functions 


so-so |UE) 


58 III H Levinson's theorem on density of the zeros 


For each fixed N, |Gy(x)| = |f (x)| on R, and Gy(iy)/f (iy) 1 for y oo, 
since the product on the right has only a finite number of factors. Because of 
this, 


limsup EINO ug BLD L 4 
y> æ y yrn y 
whence, by the second theorem of article 2, 
1(° 3$ 
log| Gy(z)| < ASz +— ——5 log| f (t)idt 
Tt j-o |z mS t| 
for 3z » 0. Make now N oo; then Gy(z) -y> G(z) u.c.c. in Jz > 0, so finally 
1 oo 
log|G(2)| < 43: + =f tog! solar 


there. However, the left side equals 


oo 


; 1 3z 
A'Sz 4- Fe Fr iz — olf Olde. 
Therefore A' « A, whence finally A' — A, and the theorem is proved. 
Remark. The expression 
I z/À, 
I! ( 1 —z/A, ) 
is called a Blaschke product. 


Problem 4 


Let o and weL,(R) be functions of compact support. Let [a,b] be the 
supporting interval for q (that's the smallest closed interval outside of which 
9 =0a.e.), and denote by [a’,b’] the supporting interval for y. Prove that 
the supporting interval for «y is precisely [a+a’,b+b’]. (Note: By oy 
we mean the convolution 


o 


(p*W)(A) = | g(A — t)y(t)dt.) 
H. Levinson’s theorem on the density of the zeros 


We are going to close this chapter by proving a version of 
Levinson’s theorem on the distribution of the zeros of entire functions of 
exponential type for such functions f which also satisfy the condition 


Ir log" |f 69) 


dx « oo. 
ce FEX? 


This version is in fact due to Miss Cartwright and, although sufficient for 
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most applications in analysis, is not the most general form of Levinson's 
theorem. For the latter one should consult the books by Boas or Levin, or, 
for that matter, the one by Levinson himself. 

The proof to be given here depends on Kolmogorov's theorem on the 
harmonic conjugates of integrable functions, so we turn first to the 
establishment of that result. 


1. Kolmogorov's theorem on the harmonic conjugate 


Let f(z) be analytic and bounded for Jz > 0. An obvious applic- 
ation of a result of Fatou (the corollary in §F.2) shows that the boundary 
value 

f= lim ft + iy) 
exists for almost every real t. In the application of the following lemma to be 
given below, this fact can also be verified directly; the reader interested in 
economy of thought may therefore include it in the hypothesis if he or she 
wants to. 


Lemma. Let f(z) be bounded and analytic in 3z>0. Then 


fB = dH X fdt 


oo |z = t|? 
there. 


Proof. 1f z lies inside the contour I shown below, we have, by Cauchy’s 
theorem, 


_ 1 ( f@de 
fms; | tag. 
i(R +h) 
ih 
—R 0 R x 


Figure 12 
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We fix R and make h—0 through some sequence of values; since 
|J (t - ih)| < C say and f (t + ih) ^ f (t) a.e. for h — 0, we have, by dominated 
convergence, 


f f(t+ih) af" ft 4 


-gttih—z at —z 
Similarly, 
p (ih + 2d xS E^ 4 e? 


as h ^ 0. We thus see that 


r i9 
(*) rozal, FO apy L [AR Retas. 


2ni t—z 2n |, Re? —z 


Taking the relation 


S) 
-xil. tet 


and making h — 0, we see in the same way that 


m t)dt f(Re?) | 
o-z; | D. +z" FT ia 


Subtract this equation from (*). We get 
1 * Szf(Re*)Re? 


3z 
ODA ir— Kasia + o (Re — z(Re* — 2) 


Since f is bounded, the second term on the right is O(1/R) for large R, so, 
making R — oo, we end with 


yat | © SZ f()dt. QED. 


TJj-o iz E t|? 
Scholium. The reader is invited to obtain the lemma from the second 


theorem of §F.1 and the remark thereto (on representation of positive 
harmonic functions in 3z > 0). 


Suppose now that u(t) is real valued and that 


? |u(t)| 
NT < oo 


Then the integral 
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converges absolutely for 3z > 0 and equals an analytic function of z — call it 
F(z) - there. (RF)(z) is simply the by now familiar harmonic function 


1 F 3z u(t)dt; 


n -olz — tl? 


(SF)(z) is equal to 


1[? (Rz-t 
j (E> gt egi) 


Let us call the former expression U(z) and the latter Ü(z). Both are real 
valued and harmonic in {3z > 0], and the latter is a harmonic conjugate of 
the former for that region since U(z) + iÜ(z) is equal to the function F(z), 
analytic therein. 

In order to examine the boundary behaviour of U (z) and Ü(z) we may first 
map {3z > 0} onto {|w| < 1} by taking w = (i — z)/(i + z) and then appeal to 
the results in Chapter II §B and in §F.2 of this chapter. From the first of 
those $8 we see that one simply has 


U(t + iy) u(t) 


at almost every teR when y — 0. The behaviour of O(t + iy) for y 0 is less 
transparent. According to the last theorem and scholium following it in 
§F.2, Ü (t + iy) must, however, tend to a definite finite limit for almost every 
teRas y — 0. It is not very easy to see how that limit is related to our original 
function u; we get around this difficulty by denoting the limit by a(t) and 
calling 4 the Hilbert transform (or ‘harmonic conjugate’) of u. 

Under certain circumstances one can in fact write a formula for a(t) and 
verify almost by inspection that Ü(t -- iy) tends to a(t) (as given by the 
formula) when y — 0. When this happens, we do not need to use the general 
result of §F.2 to establish existence of lim, ., O(t + iy). That will indeed be the 
case in the application we make here; the reader who is merely interested in 
arriving at Levinson’s result may therefore include existence of the 
appropriate Hilbert transforms in the hypothesis of Kolmogorov’s theorem, 
to be given below. It is, however, true that the Hilbert transforms in 
question do always exist a.e. 

Here is a situation in which the existence oflim, o Ü (t + iy) is elementary. 
Suppose that the integral 


[e — 1) — u(xo + 1) " 
o 


T 


is absolutely convergent; this will certainly be the case, for instance, if u(t) is 
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Lip 1 (or even Lip a, « >0) at xo. Then, if we write 


ü(xg) = z jase =) z uro SD) a. 


1 (=+! tu(t 1 1 t 
+- dei dt+— ——— + =— Ju(t)dt, 
p xo-1 t +1 p It-xgl»1 Xo —t t +1 


we easily verify that 


= r Tp Xo —t t 
U(xo + iy) zi (= zu F ta ; «o 


tends to (xo) as y ^0. Just break up the integral on the right into two 
pieces, one with xy — 1 < t < xo + 1 and the other with |t — xo| > 1. The first 
piece is readily seen to tend to the sum of the first two right-hand terms in 
the formula for á(x9) when y — 0, and the second piece tends to the third 
term. In proving Levinson's theorem, the functions u(t) which concern us 
are of the form u(t) = log* | f (t)| or u(t) = log "|f (t)| with f(z) entire and such 
that 


————,—dt < oo. 


? logi f(t)ll 
za dE 


The function log* | f(t)| is certainly Lip 1 at every point of R — f(z) is 
analytic! And log" | f(t)| is Lip 1 at all the points of R save those isolated 
ones where f has a zero. In either case, then, a(x) is defined by the 
elementary procedure just described for all x,&R except those belonging to 
some countable set of isolated points. 

Our purpose in dwelling on the above matter at such length has been to 
explain that the proof of Levinson's theorem to be given below does not 
really depend on deep theorems about the existence of the Hilbert 
transform. The question of that existence is, however, close enough to the 
subject at hand to require our giving it some attention. The reader who 
wants to learn more about this question should consult the books of 
Zygmund or Garnett (Bounded Analytic Functions) or my own (on H, 
spaces). There is also a beautiful real-variable treatment in Garsia's book on 
almost everywhere convergence. 

Without further ado, let us now give 


Kolmogorov's theorem. Let u(t) be real valued, let 


F lul t < o 
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and put 


iix) lm A f i (et on 


»o-«zjJ.,Vx—-o?-y Ü-l 


the limit on the right existing a.e. Then, if À » 0, 


t 4(? |u(t 
f E. Z 4 ol ae 
aay + 1 AJ St +1 


Proof. Consider first the special case where u(t) 2 0; this is actually where 
most of the work has to be done. The following argument was first 
published by Katznelson, and is due to Carleson. 

Wlog, 


Put 


this function is analytic in 3z>0 and has positive real part there. Also, 
F(i) = 1. For almost all teR, 


SF(t + iy) — u(t) 


and 


SF(t + iy) — u(t) 
as y> 0+. 
Fix now any 4» 0, and take 
F(z)—4 
F(z) - À 


f(221- 


for 3z > 0; f(z) is analytic there and has modulus at most 2. For almost 
every teR, f(t) — lim,.. 9, f(t + iy) exists, and can be expressed in terms of 
u(t) + iü(t). 

By the lemma, for 3z > 0, 


1 oo 
feat D Xe 
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therefore 


RSD AV a 
(9) LU Ma mida w(1e 1i) (0144 


The transformation F>f=1+(F—A)(F +A) makes the half-plane 
RF >0 correspond to the circle | f — 1| « 1 and takes the two portions 
of the imaginary axis where |F|>A onto the right half of the circle 


VESTES 


Figure 13 


From the picture we therefore see that Rf(t)=1 whenever |F(t)| = 
|u(t) + i&(t)| > A, hence, surely whenever |ü(t)| >A. Since we always have 
Rf (t) 2 0, we get from (+), 

1 dt 2 2 © u(t)dt 

= ——3 & 75 <7! ET Perey 

uaa L +t 1+4 å T oltt 

since we assumed that the integral alone is equal to x. By homogeneity, we 
therefore get 


| E 
(lit)l > a} is? + 


for the case where u(t) > 0. 
In the general case of real u, write u(t) = u, (t) — u. (t) and observe that 
u(t) = d, (t) — à. (t), whence 


{t:|&@(t)| > A} € (ca, (0) 2 4/2) o (c1 (0| > 4/2). 
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The inequality just established may be applied to each of the functions 
u,, u_ and we obtain the desired result by adding, since 


? us) ? u-() |, |? lu@lde 
M E -o itt” 
Kolmogorov’s theorem is proved. 


When 4-oo, the right-hand side of the inequality furnished by 
Kolmogorov’s theorem may be replaced by o(1/4). 


Corollary. Let u(t) be real-valued and (^. (|u(t)|/(1 + t?))dt < oo. Then 


f ae = x1) for A>. 
(ap) a) +t A 


Proof. Take any e > 0. We can find a continuously differentiable function p 
of compact support with 


? wt) — e(t 
Ls. dt 


dt <€. 


Referring to the discussion preceding the statement of the above theorem, 
we see that @ can be readily computed; in fact 


$9)», | f&-9- ee 9a, 
n 0 T 


1 (**'tg()dt. 1 1 t 
zu +1 ZINC ure Joar 
Because q'(t) is bounded and of compact support, the expression on the 
right is bounded; it is even O(1/|x|) for large x. So | 9(x)| < M, say (M, of 
course, depends on q, hence on €!), and, if A > 2M, the set (t:|ü(t)| > A} is 
included in ít:|ü(t) — G(t)| > 4/2). Applying the theorem to the function 
u — ọ, we therefore find that 


| dt T 8c 
myl ti À 


for 47 2M. e, however, was arbitrary. We're done. 


2. Functions with only real zeros 


If we want to study the distribution of the zeros of an entire function 
f(z) of exponential type with 


I log* 1f 69 


dx « oo, 
-o lix 
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and we put 
limsup logi y)l = A, 
yo y 
limsu LG _ 
rome, |p 


there is no loss of generality in assuming that A = A’. The latter situation may 
always be arrived at by working with 


eil4 = AXI (2) 


instead of f (z); here, the new function has the same zeros as f(z) and equals 
f(z) in modulus on the real axis. 
We begin by looking at such functions f which have only real zeros. 


Theorem. Let f (z) be entire and of exponential type, have only real zeros, and 
satisfy the condition 


i log* |f 69I 4 
——— dx < o 
-œ L+x? 


Suppose that 


limsup 08! S09) = limsup CELON = A. 


yo y--0 yl 


For t = 0, let v(t) be the number of zeros of f on [0, t], and, if t < 0, take v(t) 
as minus the number of zeros of f in [t, 0). (In both cases, multiplicities are 
counted.) Then v(t)/t + A/n for t — oo and for t ^ — oo. 


Proof. By the theorem of $G.1, 


LS 3 
(*) log| f(2)| = ASz +2 [istos 
for 3z > 0, and by the same token, for 3z « 0, 
1 oo 
log fal - Ale |” tontos 


From these two relations, we see that the function f(z)/ f (Z), analytic in 
(3220), has constant modulus equal to 1 there. Therefore in fact 
f (z)/ f (2) = B, a constant of modulus 1, for 3z > 0. Making z — any point x 
of the real axis where f (x) #0, we see that f (x)/f (x) = f. This means that 
any continuous determination of arg f (x) on a zero-free interval (for f) is 
constant on that interval. 
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Since f(z) #0 in {3z > 0}, we can define a (single valued) analytic branch 
of log f(z) in that half plane, and then take arg f (z) as the harmonic function 
Slog f(z) there. For xeR such that f(x)40, define arg f(x) as 
limo. arg f(x + iy); as we have just seen, this function arg f(x) is constant 
on each interval of R where f(x) #0. If x increases and passes through a 
zero xo of f, arg f(x) clearly jumps down by x x the multiplicity of the zero xo. 
Therefore 


arg f (x) = — nv(x) + const. 
for real x with f(x) z 0. 


From («) we see that, in {3z > 0}, the harmonic function log| f (z)| is the 
real part of the analytic one 


: i[^/f 1 t 
-iai |” (ei oesol. 


It is, at the same time, the real part of log f(z) there. The imaginary part of 
the latter analytic function must therefore differ by a constant from that of 
the former one in {3z > 0], and we have 


arg f(z) 2 — ARz + — an eos 


iz — d Tek gi lenit + const 


there. Taking z = x + iy with x not a zero of f and making y — 0, we obtain 


A 1 = x—t 
v(x) = a = m ; lim, | (ports + SII 71 a regir 


+ const., 


in view of the relation between arg/ (x) and v(x). 
Write 


1: sf? x—t 
A(x) = Jim 77 Í (gs um +3 ies 


so that v(x) =(A/x)x — A(x) + const., save perhaps when f (x) = 0. (The limit 
in question certainly exists if f(x) 40; see the discussion just preceding 
Kolmogorov's theorem in the previous article.) 

In the course of proving the theorem of $G.1 we showed that the 
condition 


? log*|f(x)| 
-o 1+x? 
(which is part of our hypothesis) actually implies that 


? Wogl/(t)ll 
2-9 1-40 


dx « o 


dt « o5 
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we have of course been tacitly using the latter relation all along, since 
without it, («) and the formulas following therefrom would not make much 
sense. We can therefore apply Kolmogorov's theorem, and especially its 
corollary, to u(t) 2 log|f(t)). We have A(x) = (1/n)ü(x) with this u, and 
therefore, by the corollary, 


dx 1 
* URS = 
e) = +x? (1) 


for large 4. 
In order to prove that 
2) tea for x > + œ, 


it is enough to show that A(x)/x — 0, x > + oo, and we restrict ourselves to 
the situation where x oo, since the other one is treated in the same 
manner. 

Pick any y > 1, as close to 1 as we please, and any e > 0. For large n, we 


have 
[Ha dx y "e 1 
w 1+ x? yes z 
so, taking.A = ey” in (2) and making n — co, we see that there must be some 
x,e[y, y *!] with |A(x,)|<ey" if n is large enough. Since v(x)= 
(A/n)x — A(x)+ const. is increasing (by its definition!), we have, for 
y" <x<y"”*! with n large, 


— (x, -1) -S 6" 7) < — AG) < - AG) 


A 
+—(y"*? —y"). 
T 


interval of possible 
values of —A(x) 


Figure 14 
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Thus, if n is large enough and y"<x<y"*}, 


A 
IAQ9I & ey"** += (7? — Dy", 


and 
2: 


«(^ - = + ey. 


Since y > 1 and £ > 0 are arbitrary, we see that A(x)/x +0 when x — oo, as 
required. 
Our proof is now complete. 


3. The zeros not necessarily real 


Given an entire function f(z), let us denote by n,(r) the number 
of its zeros with real part >0 having modulus <r, and by n. (r) the 
number of its zeros with real part <0 having modulus <r. As usual, 

n(r) — n. (r) +n_(r) 


is the total number of zeros of f with modulus <r, and multiple zeros of 
f are counted according to their multiplicities in reckoning the quantities 
n, (r), n_(r) and n(r). 


Theorem (Levinson). Let the entire function f(z) of exponential type be such 


that 


dx < oo, 


? log* 1f ()] 
ay, 0 


and suppose that 


limsup 08S)! = limsup SELI 


= Á. 
yo »*-«e Iyl 
Then 


ne) A 
r 7T 


and 


n-(r) 


r 7 


as r — oo. Given any ô> 0, the number of zeros of f with modulus <r lying 
outside both of the two sectors |arg z| < ô, |argz — n| < ô is o(r) for large r. 
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Proof. Without loss of generality, f(0) 40, for if f(0)=0 we can work 
with a suitable quotient f(z)/z* instead of f(z). We may thus just as well 
take f(0)=1 in what follows. 

Denote by (4,) the sequence of zeros of f(z), each zero being repeated 
in that sequence according to its multiplicity. By the first theorem of 
$G.3, 


< o, 


T J4, 


gizo lnl? 


and similarly (referring to the lower half plane), 


y J4, 


AE j — OO. 
sie | Aul ^ 


Take any ô> 0. From the previous relation, we have 


1 


— < O00. 
ó«JargA, « 1 —ó EA 


This certainly implies that the number of 4, with ó < |argA,| < x — ó and 


|A4,| <r is o(r) for r- oo; the last affirmation of the theorem is thus 
established. 

To get the rest (and main part) of the theorem, we follow an idea due 
to Levinson himself and compare f(z) with another entire function having 
only real zeros to which the conclusion of the theorem in the previous 
subsection can be applied. 

The Hadamard factorization of our function f has the form 


f(2- en(i — Eje 


Corresponding to each i, we now compute a real number 4, according to the 
formula 


1 1 
AC x(2) 


if perchance À, is pure imaginary we put 4, = oo. Let us now write 


(2) = e“Ti( 1— ie 
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We must, first of all, show that the product just written converges u.c.c. in 
C. But 


Z Z 5 r 2 
1—2 Jez/4n = —— jez/An.g- iz3AAASI 
( 3 (1 3; e 


Here, 3,(54,1/14,1?) < oo. Also |4;| > 4,| with n(r) the number of 4, 
having modulus <r, at most O(r) (see 8A), so [],(1 —z/42)e/^ does 
converge u.c.c. in C, by §A. The product defining (z) therefore converges 
u.c.c. in C, and o(z) is an entire function whose zeros are the real numbers 4;. 

We want to show that (z) is of exponential type. This can be done 
most easily by appealing to the Lindelóf theorems of $B, and the reader is 
invited to see how that goes. One can also make a direct verification without 
resorting to the Lindelóf theorems by proceeding as follows. 

In the first place, we clearly have 


19691 « Lf 691 


for xeR, so, since f(z) is of exponential type, | (x)| is at most e°% on the 
real axis. Consider now z = iy; here, 


y 2X 1/2 3 
ai= (1 «(z) ) go» 


The right side is easily seen to be < e?! the only place where calculation is 
required is in the evaluation of 5, log(1 + (y/4;?). To compute this sum, 
write it as a Stieltjes integral and integrate by parts, using the fact that the 
number of 4, with absolute value <r is O(r); we find without trouble that 
the sum is O(|yl). (A very similar calculation was made in proving the 
second (easy) Lindelöf theorem of §B.) 

Having seen that |@(x)|<e and |o(iy)| € e99, we must examine 
Io(z)| for general complex z. According to the discussion at the beginning of 
§B, from the fact that the number of 4, with modulus x r is O(r) we can only 
deduce an inequality of the form 


log|o(z) < Of|z|log|z\), 


valid for large |z|. At this point, however, we can apply the second 
Phragmén-Lindelóf theorem of $C. Look at o(z)in each of the quadrants I, 
II, III and IV. Take, say, the first one. For proper choice of the complex (!) 
constant y, 


e" o(z) 


will be bounded on both the positive real and positive imaginary axes. For 
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z lying in the first quadrant and |z| large, we will certainly have 


3/2 
le"*o(z)| < e902) e Orziloglz < el ! 


say. 


Figure 15 


Therefore, because the opening of the quadrant, 90°, is less than 2x 
radians, the function e"*o(z), bounded on the sides of that quadrant, is 
bounded in its interior, and we see that 


lo(z)| < const.e!ll? 


in I. A similar argument works in each of the remaining three quadrants, 
and ¢(z) is therefore of exponential type. 

Knowing ¢ to be of exponential type, we refer once more to the property 
|e(x)| <| f(x), xeR, in order to obtain the condition 


F log* | (x)! 


dx < oo, 
-o L+x? 


from the similar one assumed for f in the hypothesis. We are in a position 
to apply the theorem of the previous article with our function 9. 
Write 


B=limsup SES B' = limsup log|ey)l 


yo y -o yl?’ 
and call v(t) the number of points 4; (counting multiplicities) in [0, t] if 
t20. For t «0, let v(t) be minus that number of points 4; in [t,0). The 
theorem of the previous article is directly applicable to the function 


ei - B2 (7), 
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and tells us that 


vt) B+B 
— — 
t 2n 


for t> o. 


It is now claimed that (B--B')/2—- A, the common value of 


limsup,.. œ log| f(iy)|/y and limsup,.. - ,, log| f(iy)|/l yl. 
First of all, for real y, 


iy? 
: À 


Ba, y 
Al * A 


y? 2y, 
1 1-———— |. 
( MINA Z) ale + y 
Noting that 


1 1 34, V 
BT apt (Es) 


we see that the last expression is in turn 


(489/85) 


Since (1 — se? < 1 for real s we also have 


2y TA, 2yIAn ) 
os — dio sd, x ————— |. 
I a y z IP + y 


Comparing the product representations for f (iy) and (iy), we see from the 
inequalities just written that 


2\ 1/2 
Ifa) < oio) ) ew(- X XM, ;) 


n TEES 


= 1-2y 


A, 


Because 2(134,/12,7) < oo, 


Xam. e 


P z}=O(lyl) for y to. 


The same is true for the logarithm of the product on the right side of the 
previous relation. To verify that, denote by N(t) the number of the quantities 
14,12/134,| lying between 0 and t (counting repetitions in the usual way), 
and rewrite 


pe(e(2m)) 
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1f y? 
: [i1 )avo 


Since Y,,134,I/14,]? < oo, we have N(t) = o(t) for t— oo, from which the 
integral just written is easily seen to be o(|y|) for y t oo after an 
integration by parts. 


In view of these facts, the above relation between | f(iy)| and |o(iy) 
shows that 


log| f(iy)| < log] e(iy)| + ofl yl) 


for y> + oo. Therefore 


as 


A = limsup 


y-*o 


loglfüy) Z | su p ele» -B 
y y i 


y> o 


and, in like manner, A < B’. We have thus proved that A < (B + B’)/2. 

We wish now to prove the reverse inequality. Take any 6>0. We 
showed at the very beginning of this demonstration that, for large r, all 
but o(r) of the original zeros A, of f(z) with modulus <r lie in one of the 
two sectors 


largz| <ô, Jargz—z|« ô. 


Figure 16 
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For A, in either of those two sectors, 
lA € lA = IA?/I8A,I < |Anlsecd, 
so, for r 7 0 and large, 
vr) € n,(r) < v(rsecó) + o(r), 
—vw(—r) < n.(r < —w—rsecd) + o(r). 


(Recall that v(t) is by its definition negative for t « 0!) Since ó — 0 is 
arbitrary, these relations and the known asymptotic behaviour of v(t) for 
t— + oo imply that 


n.(r) EN B+B 
r 2n 
and 
n_(r) UM B+B 
r 2n 
for r> oo. 
According to the theorem of $E (the first and simplest one of its kind!), 
1[^. ZG 
log| f(z)) < ASz + Al , jesse. | f(t))dt 


for 3z > 0, and similarly, referring to the lower half plane, 


ISz| 


Iz tļ? 


log fla) < AlSzl += | i log* | f(t)|dt 


for 3z « 0. Taking any ó >0, we see from these two formulas that 
log| /(Re?)| < AR|sin 9| + o(R) 
holds uniformly in each of the two sectors 


ó«9«n—ó, n-ó«8«2n—ó 


when R >œ on account of the finiteness of f2 log * [f(A + (2))dr.* 
In the remaining sectors | 9| < ô, |9 — n| <6 we surely have 


log| f(Re?)| < KR. 


Therefore, for large R, 
2n 
xl log| f(Re?))d9 < 2A R + o(R) 4-2. KR, 
2n Jo n n 


* [n the integrals figuring in the two preceding relations the denominator of the 
integrand, |z—¢|?, is, for z=Re, equal to R?+t?—2Rtcos9. When 
6<9<n-—5 orn+5<9<2n—-6, this is >(1—cosd)(t? + R?). 
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or, since 6 > Q is arbitrary, 


2n 
xl log| f(Re?))d9 < 24 R1 o(R) 
2n Jo Di 


for R> œ. 
Now apply Jensen’s formula, recalling that n(r) = n, (r) + n-(r). By what 
has already been proved, we know that 


nr) B+B 
Aya 
r n 


for r— oo. Therefore 


R D 
o r n 


for large R. The left-hand side is, however, equal to 
1 2n : 
xl log| f(Re^)|d9 
2n 0 


which, as we have just seen, is <(2A/z)R + o(R) for large R. Therefore 
(B + BY2< A. 

The reverse inequality has already been shown. Therefore, 
(B + B')/2 = A, which means that 


AL ey aan od 
r r n 


asr — oo. The first (principal) affirmation of our theorem is thus established, 
and we are done. 


Remark. The above proof of the Cartwright version of Levinson's theorem 
depends on the elementary material of $8A and C, Kolmogorov's result, the 
formulas in §§E and G.1, and the first (easy) theorem in $G.3. The more 
delicate results in §§G.2 and G.3 (the one involving Blaschke products, in 
particular) are not used, nor are Lindelóf's theorems. 


Problem 5 
Let f(z) be entire and of exponential type, with 


I log* | fol 


3 dx < oo 
-æ dX 


and suppose that 


limsu 


yra 


RCM 
y 
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(a) Show that 

J log| f(Re*)| 
0 R 

as R> oo. 


(b) Let (4,) be the sequence of zeros of f(z) in {3z > 0} (repetitions according 
to multiplicities), and put 


ru 
ae) 


for 3z > 0. Show that 


— Asin 9|d9 —0 


I , 
| — log| (Re?)|d9 — 0 
o R 


for R> oo. 


IV 


Quasianalyticity 


One of the first applications of the relation 


F log” | f(x)| 


dx « oo 
-o L+x? 


established in §G.2 of the previous chapter was to the study of quasi- 
analyticity. This subject may now be treated by purely real-variable 
methods (thanks, in particular, to the work of Bang); the older function- 
theoretic approach of Carleman and Ostrowski is still, however, an 
excellent illustration of the power of complex-variable technique when 
applied in the investigation of real-variable phenomena, and it will be 
outlined here. 

The material in the present chapter is due to Denjoy, Carleman, 
Ostrowski, Mandelbrojt and H. Cartan. We are only presenting an intro- 
duction to the subject of quasianalyticity; there are, for instance, other 
notions of that concept besides the one adopted here. One such, due to 
Beurling, will be taken up in Chapter VII, but for others, the reader 
should consult the books of Mandelbrojt and, regarding more recent work, 
Kahane's thesis published in the Annales de l'Institut Fourier in the early 
1950s. Mandelbrojt's books on quasianalyticity also contain, of course, 
more elaborate treatments of the material given below. His 1952 book is 
the most complete, but his two earlier ones are easier to read. 


A. Quasianalyticity. Sufficiency of Carleman’s criterion 


1. Definition of the classes €,(( M,]) 


Suppose that f(x) is infinitely differentiable on R. The familiar 
example 
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— 1/x?), 0, 
eo ee 


shows that, if, at some Xo, f and all of its derivatives vanish, we cannot 
conclude that f (x) = 0. Under certain restrictions on f and its derivatives, 
however, such a conclusion may become legitimate. Consider, for example, 
functions f subject to the inequalities 


|f (x) € K"n!, xeR, 


on their successive derivatives. By looking, for instance, at Taylor's formula 
with Lagrange's form of the remainder, we see that 

fe) e flv) $ EA y 
for |x — xol < 1/K, x, being any point of R, and this means that f is in 
fact the restriction to R of a function analytic in |Syz| < K. Such a function 
cannot vanish together with all its derivatives at any point of R without 
being identically zero. 

Are there perhaps some other systems of inequalities which, imposed 
on the successive derivatives of f, will imply the uniqueness property in 
question without, however, forcing f to be actually analytic? This question 
(which, like so many others in analysis, comes from mathematical physics) 
was raised at the beginning of the present century. The answer turns out 
to be yes, and the classes of functions thus obtained which, without 
necessarily being themselves analytic, share with the latter ones the property 
of being uniquely determined by their values and those of their successive 
derivatives at any point, are called quasianalytic. (Note: There are also 
pseudoanalytic functions in analysis. Those have nothing to do with the 
present discussion.) 


Definition. Given any interval J € R and a sequence of numbers M, 0, 
we say that a function f, infinitely differentiable on J, belongs to the class 


€,({M,}) 

if there are two numbers c and p, depending on f, such that 
|f (x) cp"M, for xel 

and n=0,1,2,3,.... 


Remarks. The number c is introduced mainly for convenience, because we 
want @,({M,,}) to be a vector space. The number p is introduced because, 
in the case J = R, we want f(px) to belong to ,({M,}) when f belongs to 
that class. 
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Scholium. Suppose I has a finite endpoint, say a, but that we are not taking 
a to be in I. Then, by requiring 


| f(x)| € cp" M, 
for xel, we obtain the existence of 


lim f(x) 
p? 


for n — 0,1,2,...,sothat f and all its derivatives may be defined by continuity 
at a. We will then still have 


| f(a)| < co" M, 
for n — 0,1,2,.... This means that for the classes €,((M,]) as we have 
defined them, we may always assume that the intervals I are closed. 
Definition. A class €,((M,]) is called quasianalytic if, given any xgel, 
the only f e€,((M,]) such that 

fo) =0, n=0,1,2,..., 


has f(x)=0, xel. 
Now we have the problem: which classes @,({M,}) are quasianalytic 
and which are not? 


2. The function 7(r). Carlemar's criterion 


The quasianalyticity of the class @,({M,}) turns out to be 
governed by the function 


T(r) 2 sup £ 


n20 M, 


defined for r >0, whose use is due to Ostrowski. 


Theorem. If f, (log T(r)(1-- r?))dr— o», the class @,({M,}) is 
quasianalytic. 


Proof. Suppose that xel and that fe€,((M,]) and f(xo)=0 for 
n=0,1,2,.... To prove that f(x) &0 on I it is enough to show that 
f(x) & 0 on any interval J € I having x, as an endpoint. 

Without loss of generality, take J = [0, 1] and suppose that x, is 1, i.e., 
that f?(1) 2 0, n=0,1,2,.... (Having an interval J of length #1 only 
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means that the parameter p in the bounds on sup,,;| f(x)| gets changed, 
while the M, remain unchanged.) We have 

f(x) <cp"M,, n=0,1,2,... and Oxx«l. 


For Ro 20, put 


1 
g(a) = f t f (t) dt. 


(a) is clearly analytic for Ro >0 and continuous for Ro > 0, and 
lelo) &cM,, Ro 20. 


Weare going to show that (ø) = 0. By the theorem of $G.2 in the preceding 
chapter (applied, of course to the right half plane instead of the upper half 
plane), this will certainly follow from the relation 


f ? loglølit)| 


dt = — o, 
-æ 1+7? 


which we now set out to establish. 
Since f(1)=0, we have, when Ro > 0, 


tert 1 1 1 
or D i, t**! f'(r)dt 
1 : oti gf’ 
=- f ft) dt. 


Again, f'(1) 2 0, so a similar integration by parts gives us 


a 1 ! 0T 2 gn 
w= ETI, f" (t) dt. 


Repeating this process yields 


Cy t**" f(t) dt. 


Wert DEAE SG 9) 1s 


Therefore, for Ro > 0, 


1 


LLL eM, n212,... 
lexile*2|--lern| ^ - " 


ielo) < 


We have already seen that an analogous inequality holds for n = 0. 
Putting o = it with t real, we get 


cp" M, 


lp(it)| < o 
Iti 


n=0,1,2,..., 
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that is, 


z(y løt] < e n=0,1,2,.... 


Since by definition 
Hl) 1 (BJ 
T| —]} = sup—|{—], 
(5 sa M, P 
we see that 


loo) T (8) « " 


so that 


log|g(it)| < loge —log (5 Í 


Since T(r) 2 1/M, is bounded below (wlog Mo > 0, for otherwise surely 
f=0), the relation 


° log T 
{ og iu, dus 
o l-*r 
implies that 
*? log T(r) 
dr = oo 
f 1 + pr? 
Therefore 
? legle(i)] ? log T(\t|/p) 
eis a Lal LA A < = uh pia UL Maio 
le Lr dt < mlogc NECS dt 
»" œ log T(r) _ 
= rlogc- 20 | mp d = — 0, 


as claimed above. 
For this reason, g(¢)=0 in Ro 20 and in particular 9(0) = (1) = 
(2) = --- =0. In other words, 


1 
| *f(t)dt-0, k=0,1,2,.... 
0 
By Weierstrass’ theorem on polynomial approximation, this makes the 


(continuous!) function f(t) vanish identically on [0, 1]. That's what we 
had to prove. We're done. 
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B. Convex logarithmic regularization of (M,) and the 
necessity of Carleman’s criterion 


We are going to see that the converse of the theorem at the end 
of the previous § is true. This requires us to make a preliminary study of the 
geometrical relationship between the sequence (M, and the function T(r). 


1. Definition of the sequence (M,). Its relation to (M,) and T(r) 


By the definition of T(r) given at the beginning of §A.2, we have 
log T(r) = sup(nlogr — log M,y; 


n20 
moreover (unless @,({M,}) consists only of the function identically 
zero on I, which situation we henceforth exclude from consideration), 
log T(r) 2 — log My > — œ. 


The function log T(r) clearly increases with log r. This description oflog T(r) 
is conveniently shown by the following diagram: 


-log T(r)^ 


points (n, log M,) marked © 


Figure 17 


We see that — log T(r) is the y-intercept of the highest straight line of 
slope logr that lies under all the points (n,log M,). It is convenient at this 
time to introduce the highest convex curve, II, lying under all the points 
(n,log M,). II is the so-called Newton polygon of that collection of points 
(first applied by Isaac Newton in the computation of power series 
expansions of algebraic functions!. The straight line of ordinate 
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nlogr —log T(r) on the above diagram is, for each fixed r>0, the 
supporting line to II having slope logr. 

At any abscissa n, the ordinate of II is simply the supremum of the 
ordinates of all of its supporting lines, since II is convex. Therefore, the 
ordinate of II at n is 


sup(nlogr — log T(r)). 
r>0 


This quantity is henceforth denoted by log M,; and (M, is called the convex 
logarithmic regularization of the sequence {M,}; log M, is clearly a convex 
function ofn. The following diagram shows the relation between log M, and 
log M,: 


points (n, log M,) marked o points (n, log M,,) marked. 


Figure 18 


It is evident that M, « M, for each n. 

The Newton polygon II is also the highest convex curve lying under 
all the points (n, log M,), as the figures show. Therefore, by the above geo- 
metric characterization of log T(r) in terms of supporting lines, we also have 

log T(r) = sup[nlogr — log M,], 


nz0 


T(r) 2 sup 4 i 


nzO —n 


We see that the function T(r) cannot distinguish between the sequence 
{M,} and its convex logarithmic regularization {M,}. 
It will be convenient to consider the ordinates of the Newton polygon 
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II at non-integer abscissae v. We denote this ordinate simply by II(v); II(v) 
is a convex, piecewise linear function. 


TI(v) 


Figure 19 


Lemma. If T(r) is finite for all finite r, then Ml" is an increasing 
function of n when n> some no. 


Proof. Under the hypothesis, the slope II'(v) of II must tend to oo as 
v— oo. Otherwise, for some ro < oo, II'(v) would remain < logro for all 
v, and certainly no straight line of slope logr, with r » ro, could lie below 
II. 


Figure 20 
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This means that T(r) = oo for r > ro, contrary to hypothesis. 

Because IT'(v) 5 oo as v — oo we certainly have II(v) ^ oo. Pick any vo 
with II(vo)/vo > 0, and draw a line Z through the origin with slope bigger 
than TI(v9)/vo. Then ¥ certainly passes above the point (vo, II(vo)), lying 
on the convex curve IT. 


(vı, TI) 


(vo, Mo) 


Figure 21 


However, since II'(v) > oo as v — oo, Z cannot lie above II forever. Let v, 
be the last abscissa to the right where II cuts Z — there is such a last abscissa 
because II is convex. The figure shows that, at v,, II cuts Z from below. This 
means that 

II(vi) 


—— < Ir'(v,).* 
M 


TI(v) 


Figure 22 


* [f necessary, turn .Z slightly about O to ensure that (v,,II(v,)) is not a vertex of IT. 
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It is claimed that TI(v)/v increases for v > v,. 
To see this, observe that 


d (T0) wvII'(v) - Mi), 
(m) em 


v v? 3 
so it is enough to verify that 
vII(v) -Il(») >0 for vèv. 


However, since II(v) is convex, d(vII(v) — II(v)) = vdIT'(v) is certainly > 0, 
so vII'(v) — II(v) increases. And v,IT'(v,) — II(v,) is > 0 by our construction. 
So vIT'(v) — TI(v) remains > 0 for v > v,, and therefore II(v)/v increases for 
such v. 
Let n, be any integer > v,. Then, if n > no, 
log M, _ T(n) T(n-1) logM,. 


~ 


n n nil n+l 


This proves the lemma. 


Lemma. Suppose that M1" — oo for n> oo. Then, for sufficiently large n, 
Mi" is increasing as a function of n, and 


Mas 
M, 


Mi^ < 


Proof. Since (log M,)/n = II(n)/n tends to oo with n, the slope of the convex 
curve II cannot remain bounded as v — oo, and II'(v) ^ oo, v> oo. We are 
therefore back in the situation of the previous lemma, and the argument 
used there shows that II(v)/v increases for large v, and in particular 
(log M,)/n increases for large n. 

The reasoning used in the above proof also showed that II'(v) > II(v)/v 
if v is large. Therefore, for large n, 


ORI] 


Since, for v > n, IT(v) > IT'(n), we thus have, by the mean value theorem,* 
T(n + 1) — T(n) > —— € 


log M,.., — log M, > 98 Ms 
n 


for large n. We're done. 
* Note that all the vertices of II have integer abscissae. 


88 IVB Use of the convex logarithmic regularization 


Corollary. If 5.2; M, 1!" < oo, then 
2 
n=1 


Proof. Clear. 


M,-1 < oo 
M, f 


Theorem. If j5 (log T(r)/(1 + r?))dr < oo, then 


Proof. (Rudin). Since T(r) is increasing, convergence of 
fo (log T(r)/(1 + r?))dr certainly implies that T(r) < oo for all finite r, so, by 
the first of the above lemmas, M1^ is increasing for n> no, say. 

As we saw during the discussion preceding the above two lemmas, 
T(r) =sup,,,(*/M,), and this is >e" when rz eM;^". If n 2 no so that 
M^ < Min* 9, we therefore get 


Ma log T(r) nf 1 1 


Similarly, 
f log du dr > a M; Mn. 
eM?" r e 


Using these inequalities and taking an arbitrary m > nọ, we find that 


fü log T(r) Ane by B T(r) "s 
2 


2 = 


tino r n=no eM?" r 
œ log T 
+ | g Tin) dr 
Ma” T 


> S'E Mp” Mz) e tm 
ZA e 


1 


No ,,- 
= ~M" + — 
e Pi a7 1 eMI" 
We see that 


3 M" <e ji log T(r) ay 
n=no+1 = = engine r? 


Since log T(r) is bounded below, the hypothesis makes the integral on the 
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right finite. Therefore, making m — oo, we get 


Y, M," «o 
noti 
Q.E.D. 
Corollary. If f, (log T(r)/(1 + r?))dr < oo, 
< M n-1 
p M. « o 
Proof. By the theorem and the corollary just before it. 
2. Necessity of Carleman's criterion and the characterization 


of quasianalytic classes 
Using the work of the preceding article, we can now establish the 


Theorem. If f? (log T(r)/(1 + r?))dr < oo, €,((M,]) is not quasianalytic for 
any interval I of positive length. 


Proof. Take the convex logarithmic regularization {M,} of {M,}; then, by 
the corollary at the end of the last article, we have 

eM n-1 

= < ©. 

Lu c7 
The following construction works with the ratios ju, = M, ,/M,. Picking 
any £> 0, we fix an ng > 1 such that 

Yu. se. 


For each n, sinyu,z/u,z is entire, of exponential type u,, and bounded 
by 1 in absolute value on the real axis. Hence, by Phragmén- Lindelóf ($C of 
Chapter III), 


sin 44z 
Hn? 


< efl, 


The product IL. (sin H,Z/H,Z) will therefore equal a non-zero entire 
function ¢(z) with |o(z)| < e, if only it is convergent. However, if | uz | is 
small, 


sin uz 1 
= | —— p22? + Oui |z|*). 


Since Y,u,« 00, we also have Ñu? < oo; the product in question is 
therefore u.c.c. convergent in the complex plane. 
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Put 


fe) = Mai 


sin inal sin 1,2. 
(e/no)z n2zno Hn? i 


f(z) is a non-zero entire function with 


|f(2) « M, ,e" 


and 


f | f(x)|dx < oo. 
This last relation and the boundedness of f on the real axis certainly 
make f°. f G9? dx < oo, and f(z) is obviously of exponential type < 3e. 
We therefore conclude by the Paley- Wiener theorem (Chapter II, $D) that 


(9 FA= f * eb f(x)dx 


vanishes identically for 4 < — 3e and for A > 3e. (Vanishes identically there 
and not just a.e., because here, f(x) being in L,(R), F(A) is continuous.) 
Because f(z) #0, F(A) cannot be everywhere zero. 

As we just remarked, F(A) is continuous on R. It is even infinitely 
differentiable there. Indeed, if k < no, 
sin (¢/no)x|?"* 


(e/no)x 


certainly belongs to L,(R), so we can differentiate (+) k times with respect 
to A under the integral sign. In this way we see that 


Fe A= | 


Ix*fG9l < wu (Sj 


€ 


" ige f(x) dx 


is in absolute value 


No k p 
< er Mm-1 
E -0 


a finite constant, for k < ny. (Remember, we took n; > 1) When k È no, 
we can start to use products of the factors (sin u,x)/u,x, n È no, to absorb 
powers of x: 


pre «(RI 


sin (c/no)x |^ +! 


(e/no)x 


> 


sin (/ng)x 


(e/no) 


rd 1 1 


2 Necessity of Carleman's criterion 91 


_ ("o n sin(e/nox^** A, Ms. Me 
E (e/no)x n Ms Mie 
sin (e/ng)xl^* ! 


No no-1l 
(A) (e/no)x 


Therefore | F(A)| < M,(no/e)"°~ ! (^. |sin (e/ng)x/(e/no)x['^* ! dx for k > no. 
We see that we can choose c in such a way that 


|F*(4) «cM, on R 


for all k (including the finite number of values from 0 to no — 1). 

We know, however, that M, < M, for each k. Therefore our function F 
belongs to @,({M,}), does not vanish identically, but is identically zero 
outside the interval [ — 3e, 3c]. This means that F and all of its derivatives 
must vanish at both points 3c and — 3e. Since F(A) #0 on [ — 3e, 3e], the 
class @;({M,,}) cannot be quasianalytic when I = [ — 3e, 3e]. By translating 
F, we see that the same is true when / is any interval of length 6e. Here, 
e >Q is arbitrary, so we're done. 

The work just done can now be combined with that in §A.2 to give a 
complete characterization of the quasianalytic clases ¢,({M,,}). 


Theorem. Given any interval I of positive length, the class €,({M,}) is 
quasianalytic iff any one of the following equivalent relations holds: 


(a) fọ dog T()/(1 + r?))dr = co 
(b) 3, M; 1" = co 
(c) Y(M,- / M,) = 00. 


Proof. By the preceding material and logic-chopping. 

We know that (a) implies quasianalyticity of @,({M,}) for any I by the 
theorem of $A 2. Also, not-(a) implies that Y, M, !" < oo by the theorem of 
the preceding subsection, and this last relation by itself implies that 


(1) Y(M,-,/M,) < oo 


according to the corollary immediately preceding that theorem. 

Now, the proof of the preceding theorem is entirely based on the 
condition (t). Therefore, (+) by itself implies that €,((M,]) is not quasi- 
analytic (for any I). So quasianalyticity of @;({M,,}) implies (c) (the negation 
of (t)) which implies (b) which implies (a), which, however, itself implies the 
quasianalyticity of @,({M,}) as we have already seen. So complete 
equivalence of the latter property with any of the conditions (a), (b) and (c) is 
fully established. Q.E.D. 
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C. Scholium, Direct establishment of the equivalence between 

the three conditions f? (log T(r)/(1 + r?)) dr < oo, 

M. i <% and $,M,-./M, « oo. 

These three conditions are of course equivalent according to the 
theorem at the end of the preceding §. In §B.1 we gave direct arguments, 
based upon the geometric properties of the Newton polygon II of the set 
of points (n,log M,), to show that the first condition implied the second, 
and the second the third. The above establishment of the reverse impli- 
cations depended, however, on the theorem of §A.2 as well as on the 
construction used to prove the first result of §B.2; in other words, on lots 
of complex variable theory. Since the relationship between T(r) and the 
convex logarithmic regularization (M, is strictly graphical, i.e., geometric, 
we should also give a direct proof of the reverse implications. Let's do 
that. The reasoning used involves a peculiar change of variable and a 
summation by parts. 


Theorem. 35 ,(M, .,/M,) < oo implies that 


” log T(r) 
o +r? 


dr « oo 


Proof. Look at the Newton polygon II, denoting, as in §B.1, its ordinate 
corresponding to the (real) abscissa v by II(v): 


Iv) 


Figure 23 


TI consists of certain straight segments, and each vertex of IT has a certain 
integer abscissa. Therefore, on each segment [n — 1, n], TI is a straight line 
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with the constant slope 


IT'(v) = II(n) — N(n — 1) = log zx ; 


a1 
If, then, 


Y H- 1 < 0, 


we must have M,,/M,,- , — oo, and so the slope IT (v) of TI must tend to oo as 
v— oo. Either, then, II has an infinite number of vertices, or else, if it has 
only finitely many, its last side must be vertical and have infinite slope. 
We examine only the first of these situations; treatment of the second is 
similar (and easier). 

We are dealing, then, with a Newton polygon II having an infinite 
number of vertices and thus an infinite number of straight sides whose 
slopes increase without limit. Denote by v, the abscissa of the first vertex 
of II where two sides of positive slope meet, and by v,, v3, etc. those of the 
successive vertices lying to the right of (v,, T(v,)). 


a Va 


slope = pi ; slope = p; 


Figure 24 


We call p, the slope of the side of II meeting the vertex (vp, I1(v,)) from 
the left; thus, IT(v) = p, for v, ., < v < v, and therefore M, .,/M, =e ™ for 
Vk-1 <n S Vna. (Keep in mind that the vertex abscissae v, are integers.) Since 
Dy -y> © and p,, , > p, (convexity of IT), we can break up 


| log du) "m 


expp, 
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into a sum of integrals of the form 


I log TO) de 


eXppy r 


Make the change of variable logr=p and put log T(r)- t(p). 
Integrating by parts between r, = e”™ and r,, , — e^*!, we have 


I? log TO) dr log T(r,) _ log T(r, +1) 4 [taro 
fk r Fk fk+1 fk r 
Pk+ 


=e P(p,)—e ^*11(p,,,) + f ePdr(p). 


Pk 


However, for p, <p € Pk+1, t(p) 2 v,p — IH(v,): 


Tv) 


"og Tir) = -1(p) 


Figure 25 


Therefore 


[terran = afe e^?dp um v(e P = e Pk+1), 


Pk Pk 
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Adding, we thus get 


'm+1 log T(r uL E = 
f ear = Y female) eae ilps) 


n 
m 
+ Y vy (eT — Pet), 
k=1 


The first sum on the right telescopes, and to the second we apply 
summation by parts. In this way, we see that the right side of the previous 
relation equals 


e ?'t(p,) RUN e "itp, 1) + ve?! 
m 
+ DY (vy — Yk- OW — Ve Pmt 
k=2 


Recall that log T(r) is increasing, so, if t(p,,+1) = log T(r,,.,) remains <0 
for m oo, 


? log T(r) dr 
o 1+r? 


will certainly be « oo. There is thus no loss of generality in assuming 
T(Pm+1) 20 for large m. If that is the case, we may drop the two terms 
prefixed by - signs from the previous expression and make m > œ, getting 
finally 


oo 
Ty P + Y (v, — v, ge^. 
Y 


? log TQ) die log T(r,) 
r r ri 


1 
since, as we know, r,,41 = e^*1— oo for m> oo. 
As we saw at the beginning of this discussion, we have M, ,/M, = e7” 
for v,-, <n < v; there are clearly v, — v,_, such values of n. Therefore the 
preceding inequality becomes 


? log T E 
| = (rar < OE TUI. | ye + Y M, 1 
r 1 


1 


Hence f7(log T(r)/r?)dr<oo if $,M,-,/M, converges, and thence 
fo (log T(r)/(1 + r?))dr < oo, T(r) being increasing. 
Q.E.D. 
This theorem, combined with that of $B.1, establishes equivalence of the 
two conditions 


? log T(r) 
o itr 


M,- 
dr « oo and Mur 49 
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since, as we saw in §B.1, the latter condition is implied by the inequality 
=.M, !" « œ. In order to obtain full equivalence of our three conditions, 
it is still necessary to show that Y,(M, -.,/M,) < oo also implies the relation 
Y,M, "<œ. It was in order to establish such an implication that 
Carleman proved his celebrated inequality which says that 


oo 


Y (aiaz -a,) "^ & c » [^ 


n-1 n-1 


with an absolute constant c for any sequence of numbers a, > 0. Given this 
fact, we need only observe that 


Since M v 1, the desired implication follows directly from the 


inequality. 


Problem 6 

Prove Carleman's inequality using Lagrange's method of undetermined 
multipliers. (Hint: Take x;,x;,...,xy 20; the problem is to find the 
maximum of Y... , (x , x; --- x,)!" subject to the condition that Y7. , x, = 1. 
Show first that the maximum is attained at a place where all the x, are 
strictly positive for 1 <k < M, say, M < N, and the x, with M<k<N 
(if there are any) all vanish. The effect of this is to merely lower N, so 
we may always take the maximum to be an internal one, obtained for 
x,»0,1xkxN. 

Now apply Lagrange’s method with the undetermined multiplier 4, 
and show that at the presumed maximum, $7(x,x,--x,)!/" 24 by 
adding equations. The whole problem reduces to getting a bound on 4. 
To this end, write each of the N equations involving 4, and in them, 
make the substitutions 


r 


x,=—, 620. 
r 


Pick out the equation obtained by doing 0/0x, in the Lagrange procedure, 
with k so chosen that č, (at the sought maximum) is > all the other €,. 
This will give you the estimate 


k 
IRE n(ni)iin? 


nok 


which yields a bound on 4 independent of k.) 
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D. The Paley-Wiener construction of entire functions of small 
exponential type decreasing fairly rapidly along the real axis 
Suppose we are given an increasing function S(r), defined for r > 0 

and (say) > 1 there. Do there exist any non-zero entire functions q(z) of 

exponential type such that 


le(x)) < xeR? 


1 
S(x) 
According to the first theorem of Chapter III, §G.2, there are no such ọ if 


? log S(r) 
0 1+ r? 


dr = œ 


If, however, the integral on the left is convergent, we can use the construc- 
tion in §B.2 (applied in proving the first theorem of that article) to obtain 
such o with, indeed, arbitrarily small exponential type. This application 
requires us to go a little further with the graphical work of §§B.1 and C. 

As far as the problem taken up in this $ is concerned, there is no loss of 
generality in assuming that S(r) & 1 for 0 <r < 1, say. 


Lemma. Let S(r) be increasing on [0, 00), with S(r) &1 for 0 &r <1, and 
suppose that 


f log str) j; < o0 
o T 


Then there is an increasing function T(r) 2 S(r) with log T(r) a convex 
function of logr and also 


| log TO j, < 00 
0 r 
Proof. Just put 


log T(r) = [eon ! 


Then, since S(p) is increasing and > 1, 
erd p 
log T(r) 2 logS(r) p = logS(r). 
Again, 
dlogT(r) ^ dlogT(r) 


dlogr T dr mE SC) 
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an increasing function of r, so log T(r) is convex in logr. Finally, 


pe * log T(r) TO =p [5e “log SU a 


-\ IN S E ps ‘ile p 
o 


Suppose now that we are given a function S(r) satisfying the hypothesis of 
the lemma. We may, if we like, first obtain the function T(r) and then search 
for entire functions ¢ satisfying the inequality 


1 
(*) lex) < Tx) 


Any such q will also satisfy 


1 
le) < Sx) 


and hence solve our original problem. Our task thus reduces to the construc- 
tion of entire functions g of exponential type satisfying (»), given that 
T(r) > 1, that log T(r) is a convex function of logr, and that 


< oo. 


f log mo ds 
r 


0 


Starting with such a function T(r), put 


r” 
— — f =0,1,2,.... 
M, SUP TH or n 


Since log M, = sup, o (nlogr — log T(r)}, the sequence (log M,} is already 
convex in n. Now take 


Tt) » sup... 
OEM, 


Lemma. For r>1, 
log T(r) < log T(r) < log T(r) + log r. 
Proof. Uses graphs dual to the ones employed up to now to study the 


sequence {M,}. Because log T(r) is a convex function of logr, we have the 
following picture: 
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log T(r) 


Jat slope =n +1 


Figure 26 


The supporting line to the graph of log T(r) vs logr with integral slope n 
has ordinate n(log r) — log M, at the abscissa log r. It is therefore clear that 
log T(r), the largest ordinate of those supporting lines with integral slope, 
must lie below log T(r). This proves one of our desired inequalities. 

To show the other one, take any r > 1, and look at any supporting line 
through the point (log r, log T(r)) of our graph. Since log T(r) is increasing, 
the slope, v, of that supporting line must be z 0. 


Figure 27 
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If [v] denotes the largest integer < v, it is clear from the figure that 
vlogr — log Mix 2 log T(r). 
Therefore, 
log T(r) < ([v] + Dlogr — log M, 
= [v]logr — log M, + logr < log T(r) + logr 
by definition of the function T(r). We are done. 


Theorem. If T(r) 21 is increasing, with T(r)=1 for O<r<l 
and log T(r) a convex function of logr, and if 


f log T) Tar < 0, 
z 


0 
then, given any n > 0 there is a non-zero entire function q(z) of exponential 
type < 2g with 


|e(x)| < xeR. 


TE 
T(|xl)' 
Proof. Form the sequence {M,} and then the function T(r) in the manner 
described above. According to the preceding lemma, it is enough to find an 
entire function q #0 of exponential type < 25 with [g(x)| €& 1 on R and 


le(x)) < for |x|>1,xeR. 


1 
Ixi T(1xl) 
The lemma and the hypothesis taken together tell us that 
* log Ti 
e — pa o 
1 


Also, since log M, is here a convex function of n, the sequence {M,} is 
identical with its convex logarithmic regularization {M,}. Therefore (t) 
implies that 


n=1 M, 


by the corollary at the end of §B.1. 
Write 4, = M,,/M, and take N so large that 
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Then put 


» sin (n/N)z 
á EL (n/N)z n 


We see as in the proof of the first theorem of §B.2 that f(z) is entire, not 
identically zero, and of exponential type < n + n = 25. Arguing as in §B.2, 
we see also that |x" f(x)| is bounded on R for each positive integer k and 
moreover, when k > N, that 


Ix*f(x)| = E SOI < ae = (yv 
n Hk n 


|x| Ixlisis «i77 |x|? 


Sin „Z 
N Haz 


is 


whence 


|x NY 
Me ) «x as )? xeR. 


Since similar inequalities hold also for k — 0, 1,..., N — 1, we have 


ix c 
PASE 


for xeR and k 20,1,2,..., C being a certain constant. Given xeR, take 
the supremum of the left-hand side for k 20,1,2,.... Referring to the 
definition of T(r), we get T(|x|)| f(x)| € C/Ix|, i.e. 


C 


IFI < Ix T(x)” 


xeR. 
It is now evident that we can take ¢ as a suitable constant multiple of 
f, and ¢ will satisfy the required conditions. The theorem is proved. 
Now we may refer to the lemma at the beginning of this $, and to the 
discussion given there. In that manner, we deduce from the result just 
established the following. 


Corollary. Let S(r) > 1 be increasing. A necessary and sufficient condition for 
there to exist entire functions q #0 of exponential type with 


1 
le(x)) < Sx) on R 


is that 


?] 
NM 
o 147r 
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If that condition is met, there are entire q £ 0 of arbitrarily small exponential 
type satisfying the inequality in question. 

This result, which is due to Paley and Wiener, has found extensive use. 
Generalizations of it will be taken up in Chapters X and XI. 


E. Theorem of Cartan and Gorny on equality of €,({M,}) and 

€,({M,}). €,((M,)) an algebra 

The criteria for quasianalyticity of the class @,({M,}) given in 
§B.2 all depend on the convex logarithmic regularization {M,} of (M,) rather 
than on the latter sequence itself. This makes it seem plausible that our 
initial consideration of classes € ,( (M, ) with completely general sequences 
{M,} was in fact superfluous, and that any such class is in reality equal to 
one of the form €,((M;]) with a sequence {Mj} having fairly regular 
behaviour. 

We are going to verify this hunch for the case where I = R by proving that 
€a({M,}) always equals @,({M,,}). A similar result holds when the interval 
Iis not the whole real line, but then the regularized sequence ( M;) such that 
@({M,}) = @,({M,}) is no longer necessarily {M,,}. In that circumstance, 
which we do not treat here, the regularization process used to pass from 
{M,,} to (M;]) is more complicated than the one yielding (M, ). Interested 
readers may find a discussion of this and other related matters in 
Mandelbrojt's 1952 book. 


Lemma (S. Bernstein). Let P(z) be a polynomial of degree n, and suppose that 
|P(x)| & M for —R <x SR. Ifa» 1, we have |P(z)| < Ma" for all z of the 
form 4R(w + w^!) with 1 « |w| <a. 


Remark. For fixed a, the set of z in question fills out a certain ellipse with 
foci at +R. 


Proof of lemma Under the conformal mapping w — z — 1 R(w + w^ !), the 
region |w| > 1 goes onto the complement of the segment [ — R, R], and the 
unit circumference is taken onto that segment. 


With z related to w in the manner described, put, for |w| 1, 
P(z). 
f (w) End PE 


f(w) is then certainly analytic outside the unit circle, and continuous up to 
it. 
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w-plane 


Figure 28 


For large |w|, z ~ Rw/2. Since P(z) is of degree n, we see that f (w) is 
bounded in (|w| > 1). Therefore, by the extended principle of maximum 
(Chapter III, $C!), we have, in that region, 

If (w)| € sup|.f(o)]. 
lo|zi 
However, for || 1, z =(R/2)(w+ 1/c) is a real number x on the segment 
[— R, R], so |f(@)|=|P(x)| is <M. Hence |f(w)| <M for |w| 2 1, i.e. 
|P(2) =| f(w)| Iw" < M|w|". For 1 <|w| <a, therightsideis < Ma". We are 
done. 


Problem 7 
(a) Let P be a polynomial of degree n — 1 with |P(x)| < M for -R <x SR. 
Show that 


IP(0)] < Č M. 
R 


(Hint: Apply Cauchy’s inequality, using a circle of suitably chosen radius 
with its center at 0.) 

Let f(x) be infinitely differentiable on R, and bounded thereon. Suppose 
that each of f’s derivatives is also bounded on R, and write 


B, = sup|f()I. 


(b 


=~ 


Show that there is a constant C independent of n such that 
B, < CB§7 "Bin 
for n= 1, 2,3,.... 
(Hint: To show that 
I'O] < CBS” ?^ B;^, 
take 
x"^ 1 


(n — 1)! 


P(x) 2 f (0) + xf'(0) +--+ f" r0), 
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and apply (a) to P(x) with a suitably chosen R, using Lagrange's formula 
for the remainder to estimate sup. , | P(x)|.) 
(c) By iterating the result found in (b), show that 


B, < C*Bo-9^B*" for] «k«n-—1. 

(Hint. f"(x) is df'(x)/dx, and so forth.) 
Remarks on problem 7. In the result of (a), the factor e is not necessary. The 
inequality without e requires a more sophisticated proof. The result of (c) was first 
established (independently) by Gorny and by Cartan. In it, the factor C* may be 
replaced by 2. This improvement, due to Kolmogorov, is quite a bit deeper. A 


discussion of it is found in Mandelbrojt's 1952 book. Another treatment is in the 
complements near the end of Akhiezer's book on the theory of approximation. 


The final result of the last problem is used to establish the following 


Theorem (Cartan, Gorny). Let M, 0, and let {M,} be the convex 
logarithmic regularization of (M,). Then 


€a({M,}) = Erl {M,a}. 


Proof. Since M, < M,,, it is manifest that €,((M,]) E Cal {M n} ), so our real 
task is to prove the opposite inclusion. 
For each N =2,3,4,..., put 


M, Oxn«xN, 
o, n»N, 


M41 


and form the convex logarithmic regularization {M,(N)} of {M,(N)} in the 
usual fashion: 


points (n, log M,(N)) marked? points (n, log M, (N)) marked 
Figure 29 
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For 0<n<N, log M,(N) is the ordinate at n of Iy, the highest convex 
polygon lying under the first N + 1 points (n,log M,), n=0,1,...,N. As 
N > oo, the polygons IT, go down towards IT, the Newton polygon of the set 
of all the points (n, log M,), n = 0,1,2,.... This means that M,(N) — M, for 
each n as N> oo. 

Let f e€,( (M, ]). In order to show that f e€,( (M, )) (which will complete 
the proof of our theorem) it is enough, according to the observation 
just made, to show that there are constants a and c independent of N 
with 

|f (x)| < ae" M,(N) 
for every x and n2 0,1,..., N. 

Pick any N, which we fix for the moment, and denote by n,, 
02n,«n, «n; <- «n,- N, the abscissae of the vertices of Ty. Since 
f e€«( (M,)), we have | f 9(x)| < bp*M, with some constants b and p for 
all xeR and each k = 0, 1, 2, 3,.... Therefore, if n is one of the nj, we already 
have 


|f (9| « b" MN), xeR, 


since in that case M,(N)= M,(N) — M,(N) ^ M,. Suppose, then, that 
n; «n «n;,,. We at least have 


(*) |f(x)|<bp"M,,, xeR, 
and 
O If") «bp M, > xe. 
Now apply result (c) of problem 7 to the function 
g(x) =f (x). 
With (*) and ($), that result yields 
LF = La) < C^" {bp M, rictus on) 


n; (n-npy(n; 4 ,—n3 
x {bp"* M, |} gn; e 7j 


for xeR. Here, C is an absolute constant which we can wlog take z 1. 
However, 


Mir 1 —nyn 1 =n) M'n-n9fn; «1 =n) = M (N): 
nj nj+1 =n ? 
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n, n jsi 


Figure 30 


So the preceding relation becomes 
ISO] & C'""bp"M,(N) xeR, 
or, since C > 1, 
|f ()| < (Co M,N), xeR. 


We have thus established the desired inequality for n = 0, 1,2,..., N with 
a = b and o = Cp. As remarked above, this is enough to prove the theorem, 
and we are done. 

The result just established has an important theoretical consequence. 


Theorem. €,({M,}) is an algebra, i.e., if f and g belong to that class, so does 
fg. 

Proof. Let f and g belong to ¢,({M,}); since M, < M, it is enough to prove 
that f:ge€s((M,]). 


By the above theorem, we certainly have f and g in ,({M,}), so, for 
n 2 0, 


|f "Xx)| &ap"M,, xeR, 
and 
ig"Xx)| «ac"M,, xER, 


if the constant a is chosen sufficiently large. According to Leibniz’ formula, 


(E) vemos - PME 
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and, by the inequalities just given, the sum on the right is in modulus 
n n - 
(orar 
ko \k 
However, since log M, is a convex function of m, 
log M, —log M,-, 2 log M, — log Mo, 
so M,M,-, X MoM,. 


Figure 31 


The preceding sum is therefore 


< a’ PLAT =. a? M (p + o)"M,, 


in other words, 


(E) (rw) 


when n = 1,2, 3,.... 

We also clearly have | f (x)g(x)| € a? M, on R. Therefore f-ge@,({M,}), 
and the theorem is proved. 

Here is a good place to end our elementary discussion of quasianalyticity. 
Several ideas introduced in this chapter find applications in other parts of 
analysis, and will be met with again in this book. The Paley-Wiener 
construction in $D has various uses, and is the starting point of some 


< a'Mo(p- c) M, xeR, 
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important further investigations, which we will take up in Chapters X and 
XI. The whole notion of convex regularization, which played such a big róle 
in this chapter, turns out to be especially important. À similar kind of 
regularization is used in some work of Beurling, and in the proof of 
Volberg's theorem. Those matters will be studied in Chapter VII. 


V 


The moment problem on the 
real line 


The moment problem on R, known also as the Hamburger moment 
problem, consists of two questions: 

1. Given a numerical sequence Sp, $,, $,,..., when is there a positive 
Radon measure u on R with all the integrals (^ |x|*dp(x), k z 0, 
convergent, such that 


s= x*du(x), k=0,1,2,3,...? 
2. If the answer to 1 is yes, is there only one positive measure u on R with 
s-| x*du(x) k=0,1,2,3,...? 


When the answer to 1 is yes, {S,} is called a moment sequence and the 
numbers S, are called the moments of the measure u. If, for a moment 
sequence {S,}, the answer to 2 is yes, we say that {S,} is determinate. If the 
answer to 2 is no, the moment sequence {S,} is said to be indeterminate. 

The study of various kinds of moment problems goes back to the second 
half of the last century, when Tchebyshev and Stieltjes investigated the 
moment problem on the half-line [0, oo). Stieltjes’ research thereon led 
him to invent the integral bearing his name. A lot of familiar ideas and 
notions in analysis did in fact originate in work on the moment problem, 
and the subject as we now know it has many of its roots in such work. 
The following discussion will perhaps give the reader some perceptions 
of this relationship. 

It is really only question 2 (the one involving uniqueness of u) that has 
to do with the subject of this book, mainly through its connection with 
the material in the previous and next chapters. It would not, however, 
make much sense to discuss 2 without at first dealing with 1 (on the 


110 V A Characterization of moment sequences 


existence of u). We give what is essentially M. Riesz’ treatment of 1 in §A. 
Most of the rest of the material in this chapter is also based on M. Riesz’ 
work. 

The reader should not believe that our discussion of the moment problem 
reflects its real scope. We do not even touch on some very important 
approaches to it. There is, for instance, a vast formal structure involved 
with the recurrence relations of orthogonal polynomials and the algebra 
of continued fractions which is relevant to other parts of analysis such as 
Sturm-Liouville theory and the problem of interpolation by bounded 
analytic functions, as well as to the moment problem. Our subject is also 
connected in various ways with the theory of operators in Hilbert space, 
Krein's work being especially important in this regard. It would require 
a whole book to deal with all of these matters. 

There is a very good book, namely, the one by Akhiezer (The Classical 
Moment Problem). That book has been translated into English; unfor- 
tunately, both the Russian and the English versions are now out of print 
and very hard to find — at present there is one copy that I know of in the 
city of Montreal! The older work of Tamarkin and Shohat is somewhat 
more accessible. The reader may also be interested in looking at the 
original papers by M. Riesz; they are in the Arkiv fór Matematik, Astronomi 
och Fysik, and appeared around 1922-3. I am indebted to Professor 
R. Vermes for showing me those papers. 


A. Characterization of moment sequences. Method based 
on extension of positive linear functionals 


Theorem. There is a positive measure u on R with 
S,= F x*du(x), k=0,1,2,3,..., 
if and only if 
(x) Dy Y $456, 2 
for any N and any choice of the real numbers £9, €,,..., £y. 


Proof. (M. Riesz) The condition (x) is certainly necessary, for if 


N : 
P(x) = PA éx’ 
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is any real polynomial of degree N, we certainly have 


| (PG)? du(x) > 0; 
the integral is, however, clearly equal to the left side of (*). The real work 
is to prove (*) sufficient. 

Denote by 2 the set of real polynomials, and for P(x)eP put 


N 
L(P) = È Skap, 
k=0 


where Y. 9a,x* = P(x). L is then a real linear form on the vector space 
F; it is claimed that L is positive on 2, i.e., that if Pe? and P(x) 2 0 on 
R, we have L(P) > 0. Take a real polynomial P(x) which is non-negative 
on R. By Schwarz’ reflection principle, P = P(2), so if «éR is a root of 
P, so is &, and & has the same multiplicity as x. Again, every real root of 
P must have even multiplicity. Factoring P(x) completely, we see that P(x) 
must be of the form |g(x)|? (for real x), where g(x) is a certain polynomial 
with complex coefficients. We can write 


g(x) = R(x) + iS(x) 


where R and S are polynomials with real coefficients, and then we will 
have P(x) =(R(x))? + (S(x))?, so that 


L(P) = L(R?) + L(S?). 
However, if, for example, 
R(x) = Y&x. 


the coefficient of x* in (R(x))? is £2; ;-, 6, whence 


L(R?) = psd X) = YS 


which is 2 0 by («). In the same way, we see that L(S?) 2 0, so finally 
L(P) 2 0 as asserted. 

In order to prove the sufficiency of (*), we have to obtain a positive 
measure # on R with $,— (^ . x*dy(x) for k 2 6; for this purpose, M. 
Riesz brought into play the rather peculiar space 4 = 2 + €, consisting 
of all sums P(x) + (x), where PE? and peo, the set of real continuous 
functions on R tending to zero as x —^ + oo. Our linear form L is defined 
and positive on the vector subspace 2 of &, and the idea is to extend L 
to all of 4, in such fashion that it remain positive on this larger space. The 
extension is carried out inductively. 
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Let us take any fixed countable subset (9,: n=1,2,3,...} of €,, dense 
therein with respect to the usual sup-norm | ||, and, for n= 1,2,..., call 
6, the vector subspace of & generated by 2 and q,,...,9,. In order to 
have a uniform notation, we write 6) = Z; then oc cc- so 
the union 4, = | J7:64, is also a vector subspace of 4. We first extend 
L from &) =F to &,, so as to keep it positive on &,,. 

Suppose, for n > 0, that L has already been extended to 4, and is positive 
thereon. We show how to extend it to „+; so that it stays positive. In 
case 9,,,€6,, we have &,,, — 6,, and then nothing need be done. We 
must examine the situation where 9,,,€6,. Because L is already defined 
on m the two quantities 


A-supíLf: feé, and f<¢,4,} 
and 
B — inf(Lg: geé, and g > 9,41} 


are available. (If peradventure there were no feé, with f < 9,,, we would 
put A = — oo. And if there were no ge, with g > 9, ,, we'd take B = oc. 
Neither of these possibilities can, however, occur in the present situation as 
we shall see immediately.) It is important to verify that 


— oo « Á « B « oo. 


We do this by using the function 1, which, as a polynomial (!), belongs to 
P = Êo, hence to &,. Because 9,,,€ 69, we have the evident inequality 
x [n lal X Ont 1(X) < ll 4541 laot, 


so A> — ||9,4, || «L(1) and B< |lPn+1 llo L(1). Moreover, if f and geé, 
are such that f < 9,4, <g (note that we have just seen that there are such 
functions f and g!) we have g — fe&, and g —f 20, so L(g - f) 2 0 by 
positivity of L on 6,, i.e., 

L(f) < L(g). 


This shows that A « B. 
Take any number c with 


Axc x B, 
and put 


L(9,41) 7 c, 


which, taking L as linear, gives an extension of L from @, to &,,,. It is 
claimed that L as thus extended is still positive on „+1. 
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Any element of „+, can be expressed as h+ag,,, with hec, and 
aeR. If h + ao, , , zOanda = 0, then we already know L(h + ao, , ,) = L(h) 
is 20. Ifh+ag,,,20and a>0, (I/a)h + 9,4, 20, Le, — (1/a)h < q,,,. 
Since the left side belongs to &,, we have by the definition of A that 


1 
(ža) < A <c = Uon) 


whence 0< L((1/aM)--L(o,,,) and finally Lih+ag,,,)20. There 
remains the case where h + ag,,, 20 and a <0. Here (1/a)h+,,, <0 
and 9,,,« —(l/a)h e &,. Therefore L(—(1/a)h)> B > c= Lleon) 
L(—(t/a)h) — L(g, .,)29, and finally L(ih+ag,,,)20, since —a>0. 
Taking L(o,,,)- c thus produces a positive extension of L from &, to 
6,41, as asserted. 

Indefinite continuation of this process yields a positive extension of L 
from £o =F to &,,. Once this has been done, however, we may extend 
L from £, to all of & by continuity. 

Take any feg; we have f — P + where Pe? and wep. Since the 
functions o, used in forming the &, are dense in Go, there is some sub- 
sequence of them, (9,,), with 


le — Pallo —90 for ko. 


Then lim,., o L(o,,) exists. Indeed, since Lis positive on &,, which includes 
all the o,, we have 


IL(os,) — L(Pn)| € Il Pn — Pra ll: L(1), 
because 
S Il Pn, <= Qni Il o ES 9x) DE Onl) < Il Pm, ju Pn lao- 


Here, || Qn, — Pr llo 7-50, so the limit in question does exist. If (y, is 
any other sequence of functions in &, with || — W ||. 790, we have 
ll Pn — Vll. -z> 0, so, by the argument just given, 


LW) — L(o,,) =, 


and lim,- L(V/,) exists, equalling lim,» L(@,,). We see in this way that 
the latter limit is independent of the choice of the particular sequence, 
{9,,}, of o, used to approximate « in norm || ||,,, so it makes sense to 
define 


L(g) = lim L(Pn,)- 


We can then put L(f) = L(P) + L(q), and L is in this way extended so as 
to be a linear form on £. 
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Las thus extended is positive on £. Suppose that feg is non-negative 
on R. Writing as above f = P+ 9 with Pe and oe€&€,, we can take a 
sequence {Pn} of the o, with || @ — Pm ||. -> 0, and we'll have 


L(f) = L(P) + lim L(@,,). 
ko 


Since P + ọ > 0, we see that 
P+ lP — 9,, lla + On, Z O; 


this function, however, belongs to &,, (the sum of the first two terms is 
a polynomial!). Therefore, L being positive on &,,, 


L(P) + |o — Pry lo LC) + L(Pn,) 2 0, 


and, making k — oo, we get L(f) > 0, as claimed. 
The linear form L is in particular positive on 9. Therefore, by F. Riesz’ 
representation theorem, there is a positive measure u on R with 


L(g) = | © gle) du) 


for pego. We would like now to show that in fact 
L(f)- | f(x) du(x) 


for all f in &. This seems at first unlikely, because there is so little connection 
between the two vector spaces Z and €, used to make up 4 - there 
doesn't seem to be much hope of relating L's behaviour on 2 to that on 
€o. The formula in question turns out nevertheless to be correct. 

In order to accomplish the passage from €, to Y, M. Riesz used a trick 
(which was later codified by Choquet into the so-called ‘method of adapted 
cones’). Let us start with an even power x?* of x, and show that 


i x7* du(x) 


—00 


is finite and equal to L(x?*). For each large N, take the function gye@o 
defined thus: 


x", |x|« N, 

0 = |x| 22N, 

a linear function on [N,2N] 
and on [ — 2N, — N]. 


n(x) = 
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There is clearly a quantity £y, tending to zero as N — oo, such that 
(f) x?* < @y(x) + eyx?**?,  xeR. 
(That’s the main idea here!) We also have 

ex) <x", xeR, 


with equality for — N <x < N, and of course gy 2 0. 
Since the measure 4 is positive, 


N N 
| x** du(x) = | , PH) dul) 


< | ewx)du(x) = Uon) < L(x), 
the last inequality holding because L is positive on &. At the same time, 
by (f) and the positivity of L, 


L(x?^*) < Llon) + EyL{x?**?), 


whilst 
2N 


2N 
Lony) = NETS < | x?* du(x). 


Combining these two relations with the preceding one, we get 


N 2N 
| x" du(x) < L(x^) < | x?* du(x) + e L(x?** ?). 
-N 


-2N 


Making N — oo, we see that 


Lc?) = | * x'dy(x) 


=o 
since ey — 0. Because |x|* < 1 + x?* and L is finite (!), this reasoning also 
shows that all the integrals 


| |x|* du(x) 


— 00 
are convergent. 

We must still treat the odd powers of x. This can be done by going 
through an argument like the one just made, working with x?* + x?**! + 
x?**? (a non-negative function of x!) instead of with x?*. In that way, we can 
conclude that 


oo 


L(x?* + x?k* 1 4. x2k*2) = | (x + x+! + 2k +2) dix), 


— 00 
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whence, using what we already know for the even powers of x, 


L(x?**1) = | x?**! du(x). 
The relation L(x") = p x" du(x) is now established for n = 0, 1,2,3..... 
However, L(x") = S, according to our original definition of the linear form L! 
So 


sies i x" dulx), 


<| y 
and {S,} is a moment sequence. We are done. 


Remark. The argument at the beginning ofthe above proof can be followed 
so as to establish a general theorem about the extension of positive linear 
functionals on real linear spaces & with positive cones. (A positive cone 
in & is a cone # with vertex at 0 such that & — 4% — X, and a functional 
on é is called positive if it takes non-negative values on æ.) The reader 
is invited to formulate and prove such a theorem. 


Remark. The reader's attention is directed to the similarity of the inductive 
extension procedure used in the above proof and the inductive step in the 
proof of the Hahn- Banach theorem. What is the relation of the general 
theorem alluded to in the previous remark and Hahn- Banach? Can either 
one be obtained from the other? 


B. Scholium. Determinantal criterion for {S,} to be a 

moment sequence 

The necessary and sufficient condition for {S,} to be a moment 
sequence furnished by the theorem of the preceding $, namely, that the 
forms 


N N 
L D Sissit 
i=0 j=0 


be positive, is equivalent to another one involving the principal determi- 
nants of the infinite matrix 


So S, Sa S, 
S,, 85 S3, S, 
S,, $4 S4, Ss, 
S3, S4, 
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This determinantal condition played an important róle in the older 
investigations on the moment problem, and we give it here for the sake 
of completeness. Matrices like the one just written are called Hankel 
matrices and were extensively studied towards the end of the last century, 
in particular, by Frobenius. 

We need two lemmas from linear algebra. 


Lemma. Given the symmetric matrix 


So,0 $0.1 Ut SO,N+1 
S S e S 

$z 1,0 1,1 LN*1 

SN+1,0 SN+1,1 °° SN+1,N+1 
where N > — 1 (sic!), the form 

N+1 N+1 

3 2 5,56; 

ico j=0 


is strictly (sic!) positive definite if and only if all the principal determinants 


$0.0 So. ^" S0,M 

AY S eee S 
det| 51:0 51: 1,M 

SM,o SmM,1 `U SMM 


are strictly positive for M =0,1,...,N +1. 


P» Remark and warning. If we replace ‘strictly positive definite’ by ‘positive 
definite’ and merely require the principal determinants to be 20, the 
corresponding statement is false. Example: 


1 0 0 
$2|0 0 0 |. 
00 -1 


The danger of this pitfall (in which I myself landed during one of my 
lectures!) was pointed out to me by Professor G. Schmidt. 


Proof of lemma. If the quadratic form in question is strictly positive 
definite, then so is each of the forms 


M M 
A > 5,561) 
i=0 j=0 


for M=0,1,...,N +1. This means that the characteristic values of the 
matrix of any such form are all strictly positive. But the product of the 
characteristic values of the form just written is equal to the determinant 
figuring in the lemma’s statement. So, in one direction, the lemma is clear. 
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To go in the opposite direction, we argue by induction on N. For N = — 1 
we have the quadratic form s9,9,£2 whose determinant is just soo. In 
this case, the desired result is manifest. 

Let us therefore assume that the lemma is true with N standing in place 
of N + 1, and then prove that it is also true as stated, with N + 1. We are 
given that the determinants in question are all > O for M —0,1,..., N +1. 
In particular, then, we have sg, (this is the place in the proof 
where strict positivity of the principal determinants is used!) so we may 
wlog take s9,,— l, since multiplication of the quadratic form by a 
constant > 0 does not affect its strict positivity. With this normalization, 
our (N + 2) x (N + 2) matrix S take the form 


1 91 025 ^" ON+1 


: S 
On+1 
where S’ is a certain (N + 1) x (N + 1) symmetric matrix. 


To show that S is strictly positive definite, it is enough to show that the 
matrix T congruent to it equal to 


1 00 > 0 l'—6, -0, ++ —Gy4y 
-co 10 — 0 0 1 O + 0 
(x) —o, 0 1 ©- O}xSxjO 0 poe 0 
— 0 0 -— 1 0 0 PE ans 1 
is strictly positive definite. Observe first of all that 
100.0 
0 
T-|0 T' 
0 


with a certain (N + 1) x (N + 1) symmetric matrix T". It is therefore clear 
that T will be strictly positive definite if T’ is. On account of the particular 
triangular forms of the matrices standing on each side of S in (2), we 
have, however, for any principal minor 


1 0 0 > 0 
O tia fa > tir 
O ty. t22 c0 dag 


O tri r2 cc tre 
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of T(1<R<N 4 1): 


1 0 0 1 0 
0 ti 1 tir =, — 01 1 0 
0 tg 1 tr, — Og 0 l j| 
1 —oe — 
50,0 So,R 0 1 : ^ 
x 
SR,0 SR,R 0 0 1 


The determinant of the matrix on the left is therefore equal to 
S D S 
act] 0,0 oa 
SRO "' SRR 
which by hypothesis is > 0 for 1 < R <N + 1. The determinant of the left- 
hand matrix is, however, just 


Ua ct fy 
det : , 
igi oo tre 


i.e., the determinant of the Rth principal minor of the (N + 1) x (N + 1) 
symmetric matrix T'. Those determinants are therefore all >0, so, since 
T' has one row and one column less than T, it is strictly positive definite 
by our induction hypothesis. So, therefore, is T, and hence S, as we wished 
to show. The lemma is proved. 


Kronecker’s lemma. Let a sequence 59,5,,$5,... be given, and denote, for 
n Z 0, the matrix 


So Sı Sn 
51 35 $541 
Sn Snel 07 S2n 


by A,. Suppose there is a number mz1 such that detA, #0 for 
n=0,1,...,m—1 while detA,=0 for all nz m. Then there are numbers 
Xos 03, 0, - Such that, for all p > 0, 


Sup + %n—15m—14p + o 9p = 0. 


Proof. Since det A,, = 0, there is anon-trivial relation of linear dependence 
So $1 Sin 


+ + Oy — =0 


S Sm+1 S2m 
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between the columns of A,. Since det A,,., #0, we cannot have a, — 0, 
and may as well take «,,=1. Then the desired relation clearly holds 
for p — 0,1,2,...,m, and we want to show that it holds for p > m. This we 
do by induction. 

Write, for p > 0, 


Emt = Sm+p + Om —1Sm—14+p t EY + eS, 


and assume that £,,,—0 for p-0,1,...,r—1, with r—1 >m, ie. 
r>m+1. Let us then prove that X,,, = Q. 
We have det A, = 0. Since r >m + 1, we can write 


Denote by o; the kth column of this matrix, whose initial column is called 
the zeroth one. The determinant of the matrix is then unchanged if, for each 
k z m we add to c, the linear combination 

Am-10k-1 0 284-2 H + Gk m 


of the m columns preceding it. These column operations convert A, to the 
matrix 
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The determinant of this latter matrix is, however, just 


0 0 an str 
det A,,_ , det 0 E. 
PORE Lint +t por E» 


= + det Am-1(Em+ "*!. This quantity, then, is equal to det A, which we 
know must be zero since r >m + 1. But, according to the hypothesis of 
the lemma, det A,,.., 40. Hence £,,, —0, which is what we wanted to 
prove. The lemma is established. 

Now we are able to prove the main result of this §. 


Theorem. Given a sequence of numbers sg,5,,55,..., form the 
matrices 


So $8, E 
Si $5 

A, = 
Sn Snel °° Son 


A necessary and sufficient condition for the s, to be the moments of a non-zero 
positive measure p is that either 


(i) all the quantities det A, are > O (sic!) for n 2 0, 1, 2,..., 
or else 


(ii) for some m2 1, det A,>0 for n-0,1,...,m — 1, while det A, —0 
for all nz: m. 


Remarks. The condition that det A, 2 0 for n 2 0 is necessary, but not 
sufficient for {s,} to be a moment sequence. Case (ii) of the theorem is 
degenerate and, as we shall see, happens iff the s, are the moments of a 
positive measure supported on a finite set of points. 


Proof of theorem. Suppose, in the first place, that we have a positive non- 
zero measure p on R with 


»-[ x*du(x) k=0,1,2,.... 


-00 


Then, as we observed at the beginning of the proof of the theorem in $A, 


n n [s] n 2 
DX f es ux) du(x). 


If u is not supported on a finite set of points, the integral on the right can 
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only vanish when 


Čo Si =o, = = č, =O, 


so in this case all the forms }°7- 9 >-F=05;+ j6;6; are strictly positive definite. 
Here, det A, > 0 for all n > 0 by the first of the above two lemmas. 

Suppose now that our positive measure u is supported on m points, 
call them x1, x5,..., Xm. If n « m, the polynomial 


> eu xs 

k=0 
vanishes at each of those points only when čo = č; =---=¢,=0, so, if 
u({x,})>0 for 1 & p &m, the form 
Y 5545019; 


n 
i=0 j=0 


is strictly positive definite when 0<n<m. By the first lemma, then, 
det A, > 0, O n « m. Consider now a value of n which is >m. We can 
then take the polynomial 


x" "(x — x)(x — x3)... (x — Xm) 


which vanishes on the support of u. Rewriting that polynomial as 


È coe 


we must therefore have 


Y Y 5j 4 6;6; =9, 
i=0 j=0 


although here £, = 1 #0. For such n, our quadratic form, although positive 
definite, is not strictly so, and hence at least one characteristic value of the 
matrix A, must be zero. This makes det A, = 0 whenever n 2 m. 

Our theorem is proved in one direction. 

Going the other way, suppose, first of all, that we are in case (i). Then, by 
the first lemma, all the quadratic forms 


2 25 Sj 4 j6i6j 
i=0 j=0 


are (strictly) positive definite, so {s,} is a moment sequence by the theorem 
of $A. The argument just given shows that, here, no positive measure of 
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which the s, are the moments can be supported on a finite set of points. 
It remains for us to treat case (ii). By the theorem of §A, we will be through 
when we show that all the forms 


n 
Si+ jSi6j 
=0 


J 


are positive definite. For 0 <n « m we do have det A, > 0, so we can by 
the first lemma conclude that those forms are positive definite for such n. 

To handle the forms with n 2 m we must apply Kronecker's lemma. 
According to that result, we have some quantities &o, @1,...,@,,—, such that 


XoSp + 4854.1 H + X iS ap Spa p =O 


for p > 0. For n>m, our matrix A, takes the form 


Sn 
Sn+m-1 
Sn+m 
Son 
1 90 0 ("^ 62s 0 
0 1 0 0 0 
0 0 1 0 0 
Xp 0 Os -1 1 0 
0 a Oai Uani 1 
0 S0 09 es A 1 


is non-singular. Therefore, positive definiteness of A, is implied by that of the 
product 


124 V B Scholium 


Sam UU Smè+n 


ntm ‘Y S2n 


Using the relation furnished by Kronecker’s lemma, we see that the product 
is just 


o 0 
0O 0 
OO 
EET 


This matrix is certainly positive definite (although, of course, not strictly 
so!), because A,,_, is, as we already know. So A, is positive definite (not 
strictly) also for n > m, and the proof is finished for case (ii). We are all done. 


Remark. Since large determinants are hard to compute, the theorem 
just proyed may not seem to be of much use. It does, in any event, furnish 
the complete answer to a rather interesting question. 

Suppose we lift the requirement that the measures considered be positive 
in our statement of the moment problem. Let us, in other words, ask 
which real sequences {A,} can be represented in the form 


oo 
A, -Í x*de(x), k=0,1,2,..., 
720 
with real signed measures t such that f? axl de(x)| < œ for every k z 0. 
The rather surprising answer turns out to be that every real sequence {A,} 
can be so represented. 
In order to establish this fact, it is enough to show that, given any real 
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sequence {A,}, two moment sequences {S,} and (S,) can be found with 
Ar=S,— Se k=0,1,2,.... 


We use an inductive procedure to do this. 

Take first Sọ>0, and sufficiently large so that S5 = Ag + Sọ is 
also > 0. Put S, = 0 and S; = A,. It is clear that if S, > 0 is large enough, 
and S, = A; + S2, both the determinants 


S. S Se. 3S. 
d 0 1 : d t 0 1 
als s j [S s, 


will be strictly positive. 
Now just keep going. We can take $4 — 0 and $5 — A,. Because the 
above two determinants are > 0, we can find S, > 0 large enough so that 


So S, S, So Si S, 
det} S; S, S,| and det] Si S} S3 
8$, 8, S, S, S3 S4 


are both > 0, where S4 = A, + S4. There is clearly nothing to stop the 
continuation of this process. For each odd k we take S, — 0 and S; = A,. 
If k=2m+ 2, we can adjust $, 0 so as to make the corresponding 
(m + 2) x (m + 2) determinants involving the S, and Sj, 0 € | < k, both > 0 
(with, of course, S, = A, + Są) by merely taking account of the S, and S; 
already gotten for Ox 1x k —1. This is because the preceding step has 
already ensured that 


Sa. S. xe IS 
det Sı >0 
Sn wes Sx, 
and 
$$ S 
det 5: > 0. 
Si, ids m 


The sequences {S,} and {S;} arrived at by following this procedure 
indefinitely are moment sequences according to the above theorem, and 
their construction is such that A, = S, — S, for k =0,1,2,.... That is what 
we needed. 

The result just found should have some applications. I do not know of 
any. 
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C. Determinacy. Two conditions, one sufficient and the 

other necessary 

Having discussed the circumstances under which (S,) is a moment 
sequence, we come to the second question: if it is, when is the positive 
measure with moments S, unique? In this §, we derive some simple partial 
answers to this question from earlier results. 


1. Carleman’s sufficient condition 


Theorem (Carleman). A moment sequence {S,} is determinate 
provided that 


1 


1/2k 
=o Sik 


Ms 


= 0. 


Proof. Suppose we have two positive measures, u and v, with 


s-| sau) | x*dwx,) k=0,1,2,.... 
We have to show that u = v, and, as is well known, this will be the case 
if the Fourier-Stieltjes transform 


1-5 [^ eue aren) 


vanishes identically on R. 
It is now claimed that f(A) is infinitely differentiable on R and in fact 
belongs to a quasianalytic class thereon (see previous chapter). Observe that 


a x**(du(x) + dv(x)) = Sj, < oo; 


700 


therefore all the integrals 


LN caper 
2 f (ix)‘e'**(du(x) — dv(x)) 
are absolutely convergent (at least, first of all, for even k > 0 and hence for 
all k z 0), since the measures u and v are positive (here is where we use 
their positivity!). This means that f (A) is infinitely differentiable on R, and 
that 

1 


f" = 5 f " (ye (du() — dv). 
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For AeR we have 


œ 


SPA < 5 [^ EE 


a finite quantity independent of 4. 
Denote superl f (4)| by M, Then, 


1 oo 
Mx < Jl x?^*(dyu(x) + dv(x)) = Sax- 


Bringing in, as in §B.1 of the previous chapter, the convex logarithmic 
regularization {M,} of the sequence {M,}, we see that 


Mx <S Sox; 
so 


The last sum on the right is, however, infinite by hypothesis. Therefore, 
by the second theorem of §B.2, Chapter IV, the class @,({M,}) is 
quasianalytic. 

However, f (4)e€,( (M,])) and 


101-5 [ iof) - ere - iS, - 5) -0 


for k —0,1,2,... according to our initial supposition. Therefore f(A) z 0 
on R, as required, and we are done. 


Scholium. If (S,) is a moment sequence, log $5, is a convex function of k. 
This is an elementary consequence of Hólder's inequality. Taking, namely, 
a positive measure u with 


S, = f x du(x), 


we have, for r,sz0 and0 «4 « 1, 


| "oqxpr*ü-i»xdu(x) < ( | à reno) ( { i duo) > 


so, if r = 2k, s = 2l, and år + (1 — 4)s is an even integer, 2m say, with (say) 
2k « 2m « 2l, we find that 


Som < se -2m)y(21- 2k), Sg" -2k)(21 - 2k) 


the asserted convexity of log Sz% 
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An obvious adaptation of the work in Chapter IV, §§B.1 and C now 
shows that this convexity has the following consequence: 


Theorem. Let S(r) = sup, y (r2*/S,,) for r > 0. Then Y,S3,1* = oo iff 


M cM 
o itr 


Corollary. If fo (log S(r)/(1 + 72)) dr = œ with S(r) as defined in the theorem, 
then the moment sequence (S,) is determinate. 


Proof. Combine the preceding theorem with that of Carleman. 
2. A necessary condition 


Theorem. Let w(x) 2 0, suppose that ^. |xl'w(x)dx < oo for 
k=0,1,2,..., and put 


&- | x'w(x)dx, k=0,1,2,.... 


700 


If 


Gee lo dx < oo 
alt 5| wx) 
the moment sequence (S,) is indeterminate. 


Remark. Since (^. (w(x)/(1 + x?)) dx < f^, w(x) dx < oo, we have 


œ% + 
| log wO) wd dx « oo 
1+x 


-70 
in any case, by the inequality between arithmetic and geometric means. 


Proof of theorem. According to Problem 2 (at the end of §B, 
Chapter II!) if f^ (logwG)/(1--x?))dx» —oo, the infimum of 
fe le — YX,4,o4;e""|w(x)dx, taken over all finite sums Y, ,A;e"", is 
strictly positive. By the Hahn- Banach theorem and the known form of 
linear functionals on L,() for o-finite measures u, we get a Borel function 
(x), defined on 


(x: w(x) > 0} 


and essentially bounded on that set, with 


r e (x): e^ "w(x)dx x0 


= 00 
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(hence qw is not almost everywhere zero!), whilst 
(*) | e(x)-e*w(x)dx =0, 420. 


-0 


Under the conditions of this theorem, w(x) > 0 a.e., so q(x) is in fact defined 
a.e. on R and essentially bounded there, i.e., peL,,(R). Without loss of 
generality, 


le(x) «i ae, xeR. 


Differentiating (*) successively with respect to 4 (which we can do, since 
the integrals f kw) dx are all finite for k 2 0) and looking at the 
resulting derivatives at 1 = 0, we find that 


f x*e(x)w(x)dx 20, k=0,1,2,.... 


The functions Re(x) and Je(x) can't both be zero a.e; say, wlog, that 
R(x) isn't zero a.e. Then, from the preceding relation, we have 


I x*9to(x)w(x)dx 20, k=0,1,2,..., 
so that j 

s- |" x*(1 — Re(x))w(x)dx, k=0,1,2,..., 
as well as i 


oo 
&-| x*w(x)dx, k=0,1,2,.... 


Here, |g(x)| <4 a.e. but 9to(x) is not ae. equal to zero; therefore 
(1 — 9 o(x))w(x) dx is the differential of a certain positive measure on R, 
different from the positive measure with differential w(x) dx, but having 
the same moments, S,, as the latter. The moment sequence {S,} is thus 
indeterminate. Q.E.D. 


Corollary. Let T(r) be >1 for r Z0, and bounded near 0. Suppose that 
log T(r) is a convex function of log r, and that 


ep 

Ll—dr < o for kz0. 
| TO) á 

The moment sequence 


k 


L3. X 
$, — ——~ dx, k=0,1,2,..., 
y K T(Ixl) 
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is determinate iff 
f sum ls 
k=0 
Remark. Here, of course, the S, with odd k are all zero. 


Proof of corollary. The if part follows by Carleman’s theorem 
(preceding article). 
To do only if, suppose that 


E Sa? x o. 
k 
By the formula for the S,, we have first of all 


x dx 


(  Sa=0()+2 f d 


Put 
x" 
M, = SUp———— 
woo (T9) 
log M, is then a convex function of n, and we proceed to apply to it and 
to T(x) some of the work on convex logarithmic regularization from the 
preceding chapter. 
From (2), we see that 


$,,&o(1) - 2M 5, 


whence surely 5, M z,/^* < oo. This certainly implies that Mjj?* — oo, 


So, since log M, is a convex function of n, the proof of the second lemma 
in $B.1 of Chapter IV shows that the expression M}” is eventually 
increasing. Therefore the convergence of Y, M 5,!^* i 


implies that 
YM, i" < œ. 


Taking, for x > 0, 


P(x) — sup x 


n20 


we will then get 


(n Mr iig 


1 
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by the second lemma of §B.1, Chapter IV and the theorem of §C in that 
chapter. 

Since log T(x) is a convex function of log x, so is log (T(x)/x?). The second 
lemma of §D, Chapter IV therefore shows that, for all sufficiently large x. 


log (T(x)/x?) < log P(x) + log x, 


in view of the relations between T(x)/x?, M, and P(x). (The convex function 
log T(x) of logx must eventually be increasing, since all the integrals 
fo (x*/T(x)) dx, k > 0, converge!) Referring to (t), we see that 

f © log T(x) 


nde ew 
1 x 


m cd 
——, log T à 
P us log T(|x|)dx < oo 


Indeterminateness of {S,} now follows by the above theorem. 


Example. The sequence of moments 
9 ja 
S, (a) -Í xte “Pl dx 


is determinate for a> 1 and indeterminate if 0 < a < 1. (Note: In applying 
the above results it is better to work directly with T(x) = e" fora > 1 as well 
as for 0<a< 1. Otherwise one should express S,(«) in terms of the T- 
function and use Stirling’s formula.) 


Problem 8 
The moment sequence 


S, -Í xke" os dy 
1 

is determinate, but the Taylor series 375 (S,/n!)(i4)" of (T ee- *os*dx 

does not converge for any À #0. (Hint: To see that the Taylor series can’t 

converge for 4 #0, estimate S, from below for large n. To do this, write 


$,- | e tio dx 
1 


with @,(x) = x/log x — nlog x, and use Laplace's method to estimate the 
integral. To a first approximation, the zero xo of o; (x) has xo ~ nlogn, 
and this yields a good enough approximation to g%(x9). To get a lower 
bound for e^ *"*9, compute @,(x) for x = nlogn +n log log n.) 
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D. M. Riesz’ general criterion for indeterminacy 
Let {S,} be a moment sequence. If we put 


r* 
S(r = sup— for r>0, 
k>0 “2k 


then, according to the corollary at the end of §C.1, {S,} 
determinate when 


NISL 
r = 
o 14r? 


If, on the other hand, there is a density w(x) >0 with 


s= f x*w(x)dx, k=0,1,2,..., 


— 00 


(Si) is indeterminate provided that 


d 1 1 
pains, | E 
Ka x oe( nje < oo, 


as we have seen in §C.2. 

Both conditions involve integrals of the same form, containing, however, 
different functions. This leads one to think that they might both be reflec- 
tions of some general necessary and sufficient condition expressed in terms 
of the integral which is the subject of this book. As we shall now see, that 
turns out to be the case. 


1. The criterion with Riesz’ function R(z) 
Given a moment sequence {S,}, we take a positive measure u on R 


having the moments S,, and, for zeC, put 


R(z) = sup IPG )?: P a polynomial with | 


| P(x)|? du(x) < 1 i 


It is only the sequence of S, which is needed to get R(z) and not the measure 
H itself of which they are the moments; indeed, if 


N 
= y oz 


with the c, eC, 


NS XP du)- Y $ Suec 
£ itj*i*j- 


— oo i=0 j=0 
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Thus, R(z) (which may be infinite at some points) depends just on the 
sequence {S,}; it turns out to govern that moment sequence’s determinacy. 
Marcel Riesz worked with the reciprocal p(z) = 1/R(z) instead of with R(z), 
and the reader should note that, in literature on the moment problem, 
results are usually stated in terms of p(z). 


Theorem (M. Riesz). Given a moment sequence {S,} and its associated 
function R(z), (S,) is indeterminate if R(x) < oo on a non-denumerable subset 
of R. Conversely, if {S,} is indeterminate, R(x) < oo everywhere on R and 


p log* R(x) 


dx < oo. 
-o 1+x? 


Proof. For the first (and longest) part of the proof, let us suppose that 
R(x) < œ for all x belonging to some non-denumerable subset E of R. We 
must establish indeterminacy of (S,]. 

Take any positive measure p with S, = (^. x*du(x), k=0,1,2,..., and 
let us first show that u cannot be supported on a finite set of points. Suppose, 
on the contrary, that u were supported on (x;, x»,..., xy], say. Put P y(x) = 
M(x — x)(x — xj).. .(x — xy); then, 


oo 
| | Pac(x)|? d(x) — 0, 
= 00 

but, if x x4, X2,... or xy, Pu(x) 5 œ as M > oo, so R(x)= oo. In that 
case, R(x) could not be finite on the non-denumerable set E. 

Having established that x is not supported on a finite set, let us apply 
Schmidt’s orthogonalization procedure to the sequence 1, x, x?,... and the 
measure u, obtaining, one after the other, the real polynomials p,(x), n > 0, 
with p,(x) of degree n such that 


oo 
| x*p(x)du(x) 20 for k-0,...,n—1, 
—o 
when n > 1. Of course, the construction of the p,(x) really only depends 
on the S,, and not on the particular positive measure 4 of which they are 
the moments. Since no such 4 can be supported on a finite set of points, 
the orthogonalization process never stops, and we obtain a non-zero p, for 
each n. These orthogonal polynomials will be used presently. 

Pick any xg with R(xg)« oo. We are going to construct a positive 
measure v on R having the moments S, but such that 


V({xo}) 2 1/R(xo) (sic). 
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In order to obtain v, let us take any large N, and try to find M points 
X4, X2,..., Xy different from xo, with M =N —1 or N (it turns out that 
either possibility may occur) such that the Gauss quadrature formula 


eo M 
(*) f P(x) d(x) = D i, P(xy) 


holds for all (complex) polynomials P of degree < M + N; here, the py 
are supposed to be certain coefficients independent of P. 

Assume for the time being that we can obtain a quadrature formula (*) 
for every large N, and consider the situation for any given fixed N. In the 
first place, the coefficients u, are all > 0. To see this, pick any k, 0 < k < M, 
and write 

Q(x) = [I -x 


i¢k 
O<i<M 


The polynomial Q, is of degree M, so P(x) - [Q,(x)]? is of degree 
2M < M +N, and we can apply (*) to it, getting 


oo 
(Q(x)? He = [Q.(x)]? du). 
— o 
The right side is surely > 0, for uis not supported on any finite set of points. 
Therefore u, > 0. 
Using the polynomial 
Qo(x) 
N HoQolxo) 


of degree M, we have, by (+) applied to (q(x))?, 


q(x) = 


| (q(x))? du(x) = 1, 


whilst (q(xo))? = 1/uo. Therefore, since q(x) is a real polynomial, surely 
1 

R(xo) > — 

Ho 


by definition of R(z), i.e., 
Ho > 1/R(Xo). 


Let vy be the discrete positive measure supported on the set xo, x,,..., X 
defined by the relations 


va (4) = Hi k=0, 1,..., M; 
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according to (*) we will then have 
0 s= | x dyulx) = | x*dwy(x) 


for O<k<M+N, hence certainly for k 2 0,1,2,...,2N — 1. And, as we 
have just seen, vy({xo}) > 1/R(x,). 
Given any fixed k, the integrals 


I: (x? + 1 dvy(x) 


can, according to what has just been shown, be expressed in obvious 
fashion in terms of the S, as soon as N > k. They are hence bounded, and 
this means we can find some sequence of N's tending to oo, and finite 
positive measures v? on R, k — 0,1,2,..., with, for each k, 


(x? + 1} dvy(x) —dv?(x)  w* 


as N — oo through that sequence. (See Chapter III, §F.1). Let 1 > 0; then, 
since (x? + 1)~' is bounded and continuous on R, the w* convergence just 
mentioned certainly implies that 


(x? + DF"! dvy(x) — (x? + 1)! dv9(x), 
so, if 1 — 0, 1,..., k, 
dy * (x) = (x? + 1)! dv9(x) 
and thus 
dv? (x) = (x? + 1 dv* (x). 
Put v9 =v. By the preceding relation, (x? + 1} dv(x) = dv? (x) for 
k =0,1,2,..., so, since the measures v are all finite, we have 


it (x? + 1 dv(x) < oo 


for k z 0. It is now claimed that the S, are the moments of the measure v. 
Fixing any n, take a k >n. Then 


i x" dv(x) = MN Girly sz dv (x). 


By the above mentioned w* convergence, the integral on the right is just the 
limit of 


(x T Gu — = (x? + 1} dvy(x) 
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as N goes to oo through its special sequence of values. Each of the latter 
integrals, however, = f PY dvy(x) which, by (¥), is just S, as soon as 
2N —12n. Therefore 


00 
f x"dv(x) = S, 
— 00 
for any n > 0, as claimed. 

We have, moreover, vy((xo)) > 1/R(xo) by our construction. Therefore, 
since the vy are positive measures, of which a subsequence tends w* to v, 
we certainly have 


(t) v((xo)) 2 1/R(xo). 


In this way, we have obtained a positive measure v having the moments S, 
and satisfying (+), where Xo is any one of the points in the non-denumerable 
set E on which R(x) « oo. 

From this fact it follows, however, that {S,} cannot be determinate. We 
have, indeed, a positive measure v with moments S, satisfying (t) for each 
xo€ E, and, in the case of determinacy, those measures v would have to be 
all the same. In other words, there would be a single measure v with 
Y((xo]) » 0 for a non-denumerable set of points xo. But that is nonsense. 
So, if R(x) is finite on a non-denumerable set, we can establish indeter- 
minacy using the quadrature formula (*). Everything turns, then, on the 
establishment of that formula, to which we will immediately direct our 
attention. 

There is, however, one remark which should be made at this point, even 
though it has no bearing on the proof, namely, that in (+) we in fact have 
equality, 


V({Xo}) = 1/R(xo). 
To see this, suppose that v((xo]) > 1/R(xo). We can get a polynomial P with 


In IP) du) = f IPWP dv(x) = 1 
but |P(xo)|? as close as we like to R(xo). Then, however, 
F |P(x)|? dv(x) > |P(xo)l?v((xoJ) 


would be > |P(xg9)l^/ R(xo), and hence > 1, a contradiction. We see that 
the function R(x) gives the solution to a certain extremal problem: 


1/R(xo) = max (u((xo)): u a positive measure with the moments S}. 
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We have now to prove the quadrature formula («). For this purpose 
we use the orthogonal polynomials p,(x) described at the beginning of the 
present demonstration; the idea goes back to Gauss. Take any xyeRR and 
any positive integer N. We can surely find two real numbers « and fi, not 
both zero, such that 


Q(x) = apy(x) + Bpu +(x) 


vanishes at xg. The polynomial Q is certainly not identically zero, and in 
fact it is of degree N or N + 1, depending on whether py(xo) =0 or not. 
It is this uncertainty in the degree of Q which forces us to bring in the 
number M; we take M = (degree of Q) — 1; thus, M-N—1or N. 

Q(x), being of degree M + 1, vanishes at xo and at M other points; it is 
claimed that these points are real and distinct. This statement will be seen 
to rest entirely on the relation 


(8) | P(x)Q(x) du(x) = 0, 
valid for any polynomial P of degree < N — 1, which is an obvious conse- 
quence of the formula for Q and the orthogonality property of the poly- 
nomials p,(x). 

Suppose, to begin with, that Q(x) has the real zeros xo,...,x, (with 
repetitions according to multiplicities, as in Chapter III), and no others, 
and that r « M — 1. Then, if 


P(x) = (x — Xo)(x — x1)...(x — x), 


P(x)Q(x) will not change sign on R, so, for a suitable constant c 40, 
cP(x)Q(x) > 0 on R. Therefore (^ . cP(x)Q(x)djAx) > 0, for u is not supported 
on a finite set of points. However P(x) has degree r+1<M<N—1, 
so [7 , cPo)Q(x)du(x) 2 0 by (8. We have reached a contradiction, 
showing that Q(x) must have at least M real zeros (counting multiplicities), 
including xy. However, Q(x) is of degree M + 1. Therefore Q can have at 
most one non-real zero. The coefficients of Q are real, however, like those 
of py and py.,,. Hence, non-real zeros of Q must occur in pairs, and Q 
cannot have just one such zero. This shows that all the zeros of Q are real. 

The real zeros of Q are distinct. Suppose, for instance, that Q has at 
least a double zero at ag; denote the remaining (real) zeros of Q by 
4,,..., Gy - 1; it is, of course, not excluded that some of them coincide with 
ao. Put 


P(x) = (x — aj)(x — a5)...(x — am- 1); 


since Q(x) has the factor (x — ag)”, P(x)Q(x) does not change sign on R. Thus, 
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for a suitable constant c, 


f " ePo)Qi)du(x) > 0 


as before, and this contradicts (§) since P is of degree M — 1 < N. 

Denote now the real and distinct zeros of Q by xo, x,,..., xy, and let 
us complete the proof of the quadrature formula (*). Take any polynomial 
P(x) of degree < M + N. Then, long division of P(x) by Q(x) yields 


P(x) = D(x)Q(x) + R(x) 


where, since degree of Q = M + 1, the degree of R is < M and the degree 
of D is < N — 1. This last fact implies, by (§), that 


f " Ddl) = 0, 


So 


f Podno) = | R(x) du(x). 


—00 -—-00 


Now, since degree of R < M, Lagrange’s interpolation formula gives us 


M R(x,) 
R(je S c Lr 
2, Ges x) 
ie. 
M 
Ro) =F = SO — 06) 


ko Q'(xy)(x — x,) 


since R(x,) = P(x,) at each zero x, of Q. Therefore 


| " Pdu) = | " Roda) 


— 0 -%0 


- (E sees oo o= 3. Posy 
-w \ x20 Q'Gx,Xx — x,) TOUS end 

where 
E Q(x) 
~ o Q(X x — x) 
Our quadrature formula (*) is thus established, and therewith, the first part 
of the theorem. 

Proof of the second part of the theorem is quite a bit shorter. Here, we 
suppose that {S,} is an indeterminate moment sequence, and use that 
property to obtain information about R(z). 


Ly = du(x) k=0,1,...,M. 
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We have, then, two different positive measures u and v with 


s-| *a- | x*dwWx) k=0,1,2,.... 


— 0 —00 


Denote by c the positive measure 4( + v) and by z the real signed measure 
1 


¿(u — v). Then also 


s-| x*do(x), k=0,1,2,..., 


— 00 
so that, if p(x) is any polynomial, 


oo 


(t | " Iro) P du) = | ip): de(»). 


~ 0 


For the signed measure z, 


| x*di(x) 20, k=0,1,2,.... 


-oO 
There is a trick based on this identity which, according to M. Riesz, goes 
back to Markov who used it in studying the moment problem around 
1890. The same idea was used by Riesz himself and then, around 1950, 


by Pollard in the study of weighted polynomial approximation (see next 
chapter). Take any polynomial P and any zoọ¢R. Then 


P(x) — P(zo) 


is also a polynomial in x, so, by the identity just written, 


S Pese Pol oso 
25: X-—2Zp E 


From this we have 


@: ol M as | 


iotz 


© P(t)dr(t) 
t—z 


—00 


whenever z¢R. 
The function 


ra= |^ a 


-wt—-Z 


is clearly analytic for 3z > 0; moreover, it cannot be identically zero there. 
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Indeed, 


3F(2) = IM " LS dt, 


-elz — t|? 
t being real, so by the remark at the end of §F.1, Chapter III, 
SF(x-iy)dx—nzdr(x) w* 


for y+0+. Therefore F(z) « 0 for 3z>0 would make c — 0, which is, 
however, contrary to the initial assumption that u # v. 
Since F(z) # 0 in (3z > 0}, we can use ($5) to get a formula for P(z) in that 


half plane: 
P(t)dt(t) 
75 t—z 


In particular, if z = č +i with € real, 


. l " 
IP i) < m]. inne 
1 oo 
EI 
IF(E t 3lJ- s 


since |dt(t)| < de(t). Let now P = p?, where p is any polynomial. By the 
preceding relation and (ft), |p(£ + i)|? < (t/LF( +) f? Ip) dult), so 
by definition of R(z), 


|P(t)| do(t), 


1 
|F(E +i)| 
The analytic function F(z) is clearly bounded in {3z > 1} and continuous 


up to the line Jz = 1. Since, as we have seen, F(z) #0 there, we have, 
applying the first theorem of §G.2, Chapter III to the half plane {3z > 1}, 


? log |F(¢ t i) 
Ee CEHA 

Combined with the previous inequality, this yields 
* log* Ré +i) 

T | i E 


Using this result, we can now estimate R(x) on the real axis. 
Let p(z) be any polynomial with 


R +i) < 


dé < oc. 


dé < oo 


| NITET 
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then, by definition (!), 
Ip(E +i)? < R( +i). 


On the other hand, by the theorem of §E, Chapter III, applied to the half 
plane 3z < 1, 
© log* |p(é +i)| 
log|p(x)| < a al 


-o (x-é? +1 


for xeR. (Note that p(z) is an entire function of exponential type zero! The 
reader who does not wish to resort to the result from Chapter III may of 
course easily verify the inequality for polynomials p(z) directly.) These two 
relations yield 


d$ 


2log|p(x)| < Gao xeR, 


whence, taking the supremum of 2log|p(x)| for such polynomials p, 


1 f* log* R(E +i) 
log R(x) < [ee xeR, 


J5 log* R(é +i) 


(by definition again!). We can, of course, replace log R(x) by log* R(x) in this 
inequality, since the right-hand side is > 0. 

We see from (1) that the integral on the right in the relation just obtained 
is « oo for each xeR. That is, R(x) « oo for every real x if our moment 
sequence is indeterminate, this is part of what we wanted to prove. Again, 


? log* RO) a, © logt RE +i). 1 
NT 14x? ER (x—-& c1 x? yer 
ET. errs craic 
E A +)| (EX DD 
2log* R(é + i) 
e 


and the last integral is finite by (1). This shows that 


© log*R 
IE ROJ os dl 
-a X1 


and the second part of our theorem is completely proved. 


Corollary. The moment sequence (S,) is determinate iff, for the function R(z) 
associated with it, 


m log* R(x) | 
-o 14x? me 
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Remark. The corollary does not give the full story. What the theorem 
really says is that there is an alternative for the function R(x): either 
R(x) = 00 everywhere on R save, perhaps, on a countable set of points, or else 
R(x) < oo everywhere on R and 


is log* R(x) 


dx < oo. 
-æ Ux 


Scholium. Take the normalized orthogonal polynomials P,(x) corresponding 
to a positive measure u with the moments S,. Like the p,(x) used in the first 
part of the proof of the above theorem, the P, are gotten by applying 
Schmidt’s orthogonalization procedure (with the measure pu) to the 
successive powers 1, x, x?, x?,...; here, however, one also imposes the 
supplementary conditions 


| [P9] dux) = 1, 
making each P,(x) a constant multiple of p,(x). One of course needs only the 
S, to compute the successive P,. 

It is easy to express R(x) in terms of these P,; we have, in fact, 


Proof of this relation may be left to the reader — first work out 


Ry(x) = max {|p(x)|?: p a polynomial of degree 


oo 


Ip(t)]? dut) = 1} 


<N with | 


by writing p(t) 2 X" oa, P,(t) and using Lagrange's method; then make 
N — oo. The boxed formula seems at first sight to break down if any p with 
the moments S, is supported on a finite number of points, say M. In that 
case, the formula can, however, be saved by taking P,(x) 2 oo for n2 M 
and x lying outside the support of u. This makes sense, because the only 
polynomial of degree n> M orthogonal to the powers 1, x,..., xM ! with 
respectto a measuresupported on M pointsis zero, hence can't be normalized. 
The vain attempt to normalize it gives us the form 0/0, which we are of course 
at liberty to take as oo outside the support of that measure. 


2. Derivation of the results in $C from the above one 


Let us first deduce Carleman's theorem in $C.1 from that of M. 
Riesz. According to the second theorem of $C.1 (in the scholium of that 
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article), Carleman's theorem is equivalent to the following statement: the 
moment sequence (S,) is determinate provided that 


“log S(r) — 
(*) f nee dr = oo, 


where 


r?* 
S(r) = sup— forr»0Q. 
kz0 “2k 


To verify this, observe that, if the S, are the moments of a positive 
measure p, the polynomials 


q(x) = x*/ S5, 


satisfy 


| (4x(x))? du(x) = 1, 


so surely R(x) > (q,(x)? for each k, by definition of R(z). Therefore 
R(x) > S(Ix|). 


Also, S(|x|) 2 1/Sg > 0,solog S(|x|)is bounded below. Itis thus clear that 
(*) implies 


L log* R(x) 


1+ x? PEE 


=a 
The moment sequence {S,} is therefore determinate by the corollary to 
Riesz’ theorem. 
Consider now the theorem of §C.2. We are given a positive integrable 
function w(x) with 


? log w(x) 
~~» 1+x? 


dx > — œ, 


and want to prove that the moment sequence S,- j^ x*w(x)dx is 
indeterminate using Riesz’ theorem. 

Observe that the integrability of w(x) makes J” | (w(x)/(1 + x2))dx < oo, 
so, surely, f^, (log* w(x)/(1 + x?))dx < oo. Our other assumption on w 
therefore implies that 


Lr log" w(x) 


— ——;—dx < œ. 
-o 1+x? 


à 
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Take any polynomial p with (^. |p(x)|?w(x)dx < 1. Then, surely, 
oo 2 
1 f [p(x)|“ w(x) dex 1 


x 3 
nj_,(x—é? +1 ^m 
for any real £, whence, by the inequality between arithmetic and geometric 
means, 


Lfe eripe + EW a < tog! < 0 
T 


TJ-o (x—&* +1 

i.e. 
1[^ 2log|p(x)| 1[* log w(x) 
Jm = -EPT eee ax 


The left-hand integral is, however, > 2log|p(č +i)| by the second 
theorem of §G.2, Chapter III. (p(z) is entire, of exponential type zero. For 
polynomials, the fact in question may also be easily verified directly.) We 
therefore have 


1[? d 
loging ei? < ES Ew a, 


-e(x- +1 
and, taking the supremum over such polynomials p, 


an log" w(x) dx 


log R(E+i) < P ME TUE ; 


Here, one may, of course, replace log R(£ + i) by log* R(£ + i) on the left. 
For x ER, 


an log* RE +i) 4, 


logR <- 2 
ka E GeO a 


just as in the proof of the second part of Riesz’ theorem. Substituting in the 
previous inequality on the right and changing the order of integration, we 
get finally 


dx, xoER. 
n 


1{” 2log" w(x) 
log R <- —————— 
og (xo) FL. (Xo Yun x)? + 4 
But the integral on the right is finite by (2). Therefore R(xo) « oo for each 


xo€R, so the moment sequence (S, is indeterminate by Riesz’ theorem. We 
are done. 


VI 


Weighted approximation on the 
real line 


In the study of weighted approximation on R, we start with a function 
W(x) > 1, henceforth called a weight, defined for — oo < x < oo. We usually 
suppose that W(x)— œ for x— i oo, but do not always assume W 
continuous, and frequently allow it to be infinite on some large sets. 

Given a weight W, we take the space € (R) consisting of continuous 
functions q(x) defined on R with @(x)/W(x) —+0 for x > + oo, and write 
lolly = sup.IeQ9)/W(x)| for ee€,(R). Being presented with a certain 
subset & of @y(R), we then ask whether & is dense in @y(R) in the norm 
l| lw — this is the so-called weighted approximation problem. 

The following preliminary observation will be used continually. 


Lemma. 6 is || ||w-dense in @y(R) iff, for some cR, all the functions 


1 1 


e-awo "4 Koay "7525 


can be approximated uniformly on R by functions of the form f (x)/W (x) with 
fee. 


Proof. Only if is manifest. For if, take any function peg (R) and first 
construct a continuous function V of compact support such that 
|(@(x) — VG))W(x)| < £/3 on R. We can, for instance, put 


e (x), |x| <A, 


Vies etd 


e(x), A<|x| «24A, 
0, |x| 2 2A; 


the desired relation will then hold if A is taken large enough, since 
e(x)/W(x) —0 for x 2 + oo. 
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By the appropriate version of Weierstrass’ theorem, linear combinations 
of the functions (x —c)~", (x —c) ", n= 1,2,3,..., can now be used to 
approximation y(x) uniformly on R, so we can get such a linear combi- 
nation o(x) with |V(x) — o(x)| « £/3 on R, whence (since W(x)z 1), 
(W(x) — eG9))/W(x)| < £/3 there. 

If, now, we can find an feg with |o(x)/W(x) — f(x)/W(x)| « &/3 for 
xeR, well have |o — f|, &e/3. Then, since |o —wvlly €6/3 and 
lY —c |y < £/3, we obtain || 9 — f ||, < £. This establishes the if part of the 
lemma. 

In the first weighted approximation problem we consider, the so-called 
Bernstein approximation problem, & consists of polynomials. Then, of course, 

b» we must impose on the weight W the supplementary requirement that 


: 0 as + 00 
—_ > => 
W(x) ae 


for all n z 0. In another problem, whose treatment is similar to that of 
Bernstein's, & consists of all finite linear combinations of the exponentials 
e?* with —a<A<a for some given positive a. If a weight W satisfies the 
supplementary condition, it is natural to compare the solution of 
Bernstein’s problem with those of the latter one for different values of a. One 
may also study approximation using weighted L, norms instead of the 
weighted uniform norm || |y. 

These questions are taken up in the present chapter. Some of the methods 
applied in studying them resemble closely the one used to prove the second 
part of Riesz' theorem (previous chapter, $D.1). There is indeed a relation 
between the material of this chapter and the determinacy problem 
discussed in the preceding one, and results obtained in the study of either 
subject may sometimes be applied to the other. 

I know of no book entirely devoted to the matters mentioned above; the 
one by Nachbin has very little concerning them and is really about 
something else. One who wishes to go into the subject should first 
read Mergelian's Uspekhi paper and then Akhiezer's; both have been 
translated into English. There is material in the complements at the end 
of the second edition of Akhiezer's book on approximation theory, and 
also in de Branges' book. It is worthwhile to study S. Bernstein's original 
investigations on weighted polynomial approximation; most of his papers 
on this are in volume two of his collected works. Some of the results given 
near the end of the present chapter are from a paper of mine published 
around 1964. 
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A. Mergelian’s treatment of weighted polynomial 
approximation 


Let W be a weight such that 


x" 


Way 70 xe EH forn=1,2,3,...5 


the solution of Bernstein’s approximation problem for W turns out to be 
governed by the quantity 


Q(z) = sup Ptah P a polynomial and 


(—-3W <1 on R} 
introduced by Mergelian. 

Note the similarity between the definition of this quantity and that of the 
Riesz function R(z) given in §D.1 of the preceding chapter. 

Note especially that the condition |P(t)/(t —i)W(t)| <1 and not the 
seemingly more natural one | P(t)/W(t)| <1 is used in defining Q(z). About 
this, more later. 


1. Criterion in terms of finiteness of Q(z) 


Theorem (Mergelian). The polynomials are || || w-dense in € y(R) iff 
Q(29) = oo for one non-real zo, and, if this happens, then Q(z) = œ for all non- 
real z. 


Proof (Mergelian). 
Only if: Suppose the polynomials are dense in @y(R). Then, given any 
Zo¢R, we can find polynomials Q,(t) such that the quantities 


teR 
tend to zero as n> oo. Put 


1 — (t — z9)O,(0). 


Pi) = ——À 


P,(t) is for each n a polynomial, P,(z;) = 1/6, — oo, and 
| P.(t)/(t — zoW(t)| &1 for teR. There is obviously a number K(zọ)> 0 
depending only on zo such that 


1 
K(zo) 


t — Zo 
t—i 


< K(zo) for teR. 
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Therefore |P,(t)/(t — )W(t)| < K(zo) on R, so, since P,(zo) => oo, we see 
that £Y(zo) = oo, establishing the only if part. 
If: When Zo¢R, it is convenient to work with the quantity 


M(zo) = sup (|P(zo)|: P a polynomial 

P(t) 
(t — zo) W(t) 
One sees by using the number K(z,) brought in during the above argument 


that Q(29) = oo iff M(z,) = oo, as long as zo R. 
One advantage of introducing M(z) lies in its continuity property: 


| NEN Z |¢-z| 

M() M(O| ` [321/301 

To verify this, take any polynomial P with | P(t)/(t — )W(t)| < 1 on R and 
|P(C)| close to M(C). For the polynomial in t 


_ P(t)— PE) 
t—¢ 
we have Q(z) = P(¢), whilst, for teR, |Q(t)/(t — z)W(t)| < 

| P(t)/(t — EW (E) + | PCS) Iz — O/(t — z)(t — W(t)| and this is 


«1 - |P(Q)| |z — CI/ISz| |SC|, since, as we are always assuming, W(x) > 1. 
Put now 


Iz- t Y? 
R(t) = E but Mos 
() (reino ee) Qt 


R is a polynomial in t, and |R(t)/(t —z)W(t)|<1 on R. Therefore 
|R(z)) € M(z); however, 


and <1 onRj. 


(*) 


(t — z) + P(C) 


IRGI = A i. 
LE POT sti 
Thence, 
1 1 1 Iz - él 
v < - * 
MƏ * Rai PO [321 XI 


so, since we can have | P(¢)| as close as we like to M(C), we get 


1 1 Iz — çl 


< vod iA 
Mí  M() ISzI XI 


This relation and the similar one obtained by reversing the rôles of z and C in 
the argument just made give us (x). 
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Armed with («), we proceed with the if part of our proof. Suppose then 
that zo £R and that Q(zo) = oo; this means that M(zo) = oo, so we can find 
polynomials P,(t) with |P,(t)/(t — zo)W(t)| < 1 on R whilst | P,(z9)| — 00. 
For the polynomials 
_ Pal@o) — Palt) 

(t — zo)P, (zo) 


we will have, for teR, 


NT ER. 2) gee 
(—2)W() WOL ~ IP 


Q,(t) 


sup 
teR 


a quantity tending to 0 as n — oo. 

Therefore the function (t — z;) ^ ! can be approximated as closely as we 
like, in the norm || ||», by polynomials. 

It is now claimed that 


2n 
(3) [ Q(z, + pe^)d9 = oo 
[U 


for each p>O. Since Q(z9)= oo, there are polynomials q,(t) with 
Iq, (t)/(t — )W(t)| < 1 on R (N.B. Here it is t — i in the denominator and not 
t — Zo !), and |q,(zo)| — oo. For each n, |q,(z)| < Q(z) by definition, therefore 


2n 


2n : 
[ Q(z, + pe?)d9 > | lazo + pe^)d9 > 2zla,(zo)I. 
0 o 
Since the quantity on the right — oo with n, we have (%). 

If 0 < p < |Szol, there is a z,, |, — zo| = p, with Q(z,) = oo. Indeed, (2) 
implies the existence of a sequence of points ¢, with |C, — zo| - p and 
QC.) => oc. Suppose, wlog, that ¢, — Zp. Comparison of the definitions of 


Q(¢) and M(C) shows immediately that 


t—i 
Q() < sup : 


teR 


MQ). 


=¢ 
Here, the supremum is clearly bounded above for || —zg|— p since 
|3zo| — p > 0; therefore our choice of the sequence {¢,} makes M(C,) e 
Because 6, => Zp, we then get M(z,) = oo by (+), since || > |3zo| - p > 0 
on the circle |& — zo| = p. Thus, Q(z,) = oo. (A mistake I made here while 
lecturing was pointed out to me by Dr Raymond Couture.) 

We thus have points z, for which Q(z,) = oo with |z, — zo| =p, when 
p >Q is sufficiently small. 

For each such z,, 1/(t —z,) can be approximated in || |,-norm by 
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polynomials in t; this is shown by the argument used above for 1/(t — Zo). 
We can therefore obtain a sequence of points z, # zo tending to zo, such that 
each of the functions 


1 
(t — z,)W(t) 


is the uniform limit, on R, of polynomials in t divided by W(t). This fact 
makes it possible for us to show (by taking limits of difference quotients of 
successively higher order) that each of the expressions 


1 


— ái, m=1,2,3,..., 
(t — zo) W(t) 


can be uniformly approximated on R by polynomials in t divided by W(t) 
(2 1). 

Now we have Q(Z))=Q(zo), for, if P is a polynomial with 
| P(t)/(t — i) W(t)| < 1 on R, the polynomial P*(t) whose coefficients are the 
complex conjugates of the corresponding ones of P(t) also satisfies 
|P*(t)/(t —1)"W(t)| <1, teR. Therefore in the present case Q(Zo)= oo, 
so, by the above discussion, each of the functions 1/(t— Zo)” W(t), 
m = 1,2,3,..., can be uniformly approximated on R by polynomials in t 
divided by W(t) As we just saw, the same is true for the functions 
l/(t — zo)" W(t). According to the general lemma given at the very beginning 
of this chapter, polynomials must hence be | || y-dense in € ,,(R). The if part 
of our theorem is thus established. 

We are done. 


2. A computation 


In the next article and later on, as well, we will need a formula for 


— dztil-lz- il 


Proof. \(t — i)/(t — z)| =|1 — (z — i/(t — i)|7 +. In order to simplify the writ- 
ing, put z — i = C; then we have to calculate inf, |1 — ¢/(t — i). The linear 
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fractional transformation t 1/(t — i) takes the real axis into the circle 
having the segment [0,1] as diameter: 


0 


Figure 32 


Therefore, as t ranges over the real axis, C/(t — i) ranges over the circle y; with 
segment [0, £i] as diameter: 


Figure 33 
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Since 3z > 0, 36 > — 1, so R(Ci) < 1. Therefore the point 1 must lie outside 
the circle yz: 


SSeS eye SS Sie 
-^ 


`, - 
“Sawa ——7 


Figure 34 


Our quantity inf,4| 1 — C/(t — i)|, which is simply the distance from 1 to y;, 
can thus be read off from the diagram: 


Figure 35 
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We see that 
n — = 1-2 — radius of y, 
= |-$ NIS k-53 -E E 
2 2 2 2| 2 2 
Finally, 
sip 1 E EI 
«n [Ez r m 232 
2 2| |2 2 
proving the lemma. 
Corollary. For 3z>0, 
t—i 1+ |z 
"cs ae 
This inequality will be sufficient for our purposes. 
3. Criterion in terms of (^. (log Q(¢)/(1 + £?)) dt 


We return to the consideration of the quantity Q(t) introduced at 
the beginning of this §, and to its connection with weighted polynomial 
approximation. 


Theorem (Mergelian). Polynomials are dense in @ y(R) iff 


? log Q(t), — 
(*) ie ie dt = oo 


Remark. Since W(t) > 1 we always have log Q(z) > 0, i.e., Q(z) > 1, because 
1 is a polynomial (!), and |1/(t — )W (t)| < 1 on R. 


Proof of theorem 


Only if: We must show that, if (x) fails, the polynomials can't be dense in 
€ (R). 
Assume, then, that 


? log Q(t) 
-o dU 


dt < oo, 


and take any polynomial P(t) with |P(t)/(t —i)W(t)| < 1 on R. Then, by a 
very simple version of the second theorem of $G.2, Chapter III (which, for 
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polynomials, can be easily verified directly), 


ce L(* loglPOl 
log|P()| < M peg dt 


Here, by definition (compare with the proof of the second part of M. Riesz 
theorem in $D.1, Chapter V), 


|P(t)| < Q(t), 


so 


. 1 
< pean 
log | P(i)| 


p log) ,. 


-o 06-40 
and, taking the supremum of log | P(i)| over all polynomials P subject to the 
condition given above, we get 


logi) < : ie log Q(t) 


dt < oo. 
-o L+t? 


The quantity Q(i) is thus finite. Therefore polynomials cannot be dense in 
€w(R) by the first Mergelian theorem of article 1. 

If: Supposing that polynomials are not dense in @y(R), we must show 
that (*) is false. 

If polynomials are not dense in € (R), the Hahn- Banach theorem (whose 
validity does not, by the way, depend on €, (R)'s being complete!) furnishes 
us with a bounded linear functional on @y(R) which is not identically zero 
thereon, but is zero at each of the polynomials. It is convenient to denote the 
value of this linear functional at a member ¢ of €,,(R) by the expression 


p(t) Y 
ura): 


the reason for this is that then we will simply have 


TEA e 

W(t) W(t) 
with some constant C, for pe@y(R). 

> (N.B. We are NOT writing L(o(t)/W(t)) as f? (o(0)/W(t))du(t) with a 
Radon measure u. That's because we are not assuming any continuity of W(t) 
here, so the existence of such a measure p is problematical.) 

Let us continue with this part of the proof. We have our linear functional 

L, such that 


P(t) \ _ 
(t) ss) =0 


x) < Csup 


teR 
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for every polynomial P, whilst 


@ 120) wo 


for some 9 )€¢y(R). 
Consider the function 


1 
ro = Haa) 


defined whenever z¢R. In the first place, F(z) cannot vanish identically for 
both 3z > 0 and 3z < 0. Suppose it did. A simple modification of the general 
lemma given at the beginning of this chapter (whose verification is left to the 
reader) guarantees, for each ¢ > 0, the existence of a finite linear combin- 
ation 9,(t) of the fractions 1/(t — c), cR, such that || eo — 9, lly < € for the 
function 9, figuring in ($). If, then, F(c) = L(1/(t — c)W(t)) =0 for every 
cR, we'd have L(o,(t)/ W(t)) 2 0, whence |L(oo(t)/W(t))) « Ce by ($). 
Squeezing £, we get a contradiction with (§). 

Wlog, F(z) is not identically zero in {3z > 0]. It is analytic there. To see 
this, observe that if z¢R, the difference quotient 


(t-z—Az)'-(t-z)' | 1 
Az T (t—zyt—z — Az) 


tends to (t — z) ? uniformly for teR as Az +0. Therefore, by the linearity of 
L and (2), 


F(z + Az) — F(z) LL 1 
Az (t— 2} W(t) 


as Az +0, since W(t) > 1 on R. This shows that F'(z) exists at every zR and 
establishes analyticity of F(z) in {3z > 0]. 
From (%), we get 


|F(2) &C for 3z21. 


Since F(z) Æ 0 in the upper half plane, the first theorem of §G.2, Chapter III, 
shows that 


? log” | F(x +i 
(tf) Mu ce 


We can now bring in the Markov—Riesz—Pollard trick already used in 
proving the second part of Riesz’ theorem in §D.1 of the previous chapter. 
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Take any polynomial P(t) and any fixed z, 3z > 0. Then 


P(t) — P(z) 
t—2 


is also a polynomial in t, so, applying (1) to it, we get 
P(t) — P(z) 
L| cu 
(i 3 2o) j 
i.e., in terms of F(z) = L(1/(t — z)W(t)), 


- P(t) 


We can thus write 
@ Pasa ze x ) 


for 3z > 0, provided z is not a zero of the analytic function F(z). The idea 
now is to use (§§) together with (t1) in order to show that 


xi LL, dt < oo. 
291-0 


Take any polynomial P(t) such that 


P(t) 


¢-pwe| = ' R. 


Then, | P(t)/(t — z)W(t)| <sup,_al(t — 1)/(t — z)| which, by the previous article, 
is <(1+|z|)/3z for Jz » 0 (see the corollary there). Putting z = x +i, 
xeR, we thus get, from (2), 


P(t) 
Mos Su] 


Referring to (§§), we see that 


C(1 4 (x? + 1) 
| F(x + i)] 


< C( 4 (x? + 1)). 


[P(x +i)| < 


for any polynomial P with |P(t)/(t—i)W(t)|<1 on R. Taking the 
supremum of | P(x + i)| over such P, we find that 


C(1 4 (x? + 1) 


Q(x +i) < Fari * 
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that is, writing C’ = log C, 
(1) logQ(x +i) < C'-log(1 + /(x? + 1)) + log” |F(x + i)]. 


We use the last relation in conjunction with (tt) in order to get a grip 
on log Q(t) for real. t. The procedure being followed here is like the one 
used in proving the second part of Riesz’ theorem (§D.1, previous chapter). 
I call it a hall of mirrors argument because it consists in our first going 
up to the line Jz = 1 from the real axis and then, going back down to the 
real axis again. Our reason for engaging in this roundabout manoeuvre 
is that we do not have any simple way of controlling | F(z)| when z gets 
near R (unless we bring in H ,-spaces, whose use we are avoiding as much 
as possible!) Let P be a polynomial. By the second theorem of §G.2, 
Chapter III, 


log|P(t)) < 5 dx 


1/° log|P(x+i)| 
-o (x—-t?4+1 ^7 


If also | P(t)/(t —i)W(t)| < 1, we have, of course, | P(x + i)| < Q(x + i), so, 
taking the supremum of log|P(t)| for such P, 
an log Q(x + i) 


< — 
log Q(t) z 


-v (t — x)? + p 


Plug in (1) on the right, multiply by 1/(t? + 1), and integrate t from — oo 
to oo. After changing the order of integration and using the identity 


[Ts dt 222 
nj_,((t—x)?+1t?+1) ŻE 


we obtain 
” logQ * 2log(1 244 
og Um « íc4| el uis *D 
-v Í +t =% x° +4 
© 2log | F(x +i)| 
— —— — dx. 
«JF x* 4 P 


The first integral on the right is obviously finite. The second is also finite 
by (tt). The integral 


© log Q(t) 
-. TEF 


dt 


is therefore finite, contradicting («). This completes the proof of the if part 
of the theorem, and we are done. 
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B. Akhiezer's method, based on use of W,,(z) 


The function Q(z) introduced by Mergelian, which, as we have 
seen, indicates by its size whether or not the polynomials are dense in 
€ ,,(R), is equal to sup {| P(z)|: P a polynomial and | P(t)| < |t — i| W(t) for 
te R). The presence of the multiplier |t — i| in front of W(t) is disconcerting, 
and it would seem more natural to work with the quantity 


W,(z) = sup {| P(z)|: P a polynomial and |P(t)| < W(t) on R}. 


On the real axis, W,(x) « W(x), and so W,(x) is a kind of lower regular- 
ization of W(x) by polynomials. (Recall that the idea of using some kind of 
lower regularization occurred already in the study of quasianalyticity 
(Chapter IV); the convex logarithmic regularization which turned out to 
be useful there is not the same, however, as the regularization by polynomials 
dealt with here.) 

We are always assuming that W(x)> 1. Therefore, since 1 is a 
polynomial (!), we certainly have W,,(z) > 1. 


1. Criterion in terms of (^. (log W,,(x)/(1 + x?))dx 


The following theorem, due to Akhiezer, is implicity contained 
in the work of S. Bernstein, who was in possession of all the elements of 
the proof. Bernstein, who devoted much effort to the study of the problem 
bearing his name, was apparently unable to see that a solution was 
within his reach, and never formulated this next result. 


Theorem (Akhiezer). Let W(x) be continuous. Then the polynomials are 
dense in @y(R) iff 


? logW 
| log Wel) a = o. 
-æ lx 
Remark. As we shall see from the proof, the continuity requirement on 
W(x) can be much relaxed. What is really needed here is that W(x) be finite 


on a set of points which is not too sparse. 


Proof of Theorem. 

If: Comparison of the definitions of W,(z) and Q(z) shows that 
W(x) < Q(x). Therefore, if f=, (log W.(x)/(1 + x?))dx = oo, we certainly 
have (^. (log Q(x)/(1 + x?))dx = oo, so polynomials are dense in € ,(R) by 
Mergelian's second theorem (§A.3). Note that the continuity of W plays no 
role here. 

Only if: Assuming that (^ _ (log W,(x)/(1 + x?)) dx is finite, we show that 
any collection of polynomials P with || P ||, < 1 forms a normal family in the 
complex plane. For this, a hall of mirrors argument like the one at the end of 
§A.3 is used. If P is any polynomial with || P || < 1, the second theorem of 
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$G.2, Chapter III and the very definition of W, give, for real ¢, 


1f(* log|P()| 1(* logW,() 
egere JN = Jc 


Taking the supremum of log |P(£ + i)| for such P, we find, as usual, 


. 1[* logW,(t) 
W. «X -— ILI RAE, Dd 
log We +1) [cto 
Now suppose that 3z <0. Using again the second theorem of §G.2, 
Chapter III, but this time in the half plane 3z < 1, we see that for any 
polynomial P, 


S l 
log|P(z)| < =f" (1+ eos +i)| 


dt. 


dé. 


If also || P|lw € 1, we have | P(é + i)| < W,(£ + i), so, by the inequality just 
found for the latter function (which, by the way, is > 1), 


log|P(z)| < = f E PEAL ; iue ee dt dé. 
Changing the order of integration, and using the identity 
2*|Sz|—— f (1 + |Sz])dé 
|t - 2i — z|? zjJ.slé4i—-zp?|t—&—i|? 
valid for Jz <0, we find that 
e Q-ISzDlog W,(0 y 


log|P(z)| < f |t + 2i- z|? 


Apply now the corollary from §A.2. In the present situation, where 


Sz <0, we get 
2 ( 4 |z — 2il y 
sta aT 
24 | 
whence, by the preceding, for 3z « 0, 


G-Izl? 1 (* logW,(0) 
24-|32| xJ-4, 14€ 


whenever P is a polynomial with || P ||, < 1. 

For such polynomials P, however, (1) is also valid for 3z > 0. This is 
seen by an argument just like the above one, working first with log| P(£ — i)| 
instead of log|P(£ -- i), and then using the second theorem of $G.2, 
Chapter III in the half plane 3z > — 1 instead of the half plane Jz < 1. 

The polynomials P with || P | € 1 thus satisfy (£) in the whole complex 


t—i 


sup |——— 
p t+2i-z 


teR 


(x) log|P(z)) < dt 
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plane. Since j^. (log W,(t)/(1 + t?))dt is finite, such polynomials form a 
normal family in C. 

Once we know that the polynomials P with || P ||,, < 1 do form a normal 
family in C, it is manifest that polynomials cannot be|| ||,-dense in € (R). 
Suppose, indeed, that pe@y(R) and that we have polynomials P, with 
IP, — Pilw —9. We may wlog take |o], <1, then | P, lw «1 for all 


sufficiently large n, hence, wlog, for all n. 

These P,(z) therefore form a normal family in C, so a subsequence of 
them must tend u.c.c. in C to some entire function dz). At every xeR, d(x) 
and (x) must coincide, since W(x), being continuous, must be finite on 
R (!). The function peg (IR) whichis|| ||,,-approximable by polynomials 
must thus coincide on R with some entire function. Since lots of continuous 
(€€ w(R) don't do that, we see that polynomials cannot be || ||,,-dense in 
€ w(R). 

We have finished the only if part of Akhiezer's theorem, which is now 
completely proved. 

Remark. We see already from the argument at the very end of the above 
proof that we need merely assume W(x) « oo on some closed subset of R 
with a finite limit point, instead of the continuity of W on R, and then the 
property 

© log W,(t) 

M 14 

will surely imply that the polynomials are not |  ||,,-dense in € ,(R). Even 
this assumption on W(x) can be very much weakened, as we shall see in 
the next article. 


dt < o 


2: Description of | || limits of polynomials when 
f, dog W,(/(1 + ?))dt < oo 


A small refinement of the calculations made in proving the only if 
part of the previous theorem yields an elegant result. 
Theorem (Akhiezer). If f^. (log W,(t)/(1 + t?))dt < oo, every function in 
€w(R) which can be |  |y-approximated by polynomials coincides, on the 
subset of R where W(x) « oo, with some entire function of zero exponential 
type. 
Proof. We start from the estimate of log| P(z)| found in the preceding 
article for polynomials P with | P ||, <1. As we saw there, if Jz <0 and 
P is a polynomial with | P |l, « 1, 
1(* QI3zDlog W,(0 
n It +2i— z|? 
Take any e > 0. Since f” , (log W,(t)/(1 + t?))dt < co, there is a finite M, 


log |P(z)| < dt. 


~œ 
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such that 
1 log W (t 

@i- os | log Wal oe < 6; 
T {log W,(t)> M,} 1 +t 


we then break up the integral of the preceding relation into the sum of two, 
one over 


{teR: logW,(t) < M.} 
and the other over the set where log W,(t) > M,. We obtain in this way 


1 
log|P(2)| < M,+— | 2+ 13e))log Wuto 4, 
T J iogw,y>m, le +2i—2| 


Apply now the corollary from §A.2. We find, by virtue of (t), that 
(1 4 |z — 2i]? e, 
(2 +132) ^ 
this holds whenever 3z <0 if P is a polynomial with || P || < 1. 
One can, of course, use exactly the same kind of reasoning for the half 


plane 3z > 0. We see in this way that if P is any polynomial with || P || w < 1, 
the relation 


log|P(z)| < M, + 


B+, 
2-4 |S3zl 
holds in the entire complex plane. 


This inequality we refine still more by use of a Phragmén-Lindelóf 
argument. 


(tt) log|P(z)| < M,+ 


Hh NB sof I 74 
DA Á TG yy 
GB ALL IM 

S A Arp 
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P 


Figure 36 
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Take the two sectors S and S' where |y| « ilx|; what is important 
here is that S and S' have opening <90°. Outside both S and S’, |x| <2 yl, 
so |z| € 3| yl, and (tt) gives 


(§) log| P(z)| < M, + 9e(1 + |3z]). 
This also holds on the boundaries of S and S', where it can be rewritten thus: 
log| P(z)| < M, + 9e + Ze|Rz|. 


Let us consider the sector S. Inside S, log| P(z)| — 3eRz is subharmonic, 
and <const.|z|* for large |z| by (ff). On the boundary of S, 
log |P(z)| —%eRz < M, -- 9: as we have just seen. So, since the opening 
of S is «90^, this last inequality must in fact hold throughout S, by the 
second Phragmén- Lindelóf theorem of $C, Chapter III. We thus get 


log| P(z)| < M, + 9e + 2&|91z| 


in $. 

The same reasoning applies to S’. Referring to (§), which holds outside S 
and S’, and contenting ourselves with a result slightly worse than what we 
actually have, we see that 


log| P(z)| < M, + 9«(1 + |z|) 


throughout C, whenever ||P |ly < 1. 
If, now, dz) is any u.c.c. limit of polynomials P with || P || € 1, we must 
also have 


log|®(z)| < M, + 9e(1 + |z|) 


for all complex z. Since ¢ > 0 is arbitrary (with M, depending on e through 
(1)), we see that the entire function ®(z) must be of exponential type zero. 
Any ee€,(R) with |olly «1 which is the || ||w-limit of polynomials 
must, on the set of x where W(x) « oo, coincide with such an entire function 
Q(z), as we saw at the end of the preceding subsection. 

We are done. 


Remark. Let ge@y(R) be such that there exist polynomials P, with 
lo — Pa llw 7*0. Then, as the above theorem shows, if 


dt < o, 


* logW,(t) 
ku de^ 


g(x) must, on (x: W(x) « oo], coincide with an entire function ®(z) of 
exponential type zero. Sometimes it is useful to know that ®(z) satisfies 
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the more precise condition 
log|®(z)| < log || ||,, +M,+9e(1+4|z|), zeC. 


Here, e >0 is arbitrary and M, depends only on £ (through (1)), and not 
on ®. This fact follows immediately from the proof just given — we need 
only note that || ¢ || 7 = lO |y, so that || K7 to || <1 for every K > ||®|ly. 


Remark. Given that (^. (log W,(t)/(1 + t?)) dt < oo, is it true that for every 
entire function V(z) of exponential type zero whose restriction, V(x), to 
R belongs to @y(R), we do have a sequence of polynomials P, with 
| P — Px llw — 0? As we shall see later on, the answer to this question is no 
for some weights W(x) with seemingly rather regular behaviour. 


Theorem. Suppose that W(x,) < oo for a sequence of points x, going to oo, 
and, if n(t) denotes the number of the points x, in [0,t], suppose that 


lino ee > 0. 


ro t 


Then, if J2 , dog W,(t)/(1 + t?)) dt < oo, the polynomials are not dense in 
€ w(R). 


Proof. Take any function peg (R) such that (xo) = 1 but q(x,) = 0 for 
k z 1. Then q cannot be | ||,-approximated by polynomials. 

If, indeed, it could be so approximated, the preceding theorem would 
furnish an entire function ®(z) of exponential type zero with O(x,) = q(x,) 
for kz O0. Then in particular d(xo) —- 1, so d(z) £0. At the same time 
Q(x,) — 0 for k > 1, so, if N(r) denotes the number of zeros of ®(z) with 
modulus <r, N(r) > n(r) — 1, and limsup,.. , (N(r)/r) would have to be > 0 
by hypothesis. 

This, however, is impossible. For, ®(z) being of exponential type zero 
and #0, we must have N(r) = o(r) for r — oo by an easy application of 
Jensen's formula (see problem 1(a) in Chapter 1!). 

The theorem is proved. 


Remark. We shall soon see that the condition limsup,., ,, (n(t)/t) > 0 in this 
theorem cannot be relaxed much. 


3. Strengthened version of Akhiezer's criterion. Pollard's theorem 


The Bernstein approximation problem was also studied by the 
American mathematician Pollard, whose work was largely independent 
of Akhiezer's and Mergelian's. Pollard published one of the first solutions, 
I think in fact before the appearance of the other two mathematicians' 
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articles. In one direction, the criterion given by him strengthens that 
furnished by the Akhiezer theorem of article 1. The way this happens is 
shown by the following 
Theorem (due, essentially, to Pollard). If 
sup Í loglPOD gy : P a polynomial and ||P lly < T 
-æ 1+x 
is finite, then f^ , (log W,(x)/(1 + x?)) dx < oo. 


Proof. As x ^ + oo, W(x) — oo faster than any power of x. So, if we take a 
suitable constant C, 


W(x) 
[x — i| 


W(x) = C 


is > 1 on R. W(x) obviously grows faster than any power of x as x > + oo, 

and we may consider weighted polynomial approximation with the weight W. 

To this situation we apply the Mergelian theorems in §§A.1 and A.3. 
Put, for zeC, 


P(t) 
-We 


note that &(z) is just CW,(z). According to the theorem of §A.1, €Xi) < oo 
implies that polynomials are not || || ;;-dense in @g(R), and, by §A.3, the 
latter fact makes 


| © log Q(t) 


-o 1+? 


Q(z) = sup [irn P a polynomial and 


«long, 


dt « oo, 


© logW, 
f =e aO ar < oo 
2e d4t 


In order to show this last relation, it is therefore enough to verify that 
Qi) < oo, or, what comes to the same thing, that W,(i) < oo. 

Take a sequence of polynomials {P,(z)} with ||P,llw<1 and 
|P.()] — W, (i); by $G.2 of Chapter III, 


log|P,(i)| < — 


1 oo 
| log |PA(6) P 
nj., l+t 


Under the hypothesis, however, the integrals on the right are bounded 
above. Therefore W,(i) < oo, which is what we needed. We are done. 

In the course of the argument just given, we established a subsidiary 
result, important in its own right. We state it as a 
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Corollary. If W.(i) < oo, then f? (log W,,(t)/(1 + t?)) dt < oo. 


Remark. Sometimes it is easier to get an upper bound for 


? Jog! P(t)! 
| 140 i 


-0 


when P is a polynomial with ||P || < 1 than to try to directly obtain good 
estimates on W,(x). If we can show that the upper bound is finite, the 
description of functions | ||w-approximable by polynomials given in 
article 2 is available, and hence the consequences of that description. For 
this reason, the result proved here is quite useful. 


C. Mergelian's criterion really more general in scope than 
Akhiezer's. Example 
Given a weight W(x) z 1 on R which goes to oo faster than any 
power of x as x — + oo, we can form the two functions 


: P(t) 
= x — | <S 
Q(z) sup IP P a polynomial and TE $ 1 on R}, 
and 
3 P(t) 
W,(z) = sup4 |P(z)|: P a polynomial and W() <lonR}. 


Mergelian’s second theorem (§A.3) says that the condition 


| © log Q(t) 


dt = oo 
ee PTS 


is necessary and sufficient for polynomials to be || || w-dense in €,(R). 
Akhiezer’s theorem (§B.1) says that the condition 


F log W,(t) 


dt = 0 
-o 140 


is always sufficient for the || ||-density of polynomials in @y(R), and 
necessary for that density to hold provided that W(x) has a certain 
regularity. As we saw in §B.1, continuity of W is enough here; it 
suffices in fact that W(x) be finite on an infinite closed set with a finite. 
point of accumulation. The work of §B.2 shows that the set on which 
W (x) is finite need not even have a finite point of accumulation; it is enough 
that the set be infinite and not too sparse. As long as 


. number of points in the set and in [—r,r] 
limsup 
r0 r 


is positive, the necessity of Akhiezer's criterion (involving log W,(t)) holds 
good. 
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These successive relaxations in the regularity required of W(x) for 
Akhiezer’s criterion to hold make us hope that perhaps all restrictions on 
W’s regularity may be dispensed with. Maybe the lower polynomial 
regularization W,(x) of W(x) is all we need for the study of Bernstein’s 
problem, no matter what the behaviour of the latter function is, and we 
can forget about Q(x) altogether. Do we really need Q(x) at all in order 
to have a completely general test for || ||,,-density of polynomials in 
€ y(R)? 

We do. Here is an example of a weight W(x) such that 


ic log W,(t) 


dt « oo, 
-. 140 


but nevertheless Q(i) = oo, making the polynomials || || ,,-dense in € y(R). 
Our construction is based on use of the entire function 


2 
S(z) 2 I (1 23 
of exponential type zero. The weight W(x) will be identically infinite outside 
the set of points 
x,—sgnk2"; k=+1,4+2,...; 


these are just the zeros of S(z). On that set we take 


W(x) = C Ixl IS 69)l 


with a constant C chosen so as to make W(x,) > 1 for all k. 
We start with the asymptotic evaluation of S'(x,) for large |k|; on account 
of symmetry we need only consider positive values of k. For k > 1, then, 


7 k) = ES 
s = -a M1 (1-3) (1-3) 


Here is a trick which can be used to good effect in many calculations of 
this kind. Factor each ratio 4*/4" with k >n out of the first product. One 
finds that 


s 5 ^1 [T 4 [T (1-5) (1-3) 


1<n<k 1<n<k n>k 


= y- EI 


For large k, this is 
~ (—1/2*- (sry, 


i 

| 
E 

| 
= 
~ 
k 
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and we see that |S’(x,)| behaves like a constant multiple of |x,| ^? for 
k— + oo. This evidently tends to oo faster than any power of x, as k > + oo; 
the same is then true of W(x,). 

We need also to consider the partial products 


Sy(z) = Ti (1-3) 


of S(z). For 1 <k < N, we have 


sse = -2 E -$), IL (1-7) 


comparison of this with the first of the above formulas for S'(2*) shows that 
[Siv(x,)| ZIS'(x,)) fori &«k« N. 


On account of this fact and of the growth of |S'(x,)| for k — + oo, we have, 


for any polynomial P, 
x, — Po) e, P(x) 


sw Sy) — x) w 2 S’(x,)(z — xy) 


as long as z is different from all the x,. 
> N.B. A prime next to a summation sign means that there is no term 
corresponding to the value zero of the summation index. (This convention 
is fairly widespread, by the way.) 
Let us fix any polynomial P. As soon as 2N > degree of P, we have, by 
Lagrange's interpolation formula, 


P 
P(z) = SOY "Ty ae x) 


provided that z is different from all the x,. Fixing such a z, and 
making N — oo, we get, by virtue of the previous relation, 


se P 
@) PO = WÈ sc 


This formula is valid, then, for any polynomial P and any z different from 
all the x,. 
We estimate W,(i). Take any polynomial P with || P ||, € 1, i.e., with 


IPIS CA xd 1S G9). 
Substituting into (*), we find that 


2CS() 


IPG)| < cog Gul < 2cs() 2? et 
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Taking the supremum of | P(i)| over all such P, we see that 
2CS(i) 

42-1 

According to the corollary in $B.3, this implies that 


*? log W,( j 
| ETT s 


W,() < 


It is now claimed that Q(i) = oo. To see this, consider the polynomials 
Py(x) = Ni xy Sy(x); 
since Py(i)/ A/ xy -> Sü) > 0, it is clear that Py(i) — oo. It is therefore 
enough to show that 


P(x) 
(x — i)W(x) 


1 
^ 2CS(1) 


on R in order to conclude that Q(i) = oo. We have, in other words, to verify 
that 


|xy — 11 W(x) 
2CS(1) 


for k= +1, +2,.... This is true for 1 € |k| <N because then Py(x,) = 0. 
Suppose, therefore, that k > N. Then 
k 
t | 


4k 
[Pax] = Ven I disi < Vxxx I 4 


l<n<k 
NEZ us (x,)I 


2TI(1-5) 
n>k 
= Varad Sl 


2S(1) 


Taking symmetry into account, we see that, for |k| >N, 


LU 
aa IS 


|Pr(x,)| < 


|Py(x)] < 
|x, — i] W(x,) 
2CS(1) 


We thus have |Py(x;)| < |x, — i] W(x,)/2CS(1) for all k and every N, and 
this, as we have seen, ensures that Q(i) = oo 


< ap" -ily bal S01 = 
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Because Q(i)= oc, polynomials are || ||w-dense in @y(R) by the first 
Mergelian theorem (§A.1). However, as we already have shown, 
* log W(t 
f log We a, < oo. 
-o l1+t 
Application of Akhiezer’s criterion to € (R) with the weight W considered 
here would therefore lead to a false result. 


D. Some partial results involving the weight W explicitly 


Let us see how much information about the || ||,,-density of poly- 
nomials in € ,(R) can be obtained by direct examination of the weight W(x) 
itself. Here, first of all, is an easy negative result. 


Theorem (T. Hall). If (^. og W(x)/(1 + x?))dx < oo, the polynomials are 
not | || w-dense in @y(R). 


Proof. Trivially, Q(x) < |x — i| W (x) for xeR, so, if the above integral with 
log W(x) converges, so is 


P senes < o 
-œ 1+x 


The desired result now follows from Mergelian’s second theorem, §A.3. 

One is, naturally, very interested in finding simple conditions on W 
which will guarantee || ||,-density of polynomials in (R). In this 
direction, we begin with a very old result. 


Theorem (S. Bernstein). Let W(x) = Y:9. o A,x?" where the A, >0 and the 
series is everywhere convergent. If 


d log W(x) | 
za 1+x? 


= 00, 


polynomials are || ||w-dense in @y(R). 


Proof. The polynomials 
N 
Py(x) = Y Ax" 
n=0 


satisfy || Py llw < 1, because all the A, are >0. Clearly Py(x) > W(x) for 


each x, so here W,(x) = W(x). Our result now follows from Akhiezer’s 
theorem. (§B.1). 


Corollary. The polynomials are || || w-dense in @y(R) for W(x) = e*. 
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Corollary. The polynomials are || ||w-dense in @y(R) for W(x) = e". 


Proof. Use the fact that 1e" < cosh x « e" and work with the weight 
4 


x? x 
Us dores pese 


coshx — 1-4 ata 


Theorem. Let W(x) 2 1 be even, and suppose that, for x > 0, log W(x) is a 
convex function of log x. Then, if 


* log W(x) 
-æ 1+x? 


dx = oo, 


polynomials are || ||w-dense in @y(R). 
Proof. Starts out like that of the corollary in §C.2, Chapter V, with the use 
of some material from convex logarithmic regularization. Write 


$, = for n=0, 1, 2,..., 


sup —— 
>p WO) 
and then put, for r>0, 


r?" 

NOS S 

Since log W(r) is a convex function of logr, we have, by the proof of the 
second lemma in Chapter IV, §D, that 

Wir) 


2 


(*) 


whenever r is sufficiently large. (It’s W(r)/r? on the left and not W(r)/r 
because we use the even powers of r in forming T(r).) 
Take any fixed number / between 0 and 1, and form the function 


" < T(r) < Wr) 


@ x2" 
S(x) = (1—4?) Y, 4" —. 
n=0 San 
We see from the definition of T(r) and (*) that S(x) < W(x) for |x| sufficiently 
large, since W is even. Therefore, as in the proof of the above theorem of 


Bernstein (the numbers $;, are all positive!), we at least have 
W,(x) > CS(x) 
for some C > 0 chosen so as to make CS(x) < W(x) for all x. 
Referring again to (*), we see, however, that 
W(Alxl) 
Ax? 


S(x) > (1-A?)T(A|xl) > (1-4?) 
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for |x| sufficiently large. Hence, taking a big enough, 


[5 W,(x) igh sec, f7 1S0 dx 
" a 


x? x? 
logC 1 1-4? © log x ® log W(Ax) 
2 -log —;- |- = 
E Hiog( "E ) 1i 2 dx + . m dx. 


The last integral on the right equals AF (log W(é)/é7) dé which is clearly 
infinite if (^. (log W(x)/(1 + x?))dx = oo. 

So f” (log W,(x)/(1 + x?)) dx = oo, and the result follows by Akhiezer's 
theorem. 


Remark. Is the theorem still true if the even function W(x) is merely 
required to be increasing for x > 0? An example to be given in Chapter VII 
shows that the answer to this question is no. 


E. Weighted approximation by sums of imaginary exponentials 

with exponents from a finite interval 

Let W(x) 2 1 bea weight which is now merely assumed to tend to 
œ as x — + œ. We fix some A > 0 and ask whether the collection of finite 
sums of the form 

Y C,e'** 

-ASASA 
is || |lw-dense in @y(R). It turns out that the theorems of Mergelian and 
Akhiezer given in §§A and B above have complete analogues in the present 
situation. We will be able to see this in the present § without having to 
repeat most of the details from the preceding discussion. 


l. Equivalence with weighted approximation by certain entire 
functions of exponential type. The collection & , 


If c(t) isa finite sum of the form È _ 4 <1< 4C,€°™ and zo is a complex 
number, the ratio (a(t) — o(zo))/(t — Zo) is no longer expressible as such a sum. 
Therefore the useful Markov—Riesz—Pollard trick applied, for instance, in 
the proof of the second Mergelian theorem (§A.3) is not available for such 
sums. For this reason, the following result is very important. 


Lemma. If W(x) z 1 and W(x)- oo for x + oo, every entire function of 
exponential type < A, bounded on the real axis, can be || ||y-approximated 
by finite sums of the form 

3: Cue 


—ASASA 
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Proof. Take any entire function f(z) of exponential type < A, bounded on 
R. Since W(x) oo for x> + œ, 


f(x) —f(ox) 
W(x) 


sup —0 


xeR 


for p— 1 by continuity of f. Given €> 0, fix a p < 1 such that the above 
supremum is <€. If h — 0 is small enough, we will also have 


wal! (px) —f wo) < & 


sup 
xeR 


W(x) hx 


we take such an h so small that 


sin hz 
hz 


g(z) = f (oz) 


is of exponential type < A, and fix it. 

We thus have || f — g llw < 2€. However, g, besides being of exponential 
type < A, is also in L, on the real axis. We can therefore apply the Paley- 
Wiener theorem (Chapter III, $D) to g, obtaining 


g(x) = i e?^*G(4)dA 


-A 
with some GeL,(— A, A). This property of G also makes GeL,( — A, A), by 
Schwarz’ inequality. 
For large integers N, put 


—A-t(Qk--2)/N)A 


N-1 
g(x) = Y, e^ sumas | G(4)d4. 
ko —A+(2k/N)A 
Foreach N, |gy(x)| < IG ||; for xeR, and we clearly have gx({x) => g(x) u.c.c. 
on R. Therefore || g — gy ll w +9, so, taking N large enough, we get 


lf —gulw «€ If—glwtlg—gnllw < 3e 


Since gy(x) is a finite sum of the form 
Y Cei” 
—AxAxA 


we are done. 


Definition. & , denotes the set of entire functions of exponential type « A, 
bounded on the real axis. 

Since every finite sum Y... ,C;e"* certainly belongs to & 4, the above 
lemma has the obvious 
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Corollary. Let p€@y(R). There are finite sums o(x) of the form 
b Cei 
-AASA 
making ||@—o||w arbitrarily small if and only if there are f,€&, with 
lo — f, ly 0. 


Remark. What is important here is that, if fec, and z )éC, the ratio 
(f(t) —f(z9))/(t — zo) also belongs to & ,. 


2. The functions 2 ,(z) and W ,(z). Analogues of Mergelian’s and 
Akhiezer's theorems 


In analogy with the definition of Q(z) (beginning of $A), we 
put 
f(t) 


Q9 = sup T Lf fed, and (t —i)W(t) 


«1on Ji 


Remark. A slight extension of the argument used to prove the lemma in the 
preceding subsection shows that €) ,(z) is already obtained if we use only 
finite sums f (t) of the form Y.  ., . ,C;e"* in taking the supremum on the 
right. Verification of this fact is left to the reader. 

Observe that, if fe&,, so is the function f* defined by the formula 


f *(z) = f (). This makes Q(z) = Q ,(z). As we have already noted, when 


f(t)e4 ,, the quotient (f(t) —f(zo))/(t — zo) also belongs to &,. So, by the 
way, does 


ft) - feo y 


t — Zo 


2,) 


belong to 4 , then. These evident facts make it possible for us to virtually 
copy the proof of the first Mergelian theorem as given in $A.1, replacing the 
collection of polynomials by &,. Keeping the lemma from the previous 
subsection in mind, we obtain, in this way, the 


Theorem. If€2,(z) = oo for one non-real z, the collection of finite sums of the 
form 
)2 C,e** 
-A€A<A 
is || llw-dense in €,,(R). Conversely, if such sums are || ||w-dense in @y(R), 
€) (z) = oo for all non-real z. 
The second theorem in $G.2 of Chapter III applies to the functions fe4 4, 
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and we have, for them, 


? |Szllogl f| 


1 
(+) log| f(2)|_ < azii | z dt. 
T Jj-o Iz — t 


Using this relation we can copy the proof of Mergelian's second theorem 
($A.3), to get 


Theorem. The finite sums of the form Y... ,C;e"* are || |y-dense in 
@ y(R) if and only if 


| los Que) 4, 
za he 


To obtain analogues of Akhiezer’s theorems (§§B.1 and B.2), we write 


Walz) = sup {| f(z): fed , and | f ll» < 1}. 


Asin the formation of Q(z), we can limit the set of functions f occurring on 
the right to the ones expressible as finite sums Y... ,C;e"*. W (x) is 
thus a lower regularization of W(x) by such finite sums. 

Arguing as in §§B.1, B.2, with use of («) in the appropriate places, we find: 


Theorem. For continuous W, finite sums of the form 


Y C,e* 


-ASSA 


are || |y-dense in @y(R) if and only if 


| log Wal) Wa) dx = oo. 

-æ lx 

Theorem. If V^, (log W (x)/(1 + x?)) dx < oo, any function in € (R) which 
can be || ||w-approximated by finite sums of the form Y... .C,e" 
coincides, on the set of points where W(x) < oo, with an entire function ®(z) 
satisfying, for each €> 9, an inequality of the form 


|®(z)| < I|, M.exp(AISzl + elz). 
Here, M, depends only on e, and is independent of the particular function ® 
arising in this manner. 
Corollary. Let ^. (log W,(x)/(1 + x?)) dx < oo, and denote by E the set of ` 
points on R where W(x) « oo. If either 


: number of points in E^ [0,r] A 
limsup : > 


3 Pólya's maximum density 175 


or 
iisip number of points in En{[—r,0] s A 
mue r n 

then & , cannot be | ||y-dense in € ,(R). 


Proof. Is based on a result much deeper than the one needed for the 
corresponding proposition about weighted polynomial approximation 
(end of §B.2). 

Suppose, wlog, that W(x,) < oo where 0 € xy <x, < x; < ---, and that 
limsup,., n/x, > A/n. (If the set E has a finite limit point, one can give a 
much simpler argument.) Take any continuous bounded q (belonging thus 
to @y(R)) with o(xo) = 1 and q(x,) =0 for k > 1; it is claimed that such a 
function 9 cannot be | _ || ~-approximated by functions in & 4. 

If it could, we would, by the theorem, get an entire function d(z) with 
®(x,) = o(x,), kz 0 (hence (x)= 1 so that  z 0) satisfying, for every 
£ 7 0, an inequality of the form 


|®(z)| € C,exp(A|Szl + elzl). 
This certainly makes ® of exponential type < A. We also have 


I: log* |®(x)| 


dx « oo. 
-o lx? 


(f) 


Indeed, there is a sequence of functions f,¢&, with 


I p =f, lw See 0 
(hence, wlog, || f, ||, <1), and f,(z) > ®(z) u.c.c. (That's how one shows 


there is such a function  - see §§B.1 and B.2!) Since || f, lw < 1 we have by 
definition | f,(z)| < W ,(z), and thus finally |d(z)| < W,(z). We are, however, 
assuming that ji (log W (x)/(1 + x?))dx < oo, and, in the last integral, we 
may replace log by log *, because W,,(z) > 1. (Notethat 1e& ,!) Therefore (T) 
holds. 

The hypothesis of Levinson's theorem, from $H.3 of Chapter III is thus 
satisfied. If n , (r) denotes the number of zeros of ®(z) in the right half plane 
having modulus <r, that theorem says that lim, 7, (r)/r exists, and here 
has a value « A/z. However, ®(x,) = o(x,)=0 for kz 1, so certainly 
n ,(x,) > k. Our assumption that limsup;., , k/x, > A/n therefore leads to a 
contradiction. The corollary is proved. 


3. Scholium. Pólya's maximum density 


We have not really used the full strength of Levinson's theorem in 
proving the corollary at the end of the preceding article. One can in fact 
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replace the assumption that 


, number of points in En [0, r] A 
limsup ————————————_——- > — 
r0 r n 
by a weaker one, and the corollary's conclusion will still apply. 
Suppose we have any increasing sequence of points x, > 0, some of which 
may be repeated. For r > 0, denote the number of those points on [0, r] 
(counting repetitions) by N(r), and, for each positive å < 1, put 


R N(r) — Nr 
D, = limsup “O NUn 


Note that if limsup,.. ,, N(r)/r = D is finite, we certainly have D < D, for each 
À « 1, as simple verification shows. 


Lemma. lim, D, exists (it may be infinite). 
Proof. Let 0 « A « 4' <1, Writing 4/A' = p, we have the identity 
N(- Nr)  1—4A N(r)- NG'r) " A — à N(A'r) — N(uA'r) 


(1—4Àr  — 1—4 (1—4)r 1-4 (-ur ' 
whence 
1—4' A'—À 
(*) D, < 4—,P» + 1-4 Paw 


Since N(r) is increasing we also have, for 0 « 4 « 4' « 1, 


N(r) — N(Ar) E 1 — 4' N(r) - N(4'r) 
(Q—Ar " 1-4 (a-r ’ 


so 
1—7 


D, 2 — 
4 1—4 


Dy. 

Suppose first of all that limsup,., D; = oo. Then, if we have D,, > M, 
say, for some 4g, 0<A,<1, the previous relation shows that 
D, > (1/14 49)D,, > 4M for A$«A4&4Ae. However, substituting 
A=, and 4' — JA, in (*), we get Dis & Dja» so also D,,, > M. Then, 
by the reasoning just given, D; 2 M/2 for Ao xA« NL This same 
argument can evidently be repeated indefinitely, getting D, 2 M, 
D,2M/2 for JAo«A«Aj^, and so forth. Hence D,>M/2 for 
43 <A « 1, so, since M was arbitrary, D; —^ oo as A 1. 

Consider now the case where limsup;.,,, D; = L is finite, and, picking 
any £> 0, take any åo, 0 < åo < 1, such that Di, >L—e but D,<L+e 
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for Ag <A <1. Putting A = A, in (*), we find, for 4; « 4' « 1, 


1-2’ X — Ào 
-e € — D; + —*(L+9, 
L—e Ia + psa 015 
that is, 
1-4 A — ho 1-2 
pp OR qu ee 
and 
1 4 4'— 24s 
> S D 
D, L in? 


For 4, € 4' < Ae, the right-hand side is > L—(1+2/Ag)e > L—3e, 
so we see that in fact 


L—3e < D, < L+e for Ao &4' € Ao. 
As we already saw, D,,, > Da- Therefore D; > L-e, and we may 
repeat the last argument with ,/A, instead of A) to conclude that 
L—3e < Dy < L+e for JAo «A «A^. 
Continuing in this way, we see that 
L—3e < D, < L+e forAo«A'«1, 
so, since £ > 0 was arbitrary, D, > L for 4— 1. The lemma is proved. 


Definition. D* = lim,.,, D, = lim; ~, - (limsup,..,, (N(r) — N(Ar))/(1 — A)r) 
is called the maximum density of the sequence (x, ). 


Since, as we have already remarked, 


D, > D = iip sid 
r0 r 
we certainly have D « D*. Simple examples (furnished by sequences with 
large gaps) show that D* may be much larger than D. Therefore, if, in any 
theorem whose hypothesis requires D to exceed some value, we can replace 
D by D*, we obtain a stronger result thereby. This observation applies to the 
corollary at the end of the preceding article. 


Theorem. Given a weight W(x) > 1 tending to oo as x — + oo and a number 
A 7 0, suppose that 


| ? log Wa(x) 


dx < oo 
sw DEX? 
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and that W(x,) < oo on a strictly increasing sequence of points x, 20. If 
the maximum density D* of the sequence {x,} is > A/n, then &, is not 
| y-dense in €,,(R). 


Proof. Taking the index k of the sequence {x,} to start from the value 
k — 0, we begin as in the proof of the corollary by choosing a qe € (IR) 
with g(x o)=1 and q(x,)-0 for kz 1, and argue that, if @ could be 
l| llw-approximated by functions in @,(R), there would be an entire 
function ®(z) of exponential type < A with 


F log* |®(x)| 


dx < oo 
-a 1+x? 


and ®(x,) = o(x,), k 2 0. Letting n, (r) be the number of zeros of ®(z) with 
real part > 0 having modulus <r, we have, by Levinson's theorem (§H.3, 
Chapter IIT), that 
na — some D < A 
r z 
as roo. 
The x, with k> 1 are zeros of ®(z); therefore, if N(r) denotes the he 
number of such x, in [0, r], we have, for each 4 < 1, 
N(r) — N(Ar) < n, (r) —n., (4r). In view of the limit relation just written, the 
quantity on the right equals (1 — A)Dr + o(r) for large r, so we get 


D,<D 


for each 4 < 1. Therefore D* = lim}; D, is also < D < A/n, contradicting 
our assumption that D* > A/n. We are done. 


Remark. Towards the end of Chapter IX, we will see that the theorem 
remains true when we replace the maximum density D* of the sequence 
{x,} by a still larger density associated with that sequence. 


The maximum density D* associated with an increasing sequence of 
positive numbers {x,} has an elegant geometric interpretation. 


Definition. Let (£,) be an increasing sequence of positive numbers, some 
of which may be repeated, and let v(r) denote the number of points £, in 
the interval [0,r], counting repeated €, according to their multiplicities 
as usual. The sequence (£,] is called measurable if lim,- ,, v(r)/r exists and 
is finite. The value of that limit is called the density of {€,}. 

We have then the 


Theorem (Pólya). Let the maximum density D* of the increasing sequence of 
positive numbers x, be finite. Then any measurable sequence of positive 
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numbers containing all the x, has density > D*, and thereis such a measurable 
sequence whose density is exactly D*. 

If D* = œ, there is no measurable sequence (of finite density) containing 
all the x,. 


Proof. If (x,) is contained in an increasing sequence of numbers č, > 0, 
and if, with v(r) denoting the number of points £, in [0,r], v(r)/r ^ D for 
r — oo, we see, just as in the proof of the preceding theorem, that D* « D. 
The first and last statements of the present theorem are therefore true. To 
complete the proof we must, when D* « oo, show how to construct a 
measurable sequence of density D* containing the points x,. The idea here is 
transparent enough, but the details are a bit fussy. 

Call N(r) the number of points x, (counting repetitions) in [0,r], and 
write 4, — 2^ 1/2". We have 4, f 1, so, if we put 


é, =sup{|D*—D,|: 4, € 4 « 1j, 


£, decreases monotonically to zero as n > oo, since, according to the lemma 
at the beginning of this subsection, D, + D* for 4—1. Referring to the 
definition of D, and taking 4 = /,, we see that for each n there is an r, with 


< D*-c2&, for rzr, 


It is convenient in what follows to write A, = 1/A, = 2!?". For each n, 
take an integral power R, of A,_ , (sic!) which is >r, and large enough so 
that 


(D (A,— D&R, > 1. 


We require also that R, > R,-, if n > 1 so as to make the sequence {R,} 
increasing. 


Ani 
Ra AR, ARR, Ravi Ans Rast 
may ye See 
J) JO) Jpn ped) 
Figure 37 


Using the numbers R, and A, we construct certain intervals, in the 
following manner. Given n, we have, from R, up to R,. ,, the intervals 
(Ry A,R,], (A,R, A2R,],.... (AE ^! R,, AER,], say, with AFR, = R,,,. 
From R,, , onwards, each of the intervals (AR, A! ! R,] splits into two, 
both of the form (AT, ,R,.,, AT?R,,,]. After R,4., each of those 
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splits further into two, and so forth. We denote the intervals of the form 
(A2~'R,, A?R,] lying between R, and R,,, by J®. 

Consider any of the intervals J“. Since A, = 1/A,, we have, by (t) and 

the choice of R,, the inequality 
N(ARR,) — N(AR'R,) 

APR, — A?^!R, 

for the number N(A?R,) — N(A2~'R,) of points x, in JS. If the ratio 

on the left is < D*, let us throw new points into J® until we arrive at a 

total number of such points (including the x, already €J®) lying between 
(APR, — A?! R)D*. and (AR, — A? ! R(D* + 2¢,). 

This we can do, thanks to (*). 

In this manner we adjoin points to the sequence {x,} in each of the 
intervals J“ lying between R, and R,,,,, to the extent necessary. We do 
that for every n. When finished, we have a new sequence of points containing 
all the original x,. It is claimed that this new sequence is measurable, and 
of density D*. 

For r 7 0, call v(r) the number of points of our new sequence in [0,r]. 
Suppose that R > R,; then R lies in one of the intervals J‘” with mz n, 
and, since the e, decrease monotonically, 

(R — R,)D* — (D*  26)|Jf?| < WR) — (Ry) 
< (R—R,)(D* + 2e,) + (D* + 2e,)| J|, 
as is evident from our construction. Because A,, — 1 and 
JO? | S (Am — DRA,, € (A, — DA,R, the last relation shows that 


< XR) - YR) 
"^  R-R, 


as soon as R is sufficiently large > R,.* This means that we have 


< D* 2e, 


D* — X D* + 3e, 


R 
D* — 2e, <S TS < D*+4e, 
for R large enough, so, since e, can be taken as small as we like, 


A D for Roo. 


Our new sequence is thus measurable and of density D*, which is what was 
needed. We are done. 


4. The analogue of Pollard's theorem 


Returning from the above digression to the main subject of the 


* The upper index m of the interval JC? containing R tends to oo with R. 
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present §, let us complete our exposition of the parallel between weighted 
approximation by linear combinations of the e'^*, — A <A < A, and that 
by polynomials. To do this, we need the analogue of the Pollard theorem 
in $C.3. 

In the present situation, we cannot just copy the proof given for W,(x) 
in $C.3. That's because we now suppose merely that W(x)— oo for 
X — + oo, and no longer assume the growth of W(x) to be more rapid than 
that ofany power of x as x > + oo. This means that we no longer necessarily 
have W(x)/[x —i| — oo for x > + oo, or even W(x)/|x —i| > const. >0 
on R. 

The method of the proof in §B.3 can, however, be adapted to the treatment 
of the present case. 


Theorem. Let W(x) 2 1 and W(x) ^ oo for x —> + oo, and suppose A > 0. If 
W (1) < oo, then 


dt « oo. 


Proof. As in §C.3, put W(x) = W(x)/[x — il. For each fixed zọ¢R, the 
ratio 1/(t — z9)fV(t) is bounded above on R and — 0 as t> + œ. 

Let us define € (R) as the set of functions g continuous on R for which 
[o(x)/W(x)| is bounded and tends to zero as x > + oo (just as in the 
situation where W(x) 2 1), and put 


lols = sup aco 


for such 9. As we have just seen, all the functions 1/(x — zo), zo€R, do 
belong to 5 (R). 

Denote by &, the set of functions f(t) in &, such that tf(t) also belongs 
to &,; &, is just the set of entire functions f of exponential type < A with 
f(t) and tf(t) both bounded on R. There are plenty of such functions; 
sin A(t — zg)/(t — Zo) is one for each complex Zp. 

We have &,¢%,,(R). It is claimed that, if W,(i)< oo, &, is not 
| llw-dense in @;,(R). To see this, it is enough to verify that the function 
1/(t — i) (which belongs to €;(R)) is not the |  ||;-limit of functions in &,. 

Suppose, for y > 0, that we had an fed, with 


Then 
1 —(t—i)f(t) 
(t — )W(t) 


= 


1—(t-1)/() 
Wit) 
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for teR, so, putting G(t) 2 (1 — (t —i)f(t))/j we would have a Ge, 
(because fed ,) with |G |l < 1 and G(i) = 1/y. This means that 1/r would 
have to be < W (i), so n cannot be smaller than 1/W (i), and our assertion 
holds. 

Assuming henceforth that W,(i)« oo, we see by the Hahn- Banach 
theorem (same application as in §A.3) that there is a linear form L on the 
functions of the form 9/W, oe€ 5 (R), with 


< lol, eeccs(R) 


and L(f/W) — 0 for all fe? ,, whilst L(1/(t — i)W(t)) #0. 
Let now Ge@, (sic!), and take any fixed zo £R. Since the function 


G(t) — G(zo) 


t — Zg 


belongs to &, (!), we have 


G(0) - Gi) - 
(esa) " 


whence (the Markov-Riesz- Pollard trick again!), 


N G(t) A 
o ceo = tI] ero 


provided that the denominator on the right is different from zero. 
If ||Gllw <1, we have, since 


Ge)  _ lt—il Gt 
(t — zo) W (t) i t—zg Wit)’ 
that 
G E 
(t) x ub t—i i 
t— Zolle ter |É — Zo 


The quantity on the right was worked out in §A.2 and seen there (in the 
corollary) to be < (1 + |2Zo])/|3zo|. Therefore, if ||Glly <1, 


G(t) 
s) » 


Calling 


G(t) 
t — Zo 


1+ [Z| 


< i 
w |3Zol 


1 
(z) = Liro) for zéR 
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we see from this last relation and from (§) that, for Geé 4, 


1 4 |z| ; 
( |G(z)| < ——— if |Gly<1. 
) ^ 1600 < sag f lO 
We know that ®(i) # 0. Also, ®(z) is analytic for 3z > 0. That's because 
Ir-i (t-z—-Azy'-(t-2' | 1 " |t —i|Az 
Az (t-zP( — (t—z)?(t—z—Az) 


tends to zero uniformly for — oo < t < oo as Az — 0, provided that zéR. 
Since |t — i| W(t) = W(t) is 21 on R, this implies that 


@(z + Az) — dz) 1 
Az as (s 2 a) 


when Az — 0 as long as z¢R, and thus establishes analyticity of d(z) in the 
upper and lower half planes. 

The function dz), analytic and not = 0 for 3z > 0, is not quite bounded 
in {3z > 1}; it is, however, not far from being bounded in the latter region. 
(Here, by the way, lies the main difference between our present situation and 
the one discussed in §A.3.) We have, for teR, 


1 t-i t-i 
(t — z)W (t) (t—z)W(t)| ^ |t—z 
since W(t) > 1, whence, by §A.2, |1/(t — 2) || ~@<(1 + |z)/I3z|, so 
1 1+|2| 
® = |L i 
IREN | (cma) RA 


The function ®(z)/(z + i) is thus analytic and bounded in {3z > 1} and 
continuous in the closure of that half plane; it is certainly not identically 
zero there because ®(i) # 0. Therefore, by $G.2 of Chapter III, 


9] - |&(x +i) 
(tH) N los 


By the definition of W, and ($8) we now obtain 


xi 
W (x + i) = sup {|G(x + i): Ge&, and |Gl, <1} 
1-4 [xil Ix il 
(Ox +i) ^ Oe +i)’ 


dx < oo. 


and 


log W,(x +i) < log2+log™ 


(x +i) 
teri 
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Now we are in the hall of mirrors again! Take any Ge4 , with || G | & 1. 
Then, on the one hand, 


log|G(x i) < log W,(x +i), 


while, on the other, 
© log|G(x 4 i)| 
-v č- x} +1 


for čeR, according to the second theorem of §G.2, Chapter III, applied in 
the half plane 3z <1. Substituting into this last inequality the two 
preceding it, we find 


1 [ log" |d(x + i)/(x +i) 


and, since log W ,(£) is the supremum of leg| G(£)| for such G, we see that 


1 (° log" |d(x + i)/(x + i)| 
log W,(2) < Aslga f” SE Peta 


Using Fubini's theorem in the usual way together with this relation, we 
finally get 


| ? log W,() 


logiG(£)| < asif 


dx, 


dx. 


zo EFI dé 


®(x +i) 
x+i 


1(^ 2 
< mA +log2)+— | log™ dx. 


-o X? +4 


The integral on the right is, however, finite by (tt). The theorem is thus 
proved, and we are done. 


Remark. Thus, if W (1) < oo, the fourth theorem of article 2 (Akhiezer's 
description) and the discussion in article 3 related to it apply. 


F. L. de Branges' description of extremal unit measures 
orthogonal to the e^*/W(x), — A < å < A, when £, is 

not dense in @,,(R). 

We have now about finished with the individual treatment of 
uniform weighted approximation by polynomials or by functions in & 4. 
There remains one thing, however. 

In his study of the situation where linear combinations of the 
e?* — A < À < A, (or polynomials) are not | ||y-dense in €,(R), Louis de 
Branges obtained a beautiful description (valid for weights which are not 
too irregular) of the extremal unit measures orthogonal to the functions 
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el4*/W(x), — A < å <A (or to the polynomials divided by W). We should 
not end the present discussion without giving it. 


For the treatment of de Branges’ description, we assume that 
W(x) is continuous (and finite) on a certain closed unbounded 


subset E of R, and that W(x) = oo on R ~ E. As always, 
W(x) z 1. 


In this circumstance, the ratios q(x)/W(x) with qe€,,(R) are continuous 
on the locally compact set E, and tend to zero whenever x > + oo in E. 
We can write 


e(t) 


W(t) 


lel, = sup for oe€,(R), 

teE 
and we see that the correspondence q e» o/W is an isometric isomorphism 
between € ,,(R) and €,(E), the usual Banach space of functions continuous 
and zero at oo on the locally compact Hausdorff space E. The bounded 
linear functionals on @,(E) are given by the Riesz representation theorem. 


Therefore the ||  ||,,-bounded linear functionals on €,,(R) are all of the 
form 
g(t) * e(t) 
——dy(t) = — — dult 
[n Wi?) ut) Wo u(t) 


with totally finite complex Radon measures y supported on E. 

We consider in the following discussion the case where linear combi- 
nations-of the e"*, — A < 4 < A, are not || ||,-dense in @(R). We could 
also treat the situation where polynomials are not || ||,,-dense in €,(R) 
and obtain a result analogous to the one to be found for approximation 
by exponentials; here, of course, one needs to make the supplementary 
assumption that x"/W(x) —0 for every n 2 0 as x> + oo in E. 

Granted, then, that linear combinations of the e*, — A «A < A, are 
not || || ~-dense in €,,(R), there must, by the Hahn-Banach theorem, be 
some non-zero | ||,,-bounded linear functional on €,,(R) which is ortho- 
gonal to (i.e., annihilates) all the e^*, — A < 4 < A, or, what comes to the 
same thing (lemma of §E.1), to all the functions fe4 ,. According to the 
above description of such linear functionals, there is thus a non-zero totally 
finite Radon measure u on E with 


f...  (* fe) 
,Wog 2^9 = J We 


(*) du(x) = 0 for feé,. 
The idea now is to try to obtain a description of the non-zero measures 4 on 
E satisfying (*). 

In the first place, if a complex measure p satisfies (*). so do its real and 
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imaginary parts. That's because u=4(f +f*) and v =(1/2i)(f — f *) both 
belong to & , if f does (and conversely). However, u(x) and v(x) are both 
real-valued on R (recall that f*(z) -f(2), so, if u is any complex measure 
on E satisfying (*), we have, given feg ,, 


E v(x) 
eWay 7 Jewo 


du(x) = 


whence (taking real and imaginary parts) 


u(x) 


We = We) $9409 = 0, 
= 209 4 = 
Wo o WO) Sux) = 0, 
and thus 
f(x) | | fe9 =. 
d9iu(x) = |: We Wo) 49409 = 0. 


This means that a description of the real-valued (signed) u on E satisfying 
(*) provides us, at the same time, with one for all such complex measures 
p. Our investigation thus reduces to the study of the real signed measures 
u on E satisfying (*). 


Notation. Call X the set of finite real-valued Radon measures u on E 
satisfying (*) and such that 


ial - | Idu(x)| < 
E 


The set 2 is convex and w*-compact (over @(E)). We can therefore 
apply to it the celebrated Krein-Millman theorem, which says that X is 
the w*-closed convex hull of its extreme points. (Recall: an extreme point 
u of È is a member thereof which cannot be written as Au, + (1 — 4)u; 
with 0 «4 «1 and measures u, and u, in X different from pu.) More 
explicitly, we can, given any pe, find a sequence of finite convex 
combinations 

By = } ANAN) 


k 
of extreme points v,(N) of È (the 4,(N) > 0 and Y,A,(N) = 1 for each N) with 
duy(x) — du(x) w* as N-o. 


We can, in fact, even do better — Choquet's theorem furnishes a represen- 
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tation for u as a kind of integral over the set of extreme points of È. (The 
book of Phelps is an excellent introduction to these matters. In the present 
situation, E is metrizable, so a particularly simple and elegant form of 
Choquet's theorem applies to it.) The point here is that a good description 
of the extreme points of È will already tell us a great deal about all the 
members of X and thus, in turn, about the complex-valued u satisfying 
(*). Knowledge of those extreme points therefore takes us a long way 
towards a complete description of the measures p which satisfy (*). 

What Louis de Branges found is an explicit description of the extreme 
points of X. We now set out to explain his work. 


l. Three lemmas 
The main idea behind the following development is contained in 


De Branges’ lemma. Let u be an extreme point of X and ha 
bounded real-valued Borel function. Suppose that 


? f(x) 
~~ W(x) 


h(x) du(x) = 0 


for all fe& 4. Then h(x) is a.e. (|du|) equal to a constant. 


Remark. It is enough to assume that h is essentially (|du|) bounded, as will 
be clear in the proof. 


Proof. We start out by observing once and for all that an extreme point u of 
È is never the zero measure. That's because 


where, for v, we can take any non-zero member of È. In the situation of this §, 
EZ has non-zero elements. 
. . oo . 
In view of this fact, we must have fe ,,Idu(t)| = 1 for any extreme point u 
of X. Otherwise we could write 


H LETRAN E j 


with 0 < ||| < 1 and the measures 0 and p/|| u|| both belonging to X. 
Now we take a function h as in the hypothesis, and an extreme point u 
of X. The relation (*) holds, therefore 


p 


x) O)du(x) = 


for every constant C. Since h is bounded, we will have h(x) -- C 2 0 for 
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suitable C; we may therefore just as well assume that h(x) is positive to begin 
with, since otherwise we would only need to replace h by h+C in the 
following argument. 


We have, then, a positive bounded h satisfying the hypothesis. Unless 
h(x) 20 a.e. (|dy|) (in which case the lemma is already proved), we have 


[oan > 0. 
E 


Multiplication of h by a positive constant will then give us a new positive 
function like the h in the hypothesis, which we henceforth also denote by 
h, fulfilling the condition 


| A(t)|du(t)| = 1. 
E 
Since h is bounded, there is a 4,0 < 4 < 1, with 0 < Ah(x) < 1. Picking such 
a A, we have 
— Ah(t 
Ida) - [5 HO aug) 
E 


[e 
E 
z ie; | iol is | aoia zd 


1 
since fz |dy(t)| = 1. 


Also, 
LS s dut it 


W(x) 


for all feg , by the hypothesis and the property (*). In view of the previous 
relation, we see that the measure u, on E such that 
Ah(t) 


t= 
dult) = dy 


belongs to È. 
The same is true for the measure u, on E with 


du, (t) = h(t)du(t). 
However, 
dy(t) = Adu, (t) + (1 — A) du(t), 


and we assumed that u was an extreme point of X. Since 04 « 1, we 
therefore must have dy,(t) = du,(t), i.e., (1 — Ah(t))/(1 — 4) = A(t) a.e. (dul), 
and finally A(t) = 1 a.e. (|du|). The lemma is proved. 
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Lemma. Let p be an extreme point of X, let FeLj(|du|) and 
suppose that | ,F(t)dp(t) =0. Then there are f, € & , with 


| fit) 
E 


W(t) 
Proof. By duality. The usual application of the Hahn-Banach theorem 
shows that the infimum, for f ranging over & ,, of 


| S(t) 
E 


F(t) - —— 
is equal to the supremum of 


-= F()|Idu(t)) — 0. 


Idu(t)l 


W(t) 


| F(t)h(t)dy(t) 
E 


for Borel functions h such that |h(t)| < 1 a.e. (|du|) and 
ft) _ 
(t) f, Wo (t)du(t) = 0 


whenever feg ,. 


Since p is a real measure and any feé&, can be written as u +iv with 
u and v in &, and real on R, we see that, if h satisfies (1) for all fe&,, so 
do Rh and Jh. De Branges’ lemma now shows that these latter functions 
are constant a.e. (|du|) if h is bounded; in other words, the functions h 
over which the above mentioned supremum is taken are all constant a.e. 
(Idul). 

But then feh(t)F(t)du(t) = 0 for such functions h, according to our 
assumption on F. So the supremum in question is zero, and the infimum is 
also zero. Done. 


Lemma. Let u #0 belong to È. The functions f(z) in & , with 


Idu()) < 1 


form a normal family in the complex plane. The limit F(z) of any u.c.c. 
convergent sequence of such functions f is an entire function of exponential 
type <A with 


i log* |F(t)I 


ie dt < œ. 


Proof. Since p is real, the function O(z) = f e(du(t)/(t — z)W(t)), which is 
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analytic in both half planes $z>0, 3z <0, cannot vanish identically in 

either (otherwise u would be 0). ®(z) is bounded for 3z > 1 and for Jz < — 1. 
If now feg, the function of t, (f(t) — f (z))/(t — z), also belongs to & 4, 

making fcc) — f (z))/(t — z))(du(t)/ W(t)) = 0. Therefore, if zéR, 


1 | f(du(t) 
El 


JO = SD- wt) 


(the Markov-Riesz-Pollard trick again!) When f; f()/W(t)|l|dg(t) < 1, 
this yields, for z = x +i, | f(x + i)| <|1/O(x + i)|, and, by $E of Chapter III, 


logi fl < Axes [ INF log fe +D 4 


— 2 IC —x Fil? 
E. 1(° IX F H|llog" |d(x +1 
< agsu] Ier on IDEE 
Tj -o IC —x Fil 


Since ®(z) is #0 both in Jz » 0 and in 3z <0, we have 
fE q/ + x?))log™ |®(x + i)|dx < oo 
and 
f2 (1/0 + x?)) log” |®(x — i))dx < oo. 


From here on, the proof is like that of Akhiezer’s second theorem (§B.2 - 
see also §E.2, especially the proof of the corollary at the end of that article). 


2. De Branges’ theorem 


Lemma. Let y be an extreme point of X. Then y is supported on a 
countably infinite subset of R without finite limit point. 


Proof. As we saw in proving de Branges’ lemma (previous article), an 
extreme point u of X cannot be the zero measure. 

Such a measure u cannot have compact support. Suppose, indeed, that u 
were supported on the compact set K € E; then we would have 


eiÀ* 
— du(x) = 0, —A«AxA. 
| wa u(x) 


Here, since K is compact, we can differentiate with respect to 4 under the 
integral sign as many times as we wish, obtaining (for 4 = 0) 


| itm = 0, n=0,1,2.... 
K 
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From this, Weierstrass’ theorem would give us 


g(x) 
= 0 
! Woo) du(x) 


for all continuous functions g on K. Then, however, u would have to be zero, 
since K € E, and W(x) is continuous (and « oc) on E. 

The fact that u does not have compact support implies the existence of a 
finite interval J containing two disjoint open intervals, I, and I,, with 


f, anoi >0 and NEED 
li h2 


This means that we can find a Borel function @, identically zero outside 
I ul, (hence identically zero outside J) with |(t)| equal to non-zero 
constants on each of the intervals J,,/,, such that 


| e(t)du(t) = 0. 


— 00 


On account of this relation we have, by the second lemma of the preceding 
article, a sequence of functions f eg , with 


| > | f(t) 


W(t) 
The third lemma of the above article now shows that a subsequence of the 
J,(z) converges u.c.c. in C to some entire function F(z) of exponential type 
< A, and we see by Fatou’s lemma that 


— e(t) 


dut) — 0. 


© | F(t) , 
ils wo ?9 Idu(t)| = 9, 
i.e., 
F(t) — 
wa e(t) a.e. (Idul). 


By its construction, o is not a.e. (|du|) equal to zero, hence F(z) € 0. The 
function ọ does, however, vanish identically outside the finite interval J. 
Therefore 


—— = Oae.(ldul) tJ. 
Since F(z) x 0 is entire, F can only vanish on a certain countable set without 


finite limit point. We see that u, outside J, must be supported on this 
countable set, consisting of zeros of F. 
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Because the support of u is not compact, there is a finite interval J’, 
disjoint from J, and containing two disjoint open intervals I, and I’, with 


INED f, ld) >0. 


Repetition of the argument just made, with J’ playing the rôle of J, shows 
now that p, outside J’ (and hence in particular in J!) is also supported on a 
countable set without finite limit point. Therefore the whole support of win E 
must be such a set, which is what we had to prove. 


Remark. The support of p must really be infinite. Otherwise it would be 
compact, and this, as we have seen, is impossible. 
Now we are ready to establish the 


Theorem (Louis de Branges). Let W(x) 2 1 bea weight having the properties 
stated at the beginning of this $, and let E be the associated closed set on which 
W(x) is finite. 

Suppose that & , is not || ||w-dense in € ,(R), and let u be an extreme point 
of the set È of real signed measures v on E such that 


f |dv(t)| < 1 
E 
d 


f(t) " 
[eoo = 0 for all fe& ,. 


an 


Then y is supported on an infinite sequence (x,) without finite limit point, 
lying in E. There is an entire function S(z) of exponential type A having a 
simple zero at each point x, and no other zeros, with 


Moreover, 
* log*|S 
M ON ay ako 
-æ lx 
and 
tim CELSO _ ym BISO _ 4 
yo y y^-o ly] 


Proof. Let us begin by first establishing an auxiliary proposition. 
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Given an extreme point 4 of È, suppose that we have a sequence of 
functions f, e & , such that 


f ” M9 — foo Ot _, 0. 


W(x) "" 


We know from the third lemma of the preceding article that a subsequence 
of the f,, tends u.c.c. in C to some entire function F of exponential type x A, 
and here it is clear by Fatou's lemma that 


2 d 
© [um rn EH — o. 


whence surely 
° F(x) 
-a WO) 
since (^ | (f,()/W(x))du(x) = 0 for all n. 


Our auxiliary proposition says that the relations 


” F(x)—Fla)dp(x) _ ? v pE- Fla) du) _ 
I^ x—a W(x) 0, Le b) x—a wo S 


du(x) = 0 


also hold for the limit function F; here, a and b are arbitrary complex 
numbers. Both of these formulas are proved in the same way, and it is 
enough to deal here only with the second one. 


Wlog, falz) —9 F(z) u.c.c., whence f,(a) — F(a) and thence, by («), 


i | f(x) — fala) — (F(x) — F(a))l 


i W(x) |du(x)| gue 0, 


since W(x) > 1. From this is clear that 


| x—b 
|x-al21 


x—a 
Also, the u.c.c. convergence of f,(z) to F(z) makes 


LO-A ay — FOFO 
i z—a 


z—a 


|du(x)| 


@ XX) — fala) — F(x) + F a) 


(z — b) 


u.c.c., by the elementary theory of analytic functions (Cauchy's formula’). 
Therefore we also have 


MIS CE 
lx-al<! 


x—a x—a 


Idu(x)| 


W(x) ^" 
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and finally 
Since, however, the f, € 4 ,, we have (x —b)(f,,(x) —f,(a))/(x — a) e & 4, 
whence 


* fo) — f. (a) du(x) 
|: x—a (EG) =" 


ISO), yy FG) Fi). C 
x—a x—a W(x) ” 


for each n. Referring to the previous relation, we see that 


* F(x) — F(a) du(x) — 
[^ x—a pir 7mm 3 


as we set out to show. 

Now we turn to the theorem itself. According to the lemma at the 
beginning of this article, our measure p is supported on a countable set 
(x) S E without finite limit point, and, by the remark following that 
lemma, u({x„}) 4 0 for infinitely many of the points x,. There is thus no loss 
of generality in supposing that u((x,]) #0 for each n. 

Take any two points from among the x,, say x; and x,, and put 


1 

909) = apos x 
1 

9(x,) = 


u( 4]. — Xo)’ 


and (x) — 0 for x z xo or x,. Then 


| " pdp) = 0, 


= 0 


so, as in the proof of the preceding lemma, there is a sequence of f,¢8, with 


| ? | Srl) 


W(x) 
and, wlog, f,(z) — F(z) u.c.c., F being some entire function of exponential 


— e(x) Idux) — 0 


type <A. We see that 


F(x) 


9 wa 


= q(x)a.e. (Idul), 


2 De Branges’ theorem 195 


whence 


"m | © |f.) — FO) 


We) Idu(x)| — 0. 


From (*) and the definition of o, we have F(x) + 0, F(x,) #0, so F(z) #0. 
For the same reasons, however, F(x) vanishes at all the other points x,, 
n x 0, 1. 

Put 


S(z) = F(z) — xo)z — x). 


Then S, like F, is an entire function of exponential type < A. S(z) vanishes 
at each of the points x, in the support of y. Finally, 


I: log * |S(x) 


dx « oo, 
-o 1+x? 


since, by the third lemma of the preceding article, the function F has this 
property. 
Let us compute the quantities S'(x,). We already know that 
Wíxo) 
u({xo})’ 
and similarly S’(x,) = W(x;)/u( (x,)). Take any other point x,, n #0, 1, and 
form the function 
S(x) _ F(x) 
(x—xg(x—-x) | x—-x, 


S'(xo) = Fí(xg)(xo — xı) = W(xo)e(xo)(xo — x1) = 


Since F(x,) = 0, (t) implies, by our auxiliary proposition, that 


f Fé) (dae) _ 


-oX — Xn W(x) 


The function S(x)/(x — xo)(x — x,) vanishes at all the x,, save xy and x,. The 
previous relation therefore reduces to 


S'(xo)u( xo] ) SAd) 0 
(xo —x,)W(xo) (Xn — Xo) W (xn) í 
i.e., 
S'(x,) 
W(x,) 


and finally S'(x,) = W(x,)/u((x,]). 
The function S(z) can have no zeros apart from the x,. Suppose, indeed, 


ux) = 1, 
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that S(a)=0 with a different from all the x,; then we would also have 
F(a) = 0, so, in the identity 


| P Sx) — dux) — | ? F(x) dux) 


ECE mM lace "wp. 


the right-hand integral would have to vanish by our auxiliary proposition. 
The quantity (F(x)/(x — a))(x — x,) is, however, different from 0 at only one of 
the points x, in ps support, namely, at xo, where 


F(xo) = S'(xo) 
Gwaun = Xp—a’ 


We would thus get 


S'(xo) u((xo) _ 
xo—a W(x) 


> 


i.e., in view of the computation made in the previous paragraph, 


1 =0, 


Xo—a 


which is absurd. 

The function S(z) thus vanishes once at each x,, and only at those points. 
As we have already seen, p( {x,,}) = W(x,)/S'(x,), S(z) is of exponential type 
< A, and 


i log* [$691 4 Duas 
-o lx i 


To complete our proof, we have to show that log|S(iy)|/|y|_ — A for 
y> to. 
In order to do this, let us first derive the partial fraction decomposition 


1 1 
Seq ^ Fea 


Note that >°,|1/S'(x,)| is surely convergent because p({x,}) = W(x,)/S'(x,), 
H is a finite measure, and W(x) > 1. Take the function 
G(t) = F(t)(t — x1) = S(t)/(t — xo), and, for fixed z, observe that 


G()—G(z _ F()(t—x)-— FG — x1) 


t—z t—z 
_ F(t) - Fe) 


tm) + FO. 
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By our auxiliary proposition, 


I: F)— Fe), Sgt) uH 


-2> 4 Wit) | 


0, 


and of course 


bi d 
f FO D = 


since le&,. Therefore 


f ? G(t)— Gz) dult) 


t-z W(t) i 


— 00 


or, since G(t) vanishes at all the x, save Xo, 


G(x) A (xo)) 1 _ 
ncrWog ^95]: 


This is the same as 


Sb) 1 _ s 


Xo—Z S'(xg) D Z — Xon (Xn — z)S'(x,)' 


or 


the desired relation. 

From the result just found we derive a more general interpolation formula. 
Let — A < 4 < A. Then (ei~ — e'**)/(t — z) belongs, as a function of t, to & 4, 
so 


o0 ei^! — ei d (t) _ 
t—z W(t) | 


In other words, 
ges idz 1 
lG.-23569 ^^ 20-2056 


According to our previous result, the right-hand side is just — e'*#/S(z). 
Therefore 


ei^Xn 


i D (z m x,JS' (Xn) 
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(An analogous formula with e replaced by any f (t)e& , also holds, by the 
way — the proof is the same.) 
In the boxed relation, put 4 = — A and take z — iy, y > 0. We get 
e^? e iAxn 


Siy ~ Lüy— x86 


Since Y,,|1/S'(x,)| < oo and the x, are real, the right side tends to 0 for 
y oo. Thus, 
i : 

liminf 22/50)! 2A 

yoo y 
But limsup,..,log|S(iy)|/y < A since S is of exponential type « A. 
Therefore log |S(iy)|/y > A for y — oo. 

On taking À = A in the above boxed formula and making y > — oo, we 

see in like manner that 


log | S(iy)| 


->A for y-—oo. 
[yl Á 


De Branges’ theorem is now completely proved. We are done. 


3. Discussion of the theorem 


De Branges’ description of the extreme points of X is a most 
beautiful result; I still do not understand the full meaning of it. 

Since f^ . (log* |S(x)|/(1 + x?)) dx < oo and S(z) is of exponential type, 
the set of zeros (x,) of S, on which the extremal measure u corresponding to 
S is supported, has a distribution governed by Levinson's theorem (Chapter 
III; here the version in $H.2 suffices). Because 


log | S(iy)| 
M 
we see by that theorem that 


—A for y—-too, 


number of x, in [0,t] A 
prre M LITT M LEE 
t Tn 
and 
number of x, in [—1,0] A 
t Um 


The zeros of S(z) are distributed roughly (very roughly!) like the points 


=n, n=0, 41,42 d 
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(We shall see towards the end of Chapter IX that a certain refinement of this 
description is possible; we cannot, however obtain much more information 
about the actual position of the points x,.) 

De Branges’ result is an existence theorem. It says that, if W is a weight 
of the kind considered in this § such that the e'^*, — A <1 < A, are not 
l| llw-dense in €,4(R), then there exists an entire function ®(z) of 
exponential type A with 


log| ®(iy)| 


dx « oo, 
M 


© log*|ó 
ae ee | log* 10) 
-æ itx 


and | @(x,)| > W(x,) on a set of points x, with x, ~(2/A)n for n> + œ. 

It suffices to take ®(x) = S'(x) with one of the functions S(z) furnished by 
the theorem. (There will be such a function S because here X is not reduced 
to {0}, and will have extreme points by the Krein-Millman theorem!) If ( x,) 
is the set of zeros of S, we have 


We) _ [* : 
Lise 7 NC -d 


so |$'(x,)| > W(x,). Let us verify that 


? log* [S69 
-æ dx? 


dx « oo. 


Our function S(z) is of exponential type; therefore, so is S'(z). The desired 
relation will hence follow in now familiar fashion via Fubini's theorem and 
$E of Chapter III from the inequality 


4 log * |S'(x +i)| 


dx « oo, 
so od ext 


which we proceed to establish (cf. the hall of mirrors argument at the end of 
§E.4). 
Since S(z) is free of zeros in 3z > 0, we have there, by $G.1 of Chapter III, 


1|* Szlog|S()] 


A — 
log |S(z)] Side haesit 


dt 


AS zi s( 5: Jieisona. 
nj- Mz 


For the same reason one can define an analytic function log S(z) in 3z > 0. 
Using the previous relation together with the Cauchy—Riemann equations 
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we thus find that 


S'(z) _ dlogS(z) z (- i5 )ieeison 


Sc) dz Ox ðy 
xm i {° log|S(t)| 
- aif zm dt, $3220, 


whence, taking z = x + i, 


S(x +i) l(* [logis@ll 4, 
Sx +i) | ~ n-alt +1 
Here, since 
© log* |S 
| og ISOl e < E. 
-œ ttl 
we of course have 
*? log™ |S(t 
{ ISO a < co, 
aw el 


(Chapter III, §G.2) so 


1 [^ logis] 
a faa dt = sayC, 
a finite quantity. By §B.2 we also have 
t—i 


2 
"EG < (Ix|--2)7, teR, 


so 


=| MoglSOl ac CUx| +2" 


zx |.s.(t—x?41 
and thence, by the previous relation, 
| S’(x + 1)| 
———— «€ A-« C(Ix| 4 2). 
[See i (|x| + 2) 


This means, however, that 
log|S'(x +i)| < log(A + C(|x|+2)*) + log|S(x i), 
from which 


e +I 1 eo * 1 
log ISO IPF, < log DRM 
-o xt! -œo 1L+x 

m I: log* (A + C(Ix| + 27) 


m x41 We 
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Both integrals on the right are finite, however, the first because 


E log* |S(x)| 


iu dx « oo, 


— 00 
and the second by inspection. Therefore 


oo * D z 
| log IG +i) 1. 


14x? TOSS 


which is what we needed to show. 
We still have to check that 


log |S'(y)] 


iyi —A for y—+0. 
y 


There are several ways of doing this; one goes as follows. Since the limit 
relation in question is true for S, we have, for each e » 0, 


IS(z) < M,exp(AISz| + elzl) 


(see discussion at end of §B.2). Using Cauchy's formula (for the derivative) 
with circles of radius 1 centered on the imaginary axis, we see from this 
relation that 


|S’(iy)| < const.e +, 
so, since £> 0 is arbitrary, 


: log |S'(iy)| T 
yc to |y] 

However, S(iy) = S(0) + if S'Gin)dy. Therefore the above limit superior 
along either direction of the imaginary axis must be A, otherwise 
log|S(iy)|/|y| could not tend to A as y + oo. By a remark at the end 
of §G.1, Chapter III, it will follow from this fact that the ratio 
log|S (iy)|/] y| actually tends to A as y ^ + oo, if we can verify that S'(z) has 
only real zeros. 

To see this, write the Hadamard factorization (Chapter III, §A) for S: 


z 
S(z = Ae*[] ( 1— Z) ezn, 
n Xn 
(We are assuming that none of the zeros x, of S is equal to 0; if one of them is, 
a slight modification in this formula is necessary.) Here, as we know, all the 
x, are real, therefore 


Sy) 


e| ee esee 
S(— iy) 
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Since log |S(iy)|/y and log|S(—iy)|/y both tend to the same limit, A, as 
y oo, we must have Jc = 0, i.e., c is real. Logarithmic differentiation of the 
above Hadamard product now yields 


whence 


S'(z) 3z 
alsa) ^ LE 
The expression on the right is <0 for 3z » 0 and >0 for Jz «0; S'(z) 
can hence not vanishin either of those half planes. This argument (which goes 
back to Gauss, by the way), shows that all the zeros of S'(z) must be real, as 
required. 

We have now finished showing that the function ®(z) = S'(z) has all the 
properties claimed for it. As an observation of general interest, let us just 
mention one more fact: the zeros of S'(z) are simple and lie between the zeros 
x, of S(z). To see that, differentiate the above formula for S'(z)/S(z) one more 
time, getting 


dí(S()Y | 1 
uso) ae eee 
From this it is clear that S'(x)/S(x) decreases strictly from oo to — oo on 
each open interval with endpoints at two successive points x,, and hence 
vanishes precisely once therein. S'(z) therefore has exactly one zero in each 
such interval, and, since all its zeros are real, no others. 
This property implies that the (real) zeros of S'(z) have the same 


asymptotic distributions as the x„ From that it is easy to obtain another 
proof of the limit relation 


log |S‘(iy)| 
lyi 

Just use the Hadamard factorization of S'(z) to write log|S‘(iy)| as a Stieltjes 

integral, then perform an integration by parts in the latter. The desired 

result follows without difficulty (see a similar computation in $H.3, 
Chapter IIT). 

Let us summarize. If, for a weight W(x), the e^*, — A < å < A, are not 

ll l|,-dense in €,(R) Louis de Branges theorem furnishes entire 

functions of precise exponential type A having convergent log* integrals 

which are at the same time large (> W in absolute value) fairly often, 

namely on a set of points x, with x, ^ (1/A)n for n> + oo. These points 


— A, y— too. 
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x, are of course located in the set E where W(x) < oo; the theorem, un- 
fortunately, does not provide much more information about their position, 
even though some refinement in the description of their asymptotic distri- 
bution is possible (Chapter IX). One would like to know more about the 
location of the x,. 


4. Scholium. Krein's functions 


Entire functions whose reciprocals have partial fraction decom- 
positions like the one for 1/S(z) figuring in the proof of de Branges' theorem 
arise in the study of various questions. They were investigated by M.G. 
Krein, in connection, I believe, with the inverse Sturm—Liouville problem. 
We give some results about such functions here, limiting the discussion 
to those with real zeros. More material on Krein's work (he allowed 
complex zeros) can be found, together with references, in Levin's book. 


Theorem. Let S(z) be entire, of exponential type, and have only the real simple 
zeros {x,}. Suppose that S(z) — oo as z ^ oo along each of four rays 


argz = %&, 
with 
n 3n 
00, <7 «8 « & «0, <> «0, «2n, 


and that also 
Yl 1/S'(x,)| < oo. 


Then 
1 1 


S) — 2G = xyJS'(x,) 


Proof. The function 
2 S(z) 
Ha) = AT xy) 


is entire, since S(x,) 2 0 for each n and Y,,|1/S'(x,)| < oo. 
I claim that L(z) is of exponential type. Clearly, 


|S(2)| 
1321 ° 


so the growth of L(z) is dominated by that of S(z) outside the strip |32] < 1. 
For |3z| <1, one may use the following trick. The function ,/|L(z)| is 


|L(z)| < const. 
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subharmonic, therefore 


Vite < + |: JIL + 2e*)|a6. 


Substituting the preceding inequality into the integral on the right, we 
obtain for it a bound of the form consteX"?f" d6/,/|3z+2sin 0|, 
and this is clearly < consteK"? for |z| « 1. We see in this way that 
| L(z)| < Ce*" for all z. 

We have L(x,) ^ 1 at each x,. Therefore 


W- y 01 1 
Sz) ^(-xJ)$G) SC) 
is entire; as the ratio of two entire functions of exponential type it is also 


of exponential type by Lindelóf's theorem. (See third theorem of SB, 
Chapter IIT.) 


Since Y,|1/S'(x,)| < oo, 


1 
» (z E x,J$ (x,) 


— 0 


as z — oo along each of the rays arg z = o, k = 1,2, 3 and 4, and by hypothesis 
1/S(z) ^ 0 for z —^ oo along each of those rays. Therefore (L(z) — 1)/S(z) is 
certainly bounded on each of those rays, so, since it is entire and of ex- 
ponential type, it is bounded in each of the four sectors separated by them 
(and having opening < 180°) according to the second Phragmén- Lindelóf 
theorem of $C, Chapter III. The entire function (L(z) — 1)/S(z) is thus 
bounded in C, hence equal to a constant, by Liouville's theorem. Since, as we 
have seen, it tends to zero for z tending to oo along certain rays, the constant 
must be zero. Hence 


Lea x5) Se) ~ QED. 


Remark. The hypothesis of the theorem just proved is very ungainly, and 
one would like to be able to affirm the following more general result: 
Let S(z), of exponential type, have only the real simple zeros x,, let 
>| US'(x,)] < oo, and suppose that S(iy) > oo for y> + œ. Then 
1 1 
Sz) Lex) 


One can waste much time attempting to prove this statement, all in vain, 
because it is false! In order to lay this ghost for good, here is a counter 
example. 
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Take 


S(2) - fi(1 -£) es 


since $»2^" « oo, S(z) is of exponential type. One readily computes 
|S’(2")| by the method used in $C, and finds that 


|S'(2*)| ae L gue- 372 92"(S(1)) 
for n — oo; we thus certainly have 
21/$^J « oo. 


It is also true that 
eo y? 
ISP = f 4) T 
1 


for y + oo. However, [ [? (1  |z|/2") <e% for z > oo, again by conver- 
gence of 3? 2^" (see calculations in §A, Chapter III!). So, for x real and 
negative, 


SQ) = ef] (1 4 x) < echtes, 
and, for x ^ — oo, 1/S(x) tends to oo like an exponential (!). Therefore 1/S(x) 
certainly cannot equal 

oo 1 
» (x — 2")S’(2") 


which tends to zero as x  — oo. 


Theorem (Krein). Let an entire function S(z) have only the real simple zeros 
x,; Suppose that Y ,| 1/S'(x,)| < oo and that 


1 1 
sa 7 FE rS 
Then S(z) is of exponential type, and 


[- log" |S(x)| 


dx « oo. 
-o l4x? 


Remark. In particular, for functions S(z) satisfying the hypothesis of the 
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previous theorem, we have 


(a log* |S(x)| 


dx « oo. 
-o 1+x? 


The reader who wants only this result may skip all but the last paragraph of 
the following demonstration. 


Proof of theorem. Without loss of generality, $^,| 1/S'(x,)| = 1, whence, by 
the assumed representation for 1/S(z), 
1 1 


L| ip 
S(z) |3z| 


Given any h > 0, the reciprocal 1/S(z) is thus bounded and non-zero in each 
of the half-planes {3z > h}, (Sz € — h}, as well as being analytic in slightly 
larger open half planes containing them. The representation of §G.1, 
Chapter III, therefore applies in each of those half planes, and we find that 
in fact 


| log SU E on 
=~ IF 
and that 
1 1 f” ($z—A)log|1/S(t + ih)| 
—| = —A(3z—-hy4+—-] Seed 
oeli AG nif lz- t—ih? i 


for Jz > h, while (^. (log^ |1/S(t — ih)|/(1 + t?)) dt < oo and 


? (ISz| — h)log|1/S(t — ih)| 
Ls |z—t+ih|? 


log dt 


ss - - Bi nz 
when Jz < — h. 

Here, A, and B, are constants which, a priori, depend on h. In fact, 
they do not, because, by the remark at the end of §G.1, Chapter III, 
lim,- 4, (1/y)logl1/S(iy)| exists and equals — A,, with a similar relation 
involving B, for y 9 — oo. All the numbers — A, for h >O are thus equal 
to the limit just mentioned, say to — A, and all the B, are similarly equal 
to some number B. 

For each h > 0 we thus have, for 3z > h, 


i 1 {° (Sz —hlogl|S(t + ih 
1 {° (Sz—h)og* ih 
< A(gz — h) - — Cer og Toe EMI 
nj. iz — t — ih| 


Similar relations involving B, which we do not bother to write down, hold 
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for Jz < —h. Let us fix some value of h, say h = 1. We have 


ie log*|S(t ti], — i log |1/S(t  i)] 


dt, 
-» Ite a 140 


both of which are finite. Knowing this we can, by using the two inequalities 
for log|S(z)| involving yis with log*, in {3z > 1) and in (3z < — 1}, 
verify immediately that S(z) is of exponential growth at most in each of the 
two sectors ó«argz«mz—ó, m-ó«argz«2n—ó, ó»0 being 
arbitrary. This verification proceeds in the same way as the corresponding 
one made while proving Akhiezer's second theorem, $B.2. 

It remains to show that S(z) is of at most exponential growth in each 
of the two sectors |argz| <ô, |argz —x|« ó. This can be done by choosing 
ô < n/4 and then following the Phragmén- Lindelóf procedure used at the 
end of the proof of Akhiezer's second theorem, provided that we know 
that |S(z)| < exp(O(|z|?)) for large |z| in each of those two sectors. This 
property we now proceed to establish. 

The method followed here is like that used to discuss L(z) in the proof 
of the previous theorem. For h » 0, we have |S(t + ih)| > h, so 


1 ('* log" |S(t+ ih) 2i 
= od s Ss 
a 1+¢? uii 


At the same time, 


asif logi SP 
Tyo +1 
and, since i+ ih lies on the positive imaginary axis, we already know that 
log |S(i+ ih)| < C(h + 1) for h>0, for the positive imaginary axis lies in 
the sector ô < argz < n — ô where (at most) exponential growth of S(z) is 
clear. Because log* | S(t + ih)| = log | S(t + ih)| + log" |S(t + ih)|, the above 
relations yield, for h> 0. 


1f° log* | S(t + ih)| 
a 


dt = log|S(i+ ih)], 


1 
X — t, 
PT dt A+C(h+ 1) + log » 


In like manner, 
1 f” log* |S(t — ih)| 
nj. +1 

when h >Q. 

From these two inequalities we now find, for large (!) R, that 


° | S(t 
+" es og" [5t log SET ay X const.R? 
iss 1+: 


dt < -B+ C(h+1)+log* + 
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(note that f rlog* (1/lyl)dy <const!). This inequality yields, in turn 
R R 
f f log* |S(z)|dxdy < const.R* 
-RJj-R 


for large R. 
Let z, be given. Since log* |S(z)| is subharmonic, 


1 
log* |S(Zo)| < ——3; {| log* |S(z)|dx dy 
n|Zol 


Ez —zol &lzol 
4 R R $ 
< — | S(z)|dx dy, 
NM og" |S(z)|dx dy 


where R=2|z,.|. By what we have just seen, the expression on 
the right is «(1/R?)O(R^) 2 O(|zg?) for large values of |zo|, ie. 
| S(zo)| < exp (O(Izo]?)) when |zo| is large. This is what we wanted to show; as 
explained above, it implies that S(z) is actually of exponential growth in the 
two sectors |argz| « ó, |argz — | < ô, and hence, finally, that the entire 
function S(z) is of exponential type. 

We still have to show that 


i log* IS] 4 


< o. 
-o 14x) 


That is, however, immediate. In the course of the argument just completed, 
we had (taking, for instance, h — 1) the relation 


Lr log* |S(t + i)] 


dt < o. 
am def 


Because S is of exponential type, the desired inequality follows from this 
one by 8E of Chapter III (applied in the half plane 3z « 1) and Fubini's 
theorem, in the usual fashion (hall of mirrors). We are done. 


Remark. We remind the reader that, since the functions S(z) considered 
here have no zeros either in 3z > 0 or in 3z < 0, the representation of §G.1, 
Chapter III holds for them in each of those half planes. That is, 


1|? Jzlog|S(| 


log | S(z)| AX +o z-i 


dt for 3Jz>0, 


—00 
and 


? |Sz|log|S(t 


|z—t/? 


log | S(z)| dt for 32z<0. 


— 00 


1 
a3: [ 
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Problem 9 
Let x_,, = — Xp let Y? 1/x? < oo, and suppose that Y *,|1/S'(x,)] < oo, 
where 


eo z? 


The x, are assumed to be real. 
Show that 


1 2 1 


Ü 


SG — AG -x) e 
and hence that S(z) is of exponential type, and that 


F log* |S(x)| 


2e dx? re do 


(Hint: First put S,(z) = Thess r(1 — z?/x2), and show that one can make 
R- oo in the Lagrange formula 


Sa(z) 
ix jn (Z — XS R(Xn) 


1 = 


so as to obtain 


e 50 


x -o (z d xS (x) 


At this point, one may either invoke Krein's theorem, or else look at the 
Poisson representation of the (negative) harmonic function log|1/S(z)| in 
a suitable half-plane {3z > H}, noting that here |S(z)| < S(i|z|).) 


Problem 10 

Let S(z) be entire, of exponential type, and satisfy the rest of the hypothesis 
of the first theorem of this article. That is, S has only the real simple 
zeros x,, 2,|1/S'(x,)| < oo, and S(z) — œ for z tending to œ along four 
rays, one in the interior of each of the four quadrants. Suppose also that 
the two limits (which exist by the above discussion) of log|S(iy)|/|y|, for 
y oo and for y — oo, are equal, say to A 0. The purpose of this 
problem is to prove that 


el4xn 
Ls) = 0 fo —-A«xA«xA. 
(a) If 
iaxn 
Fe) = y 


a (z uz xJS'(x,)' 
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show that F(z) is entire and of exponential type A, and that 


p log* | F(x)| 


; dx < c 
-œ lx 


(Hint: Refer to the trick with L(z), pp.203-4.) 
(b) Show that Q(z) = (F(z) — e!“*)/S(z) is entire and of exponential type, and that 


f ? log* IROI jx 


< ©. 
-œ dex 


(c) If —A<A<A and Q(z) is the function constructed in (b), show that 
Q(z) = 0. (Hint: First show that Q(iy) —- 0 for y> + oo when - A < 4 < A. 
Use this fact and the result proved in (b) to show that 
i log| Q(Re'*)| 
imsup ——— —— < 

Ro R 
if 9 #0 or x. Then use boundedness of Q on the imaginary axis and apply 
the Poisson representation for log|Q(z)| (or else Phragmén-Lindelóf) in 
the right and left half-planes.) 

(d) E2 (e^*/S'(x,)) 20 for — A <å < A. (Hint: Show this for —4 <å < A 
and argue by continuity. Here, one may observe that 


oo gi^Xn oo giÀxn 
2 sq) m (3 L we Lu) 


and use the result of (c).) 


G. Weighted approximation with L, norms 
The results established in §§A-E apply to uniform weighted 
approximation, i.e., to approximation using the norm 


llw = sup 
teR 


One may ask what happens if, instead of this norm, we use a weighted L, 
one, viz. 


lo lw, p= M 


here, p is some number z 1. The answer is that all the results except for 
de Branges' theorem (§F) carry over with hardly any change, not even in 
the proofs. Here, we of course have to assume that, for x > + oo, W(x) oo 
rapidly enough to make 


oo 1 p 
MC dx « oo. 


g(x) |P 
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(some weakening of this restriction is possible; compare with the discussion 
in §E.4.) 

It is enough to merely peruse the proofs of Mergelian's and Akhiezer's 
theorems, whether for approximation by polynomials or by functions in & 4, 
to see that they are applicable as is with the norms || ],,,,. Here the 
functions Q(z), Q(z), W,(z) and W,(z) have evidently to be defined using 
the appropriate norm | ||», instead of || |lw. And it is no longer 
necessarily true that W,(x) « W(x). 

Verification of all this is left to the reader. In general, in the kind of 
approximation problem considered here (that of the density of a certain 
simple class of functions in the whole space), it makes very little difference 
which L, norm is chosen. If the proofs vary in difficulty, they are hardest for 
the L, norm or for the uniform one. Here, the continuous functions (with the 
uniform norm) play the rôle of ‘lim,..,,L,’, and not Lo, which is not even 
separable. 


H. Comparison of weighted approximation by polynomials and 
by functions in & , 
We now turn to the examination of the relations between the || || y- 
closed subspaces of € (IR) generated by the polynomials and by the linear 
combinations of the e^*, — A <å « A, for A » 0. 


In order to consider the former subspace, it is of course necessary to 
assume that 


x"/W(x) —50 for x— Xo 


when n z 0. This we do throughout the present $. 


We also use systematically the following 


Notation. €,(0)isthe || ||,,-closure of the set of polynomials in € (R). For 


A0, €,(A)isthe| |[,-closure of the set of finite linear combinations of 
the e^*; — A < A < A. (Equivalently, € (A) is the | |ly-closure of & 4; see 
§E.1.) 


It also turns out to be useful to introduce some intersections: 


Definition. For A > 0 (sic!), 


CwA+) = () Cul’). 
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In this $, we shall be especially interested in € (0 + ), the set of functions in 
€ w(R) which can be | ||w-approximated by entire functions of arbitrarily 
small exponential type. 

We clearly have @y(A) € @y(A +) for A 0. But also: 


Lemma. E y(0) € @y(0 +). 


Proof. We have to show that @(0) € €,(A) for every A > 0. Fix any such 
A. 
We have x/W(x) —+0 for x > + oo. Therefore, for the functions 
gi * x " eix 


fh) = Pc h 0, 
we have || fll, <const., h >0, and f,(x)/W(x) —+0 uniformly for h>0 
as x— c oo. Since f,(x) — xe"* ucc. in x for h—0, we thus have 
ll f(x) — xei^*l,, — 0 as h0, and xe'^* e @y(A) if -A <å <A. 
By iterating this procedure, we find that x"e?* € €,,(A)for n = 0, 1,2, 3,... 
if — A « 4 « A. In particular, then, all the powers x", n — 0,1,2,..., belong 
to €w(A), so €,(0) € €, (A), as required. 


Remark. This justifies the notation @y(0) for the || ||-closure of poly- 
nomials in € y(R). 

Once we know that €,(0) c €,(0--), it is natural to ask whether 
E w(0) = @w(0 +) for the weights considered in this §, and, if the equality 
does not hold for all such weights, for which ones it is true. In other words, if 
a given function can be || || ~-approximated by entire functions of arbitrarily 
small exponential type, can it be || {| ~-approximated by polynomials? This 
question, which interested some probabilists around 1960, was studied by 
Levinson and McKean who used the quadratic norm || |,,; (§G) instead 
of || |y, and, simultaneously and independently, by me, in terms of the 
uniform norm || ||. I learned later, around 1967, that 1.0. Khachatrian 
had done some of the same work that I had a couple of years before me, in a 
somewhat different way. He has a paper in the Kharkov University 
Mathematics and Mechanics Faculty's Uchonye Zapiski for 1964, and a 
short note in the (more accessible) 1962 Doklady (vol. 145). 

The remainder of this $ is concerned with the question of equality of the 
subspaces € ,(0) and €,,(0 + ). It turns out that in general they are not equal, 
but that they are equal when the weight W(x) enjoys a certain regularity. 


l. Characterization of the functions in @ (A +) 


Akhiezer's second theorem (§§B.2 and E.2) generally furnishes only 
a partial description of the functions in € (A) when that subspace does not 
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coincide with €,,(R). One important reason for introducing the intersec- 
tions @y(A +) is that we can give a complete description of the functions 
belonging to any one of them which is properly contained in €,,(R). 


Lemma. Suppose that f (z) is an entire function of exponential type with 
IfI € C.exp(A|Sz| + elzl) 


for each e » 0. Then, if ó » 0, the Fourier transform 
Fa) = | e o»eix f(x) dx 


belongs to L,(R), and, if A' > A, 
(*) |FjA)dA— 0 for 6-0. 
U> 

Proof. For each ô » 0, e ?"f(x) is in L,(R) (choose <ô in the given 
condition on f(x)) so F;(A) is continuous and therefore integrable on 
[ — A’, A']. The whole lemma will thus follow as soon as we prove (*). 

Fix A’ > A, and suppose for the moment that 6 > 0 is also fixed. Take an 
£0 less than both 6/2 and (A' — A)/2. If Az A', we then have, for 
y=3220, 


le = 8292 f (7)| < Ce“ ~ Ay — dx +e 


and, for x = Rz > 0, this is in turn < C,e 9. 
Let us now apply Cauchy’s theorem using the following contour Ig: 


Figure 38 
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We have f e~ "e""f(zdx —0. For large R, |e “e'*f(z)| is, by the 
preceding inequality, < C,e~°*/¥? on the circular part of F g. Therefore the 
portion of our integral taken along this circular part tends to zero as 
R œ, and we see that 


f e ^ ^*el* f(x) dx = if e^ ?9e- ^f(y)dy. 
0 0 


This formula is valid whenever 2 > A’ > A and ô > 0. By integrating around 
the following contour 


Figure 39 


we see in like manner, on making R oo, that 
9 n Lad 1 
| e*ei** f(x)dx = — iÍ ele f(iy)dy, 
=d 0 
whenever 6 > 0 and 4 > A’ > A. Combining this with the previous formula 
we get 
oo 


Fd) = ik e elàxf(x)dx = 2 e^ 4” sin dyf(iy)dy; 
— o 0 


this holds whenever 1 > A’ > A and 6>0. 
Take now any 4, 0«5 «(A' — Ay2, and fix it for the following 
computation. Since, for y > 0, | f(iy)| € C,e *"*, the formula just derived 
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yields, for A> A’, 


0 


IF(A)| < 2 C,e4*"~ 4 |sin óy|dy. 


By Schwarz’ inequality, the right-hand side is in turn 


< ac, (f eoe | eam sin? dy) 
0 0 


For the second integral under the radical we have 


[etm óydy = jm [Aeon — e?mdy 


0 0 
26? 
= Q—A—mlA—A—n— 216?" 
Therefore, for A> A’, 


2./2C,6 z 2,/2C,6 
(A—A—n)|A— A— n —2ió| (A— A —nY. 


» 2./2C,6 2,/2C,6 
F{a|dA « ———— s +. 
Pr «4I ey ee ; 


IFA) < 


And 


We see now that 


f |FX4))dà —0 for 6-0. 
d 


Working with contours in the lower half plane, we see in the same way 
that 


[iria — o as 6-0. 
We have proved (*), and are done. 
Theorem (de Branges). Let f (z) be entire, and suppose that 
|f(2) < C^ 
for each €>0. Then, 
if fe@,(R), fe@,(A +). 


Proof. We have to show that, if fe¢,,(R), then in fact fe@,(A’) for each 
A’ > A; this we do by duality. 
Fix any A’ > A. According to the Hahn—Banach theorem it is enough to 
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show that if L is any bounded linear functional on functions of the form 
o(0/W (t) with pe@y(R), and if 


eit 
(sa) 

f(t) 
Fr) va 


To see this, observe in the first place that || f(t) — e 9" f(t)||,, — 0 for ô— 0, 
so surely 


f(t) ) (ud) 
L| —— | = limL : 
( W(t) 6-0 W(t) 
Our task thus reduces to showing that the limit on the right is zero; this we 


do with the help of the above lemma. 
Writing, as in the lemma, 


0 for —A'«xA«A, 


then 


FJ) = F e le" f(x)dx, 


we have F;,eL,(R) as we have seen. Hence, by the Fourier inversion 
formula, 


e-9f(r) = xl. e "t F(1)d4. 


In order to bring the functional L into play, we approximate the integral on 
the right by finite sums. 
Put 


SN (k- 1)/N 
S(t) = m: È gni F (å) då; 
k| 


T k= —N2 N 


since F;€L,(R), 
sue) 5 | e "FK()dA = e-?tlf(r) 


u.c.c. in t as N — oo, and, at the same time, |Sy(t)| < || F5||, on R for all N. 
Therefore, since W(t) — oo for t —^ + oo, 


le?" f(t) — S(t) lw => 0, 
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so, by the boundedness of L, 
efi o) ; (e) 
L = lim L : 
( W(t) noo \W(t) 
However, ||e~ i“ — e^?" ||, — 0 when |A— A’| 50, so L(e ?'/W(t)) is a 


continuous function of 2 on R as well as being bounded there (note that 
[e| = 1!). Hence, since F,(A)eL,(R), we have 


Sy(t) E E N1-1 e IN) (k+1)/N 
( W(t) ) ^ 2n E T W(t) m FA) da 


1 oo) e iat 
— x | tg )rn 


for N — oo. In view of the previous relation, we thus get 


e- 9 f(r) E 1 oo e i 
u Wt) E Lg Pe 


We are assuming that 


eH 
——]Jz- -A SAKA’ 
u( a) 0 for A’ SAKA 


The integral on the right thus reduces to 


l L| eaa 
2r Jase \WO ance 


Here, as already noted, 
IL(e "'/W(t)| < const, AER, 
so the last integral is bounded in absolute value by 
const. | | F5(A)|da. 
EPI 
This, however, tends to 0 by the lemma as ó —0. We see that 
e^? fe) 
i wo — 0 


for 5-0, which is what was needed. The theorem is proved. 


Remark. Since we are not supposing anything about continuity of W(t), we 
are not in general permitted to write 


SA ° f 
(er) as _ wg 20 
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with a finite (complex-valued) Radon measure on R. This makes the above 
proof appear a little more involved than in the case where use of such a 
measure is allowed. The difference is only in the appearance, however. The 
argument with a measure is the same, and only looks simpler. 

Thanks to the above result, we can strengthen Akhiezer’s second theorem 
so as to arrive at the following characterization of the subspaces €,(A +). 
Recall the definition (§E.2): 


W,(z)-sup(lf(2: feé,and |f lw < 1}. 
Then we have the 


Theorem. Let A 2 O0. Either 


F log W ,(x) 


s LFX deme 


for every A'> A, in which case @y{A+) is equal to €,(R), or else 
@y(A+) consists precisely of all the entire functions f such that 
f (x)/W(x) — 0 for x ^ + oo and 


|f(z)) < C,etie 
for each & » 0. 


Remark. In the second case, €, (A +) may still coincide with € (R). (If, for 
example, the set of points x where W(x) < oo is sufficiently sparse. See $C and 
end of §E.2) 


Proof. For the Mergelian function O,(z) defined in $E2, we have 
Q(z) = W 4(z), so, if the first alternative holds, 


i log Q ,(x) 
co duos 
1+x 


— 00 


for every A’ > A. Then, by Mergelian's second theorem, €,(A') = €,,(R) 
for each A’> A, so €,(A +) = Vy (R). 

The supremum W,(z) is an increasing function of A' for each fixed z by 
virtue of the obvious inclusion of &,, in &,. when A’ < A". Therefore, if 
the second alternative holds, we have 


H) le log W(x) 


dx < oo 
-o lex 


for each A’ € Ao, some number larger than A. 
Let e > 0 be given, wlog €< Ay — A, and put 6 = e/2. Then, if fe€,,(A +), 
surely fe@y(A’), where A’ = A + ô. For this A’, (T) holds, so, by Akhiezer's 
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second theorem (§E.2), we have 
[f(2)] < Kett, 
Therefore 
ISOL < Keim 


Saying that f(x)/W(x)— 0 for x +œ is simply another way of 
expressing the fact that fe@,(R). Thus, in the event of the second 
alternative, all the functions fin @ (A +) have the two asserted properties. 

However, any entire function f with those two properties does belong 
to @y(A +). For such a function will be in @,,(R), and then must belong 
to @y(A +) by the preceding theorem. The subspace € (A + ) thus consists 
precisely of the functions having the two properties in question (and no 
others) when the second alternative holds. We are done. 


Corollary. For the intersections €,,(A +) the following alternative holds: 
Either @y(A +) = @y{R), or, if wl A+) x @y(R), the former space consists 
precisely of the entire functions f(z) belonging to @y(R) with 

Ife) < ceti 
for each & » Q. 


Remark. Even when €,(A -)2 €4,(R), all the functions in @y{A+) 
may have the form described in the second clause of this statement. 
That happens when @,(R) consists entirely of the restrictions of such 
functions to the set of real x where W(x) « oo. See remark following the 
statement of the preceding theorem. 


2. Sufficient conditions for equality of 6 (0) and €,,(0 +) 


Lemma. Let w(z) = c[[t(z —4,), where the a, are distinct, with 
Sa, «0. Let g(z) be an entire function of exponential type <A with 
I(x + i)g(x)] bounded for real x. Then, for xem, 


e "gx M g(ae ^" 
w(x) ea w'(ay)(x — a) 
Ze © | g(t + (i/A)) || sin A(x — t) 

a .swt + (i/A))||x — t — (i/A) 


Proof. (z + i)g(z) is of exponential type < A and is bounded on R, hence has 
modulus «const.e^"*! by the third Phragmén-Lindelóf theorem of §C, 


dt. 
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Chapter III. Hence 


e4134 


< st. ——. 
() — lei < const. 


We are going to use (*) together with some contour integration. 
Fix b > 0, take any large R, and let I’, be the following contour: 


Figure 40 


If R is large enough for I’, to encircle all the a, and the real point x, the 
calculus of residues gives 


1 f oeeo alae’ gix) 


Rri je WOO ^ Sawala) W(X) 


By (*), |g(Qe7 | is O(1/(|C| — 1)) = O(1/R) on the semi-circular part of Tp, 
so, as R— oo, the portion of the integral taken along that part of the 
contour tends to zero. Therefore 


AE oo g(t + ibe! ~*~) pr _ g(x) i saa m 
2ni J-e w(t + ib)\(x—t—ib) ^ w(x) r w'(a)(x — a) 
We rewrite this relation as follows: 


e^ oo g(t + ib)ei4* 7? = g(x) _ y dave 


() Pri |- w(t + ib(x —t— ins ^ w(x) T w'(a,)(x — a) 
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Let now I’ be the contour obtained by reflecting Fp in the line 3z = b: 


Figure 41 
We have 
glee 4-9 
le "De-o ^ = © 


Here, |g(C)e'^*| = O(1/R) on the semi-circular part of Fk, so, making 
Roo, we get 


F g(t + ib)e i46 -tib 


ey Ca S 


that is, 


o0 t ib —iA(x-t) 
f g(t + ib)e 0. 


ls€wridct-i) 


Multiplying the last relation by e4°/2zi and subtracting the result from 
the left side of (*), we find 


d ds g(t + ib) sin A(x =, t) E g(x) g(a,)e/4* - "9 
: -$-r 


-œ W(t + ib)(x — t — ib) w(x) T w'(a)(x — aj) 


Now put b = 1/4 and multiply what has just been written by e ^". After 
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taking absolute values, we see that 


ge ^* y g(aye ^^ 
w(x) x w'(aj)(x — aj) 
<E i g(t + (i/A)) || sin A(x — t) 
© n J-a |wlt + (i/A))||x — t — (/A) 


Q.E.D. 


Corollary. Let w(z) be as in the lemma, and suppose that f(z) is entire, of 
exponential type « A/2, and bounded on R. Then there is a polynomial P(z) 
of degree less than that of w(z), such that 


B ~iax8in(Ax/2) 
Po xa 209 ESA em forxeR 
w(x) © n er [w(t + G/A) l 


Here K is an absolute numerical constant, whose value we do not bother to 
calculate. 


Proof. Put g(z) = (sin(Az/2)/(Az/2)) f(z); then g(z) satisfies the hypothesis 
of the previous lemma, so, with the polynomial 


N M Je i^ 
=" ‘( = a) ' 
we get, for xeR, 
P(x) — e '4*g(x) e f(t +(/A)) | 
i wi) x SUP |e + (A) 


sin A(x — t) 


xoc 


ine pud 

eo mg A 
x z 
A tL 
2 A 


In the integral on the right, make the substitutions At/2— t, Ax/2=¢. 
That integral then becomes 
sin (t + (i/2)) 


j^ : 
-e| t-(/2) 


By Schwarz, this last is 


eu. 


sin X£ — 1) 
2(£ — 1) - i 


? [^ sin? 2(r— 6) 
dt ME) 


t + (/2) 
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a finite quantity — call it K — independent of £, hence (clearly) independent of 
A and x. 

The right-hand side of (t) is thus bounded above by 
f(t + (/A)) 


e ARA 
w(t + (i/A)) 


K-—sup 
T teR 


> 


and the corollary is established. 


Theorem. Let W(x) = Y a;,X^*, where the a,, are all > 0, with ay > 1 and 
a>, > for infinitely many values of k. Then $y(0) 2 @y(0+). 


Remark. We require ag > 1 because our weights W(x) are supposed to be 
> 1. We require a,, > 0 for infinitely many k because W(x) is supposed to go 
to oo faster than any polynomial as x — + oo. 


Proof of theorem. Let p¢@y(0+). Then there are finite sums 
fix = X aW 
—1/2n<å<1/2n 
with 


lfa ll — 0. 


We put g,(x) = (sin (x/2n)/(x/2n))f,(x), and set out to apply the above 
corollary with f — f, and suitable polynomials w. Note that f, is entire, of 
exponential type 1/2n, and bounded on the real axis. Since 
lf,—-Ollw xm 0, we also have 


le^ "^g,(x) — o(x) ll — 9, 


in view of the fact that W(x) — oo for x — + oo.* 

Choose any e>0. The norms ||f,ly must be bounded; wlog 
| f,(x)/W(x)| € 1, say, for xeR and every n. For the function pe@y(R) 
we of course have q(x)/W(x) = 20 for x + + oo, so, since || f,— o lw 720. 
there must be an L (depending on c) such that 
fix) 
W(x) 
whenever n is sufficiently large. Take such an L and fix it. 

Pick any n large enough for the previous relation to be true, and fix it 
for the moment. Our individual function f,(x) is bounded on R (true, with 
perhaps an enormous bound)), so, for some No, we will surely have 


No 
SAX) | 2 aj,x^* 


<e for |x| 2L 


< & for |x|>A, say, 


* Note that ||e~ """(sin(x/2n)(x/2n)e(x) — eG)lyw — 0 for any ee€,(R). 
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where, wlog, A > L, the number chosen above. Also, 


N 
1 < Yan = Wx), 


the sums on the left being monotone increasing with N (a5, 20!). Therefore, 
N 
fia] ay x^* 


uniformly for — A «x < A, and, if N > Nọ is large enough, we have, in 
view of the previous inequality, 


f.) | Tay? 


> 1 9/Wt9l 


(§) 


< 2 for xeR 


(since || fally < 1), and also 


149 | Sane 


Fix such an N for the moment (it depends of course on n which we have 
already fixed!), and call 


N 
V(x) = $ anx”. 
o 


(tt) 


X 2e for |x|2L. 


Because V(x) z 1 on R, we can find another polynomial w(x), with all its 
zeros in Jz <0, such that |w(x)| = V(x), xeR. 

There is no loss of generality in supposing that the zeros of w are distinct. 
There are, in any case, a finite number (2N) of them, lying in the open 
lower half plane. Separating each multiple zero (if there are any*) into a 
cluster of simple ones, very close together, will change w(x) to a polynomial 
w(x) having the new zeros, and such that 


(1 — ôw] € Iwo9] < (1 + 4)| w(x)! 


on R, with 6>0 as small as we like. One may then run through the 
following argument with w in place of w; the effect of this will merely be 
to render the final inequality worse by a harmless factor of (1-- 6)/(1 — ô). 

Let us proceed, then, assuming that the zeros of w are simple. Desiring, 
as we do, to use the above corollary, we need an estimate for 


falt + in) 


su - 
w(t + in) 


teR 


The function e*"?"f,(z)/w(z) is analytic and bounded for 3z>0, and 
continuous up to R. Therefore we can use Poisson's formula (lemma of 


* and there are! — all zeros of w(z) are of even order! 
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§H.1, Chapter III), getting 
et + in/2n f (e + in) E 1 F n eix2nf (x) 


n|..t-xj)-m w(x) 


w(t + in) "mq en 


Since | w(x)| = V(x), we see, by ($) and (tt), that the integral on the right is in 
absolute value 


eee ee tees 
BESTES T Just — x)? +n? 


This is in turn 


2 t+L t— 4L 
< 2( arctan NE arctan ) + 2e < —— 26, 
m zn 
so we have 
—1/2 t . 4L 
gr MEE < ——-r2e, teR. 
w(t + in) zn 


Apply now the corollary with f=f, and A = 1/n. According to it and 
to the inequality just proved, there is a polynomial P,(x) (depending, of 
course, partly on our w(x) whose choice also depended on the n we have 


taken!) such that, for xeR, 
— e` ixin 
Pax) — e gx) « Een. 2 
Di zn 


w(x) 


where (as we recall), 


_ sin (x/2n) 
GAX) = "Ga In 


Therefore, since | w(x)| = V(x) < W(x) (!), 


3/2 
< BS (ien) xem. 
n xn 


P,(x) — e" "^g (x) 
W(x) 


Our number L depended only on e, and the intermediate partial sum 
N 
V(x) = $ ax” 
0 


(which depended on n) is now gone. The only restriction on n (which was 
kept fixed during the above argument) was that it be sufficiently large 
(how large depended on L). For fixed L, then, there is, for each sufficiently 
large n, a polynomial P,(x) satisfying the above relation. If such an n is 
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also > 2L/ze, we will thus certainly have 


P,(x) —€ ~ fing, (x) 
W(x) 


Ke?? 
a 


x 4€ 


for xeR. 
Let us return to our function qe€,(0--). For each sufficiently large n, 
we have a polynomial P,(x) with 
|P,—olw < loo) —e ""gíx)lp + le ""gíx)— Pa) lw, 
which, according to the inequality we have finally established, is 


Ke?? 
< 4e 


+ fe^ ""g,6) — olx) lw- 
However, ||e !""g, (x) — ox) lly — 0 by choice of our functions f,. 


Therefore | P, — @|lw < 8e(Ke?’?/n) for all sufficiently large n. Since e > 0 
was arbitrary, we have, then, ||P, — q llw = 0, and peg y(0). 

This proves that €,,(0--) € €,,(0). Since the reverse inclusion is always 
true, we are done. 


Remark. An analogous result holds for approximation in the norms 
I llw,p» 1 <p « oo. There, a much easier proof can be given, based on 
duality and the fact that the Hilbert transform is a bounded operator on 
L,(R) for 1 « p < oo. The reader is encouraged to try to work out such a 
proof. 


We can apply the technique of convex logarithmic regularisation 
developed in Chapter IV together with the theorem just proved so as to 
obtain another result in which a regularity condition on W(x) replaces the 
explicit representation for it figuring above. 


Theorem. Let W(x) z 1 be even, with log W(x) a convex function of log x 
for x >Q. Suppose that for each A > 1 there is a constant C, such that 


x?W(x) < CAW(Ax) xeR. 
Then €,0) = €, (0--). 


Remark. Speaking, as we are, of €,(0) we of course require that 
x"/W(x) —. 0 for x > + oo and all nz 0, so W(x) must tend to oo fairly 
rapidly as x — + oo. But one cannot derive the condition involving numbers 
A > 1 from this fact and the convexity of log W(x) in log|x|. Nor have I 
been able to dispense with that ungainly condition. 


Proof of theorem. Let us first show that, if oe€,(R) and we write 
P(x) = e?x) for 4 < 1, then |o — 9;lly — 0 as 4 1. 
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We know that log W(x) tends to oo as x ^ + oo. Hence, since that 
function is convex in logx for x — 0, it must be increasing in x for all 
sufficiently large x. Take any ge@y(R); since q is continuous on R we 
certainly have | (x) — (x)| — 0 uniformly on any interval [ — M, M] as 
À— 1. Also, |@(x)/W(x)| < € for |x| sufficiently large. Choose M big enough 
so that this inequality holds for |x| 2 M/4 and also W(x) increases for 
x > M/4. Then, if 1 « 4 « 1 and |x| 2 M, 


PAx)| _ |o07x) 9G) 

W(x) W(x) | | W(A2x) i 
as well as | @(x)/W(x)| < £, so 

g(x) — p(x) 

We < 2e 


for |x| > M and4 < A < 1. Making 4 close enough to 1, we get the quantity 
on the left «2c for — M <x < M also, so |l — pill < 2e. 

Take now any q€«€,,(0--). We have to show that ¢ also belongs to 
€ w(0), and, by what we have just proved, this will follow if we establish 
that 9;€€,(0) for each 4 < 1. We proceed to verify that fact. 

We may, wlog, assume that W(x) = 1 for |x| < 1 and increases for x > 1. 
For n=0,1,2,..., put 


S, = sup—— 
>p Wir) 

and, then, for r 7 0, write 
2n 


T(r) = sup- 3 


n20 92n 


Since log W(r) increases for r > 1, the proof of the second lemma from $D of 
Chapter IV shows that 


zu < Tir) < Wi) for r21 


r 


(cf. proof of second theorem in §D, this chapter). Take now 


x2 


Son 


D =" 


Then, by the preceding inequalities, for |x| > 1, 


S(x) 2 x Tix) 2 W(x) 
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whilst, for any 4, 0 «A« 1, 


o0 Ay 2 
Stee 2 aq sr ppt 
0 Son 1—4À 


The first of these relations* clearly also holds for |x| < 1, because W(x) = 1 
there. So does the second. For, the inequality between its last two members 
is true for |x| >å, while T(|x|/A) is, by its definition, increasing when 
0 « |x| « 4, and W(x/A) constant for such x. We thus have 


2 
Wix) < Sx) < ie w(2) 


for all x. 
According to the hypothesis, there is a constant K, for each A < 1 with 


x? x x 
(i) * ks) 


We may of course take K, > 1, and thus get finally 
( WA < sS) < ks xeR. 

Given our function ge€@y(0 +), we have a sequence of functions fp, 
f, Eim With 


lo- fly — 0. 


Thence, by (1), a fortiori, 
le -fals — 0, 


so peg (0 +)as well. Now, however, S(x) has the form ($8), so we may apply 
the previous theorem, getting @e@;(0). There is thus a sequence of 
polynomials P,(x) with 


From this we see, by (1) again, that 


e (x) — P,(x) 


Net | WOA) 


xeR 


— 0, 


n 


* i.e, that between S(x) and W(x) 
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(47x) — P,(A?x) 
W(x) 


xeR 


for each 4, 0«4 « 1. 


But this means that o;e (0) for each such 4, the fact we had to verify. 
The theorem is proved. 


Remark. Some regularity in W(x) is necessary for the equality of 
€y(0) and €,(0--) exactly what kind is not yet known. In the next 
article we give an example showing that the behaviour af W(x) cannot 
depart too much from that required in the above two theorems if we 
are to have €,,(0) = € (0 +). In the first part of the next chapter we will give 
another example, of an even weight W(x), increasing for x > 0, such that 
€ w(0) x €,(0--)- €,(R). 


3. Example of a weight W with €,,(0) £ Ew (0+) z € ,,(R) 


The idea for this example comes from a letter J.-P. Kahane sent me 
in 1963. 
Take 


pick any fixed number 4,, 1 < 4, <2, and write 


z? o0 z? 
ee = (1-3)B(-2) 


This function S(z) is the same as the one used in $C, and C(z) differs from it 
only in that the two zeros, — 2 and 2, of S(z) closest to the origin have been 
moved slightly, the first towards — 1 and the second towards 1. 

Let us write A_, = — 4,, and, for |n| 2 2, 4, — (sgnn)2". Then 


I: z? 
and 


S, AnS lån) = 4,S(4;) 
loa) ^ cu 


« 0. 


For large n, we clearly have 
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where $'(4,) was studied in 8C. There we found that 
IS'(A,)| = |S' (2| ~ const.2^- 1” 
for large n, so surely (in view of the evenness of C(z)), 


"RU 
È TCA] 


< œ for p=0,1,2,3,... 
Use of the Lagrange interpolation formula now shows, as in §C (where an 
analogous result was proved with $'(4,) in place of C’(A,)), that 


=, — P(L) 
car (z — 4)C'(,) 


for any polynomial P. Taking P(z) — z^*! and then putting z = 0 gives us 
cd AP 

Y co 

We are ready to construct our weight W. Taking a large constant K 


(chosen so as to make W(x) come out > 1), put W(x) = KS(1) for |x| & 1 
For |x| 2 1, make W(x) = Kx?|S(x)| when x lies outside all the intervals 


(21-274), 2"(1 +274")]. 


Finally, if 2"(1 — 274") < |x| < 2"(1 +274") for some n > 1, define W(x) 
as 


j = 0, p=0,1,2,.... 


sup(KZ|S()): |€ — 2"| <27}. 


We see first of all that xS(x)/W(x)— 0 for x — + œ, so xS(x)E@y(R). 
Hence, since S(z), and therefore zS(z), is of exponential type zero we have 
xS(x)E@y(0+) by the first theorem of article 1. 

We need some information about the asymptotic behaviour of S(x) for 
x — oo. This may be obtained by the method followed in $C. Suppose that 
x —2"a with 1//2 € a < 42. Then we have 


4^g? 
4* 


x |1—a?| x H AD 


k=nt+1 


n-1 4"g? n-1 1 
1— ga? —— i-—; 
a "i a yu ala? 
and this last is 


4"q 2)n-1 1 
~ 1-ae Gears E Jio - 1 -eers 1) 


|S(x)| 


[ 
= 
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Thence, for large n, 

sup(IS()) |£—2^| <273"} ~ const2" 5", 
so, for 2(1 — 274") < |x| < 2"(1 +274", 

W(x) ~ const.2" -37 
and, in particular, 

W(A,) ~ const.2" 3", 


Comparing this with the relation |C’(A,)| ~ const.2“~ ^, valid for large n, 
which we already know, we see that 


oo 
- oo. 
» iot ir 
This permits us to define a finite signed Radon measure p on the set of points 


Ay, n= t1, +2,..., by putting 


W(A,) 
CA) 


Then, for p — 0, 1, 2,..., 


KA) = 


oo x? oo AP 


Wet) = Y osy 


which is zero, as we have seen, whilst 


2 xS56) O g, AS) 
wa = LOG) 


< 0. 


So xS(x) e €,,(0 +) can't be in @y(0), and €,(0) x €,,(0 +). 

In the present example, € ,,(0-4-) is a proper subspace of @y(R). Indeed, 
this is almost immediate. By the above asymptotic computation of S(x) 
we clearly have 


W(x) = const.|x|!e2hi+% 


with a quantity (x) varying between two constants. Therefore, 


? log W(x) 
-æ LAI 


dx « oo, 


so we surely have € (A) # G(R) for each A by an obvious extension of 
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T. Hall’s theorem (p. 169). Hence €,(0 +) 4 @y(R). The construction of 
our example is finished.* 


Remark. Let Q(x) — [ [T (1 + x?/4". The asymptotic evaluation of Q(x) 
for x > oo can be made in fashion similar to that for S(x), and is, in fact, 
easier than the latter. As is clear after a moment’s thought, here one also 
obtains 


Q(x) ~ const.|x|e2251**9 for |x|— oo 
with a certain g(x) varying between two constants. Thus, 


26) 
W(x) 


where A < (x) < B, say. 

However, @,(0) = €$(0 +). This follows from the first theorem of the 
previous article, in view of the evident fact that Q(x) = 1 + a,x? + a4x* + + 
with az; > Q. 

The difference in behaviour of Q(x) and W(x) is small in comparison to 
their size, and yet € (0) = Cal +) although €,,(0) 2 €,,(0 +). 

The question of how a weight W's local behaviour is related to the 
equality of €,,(0) and €,,(0 + ) merits further study. 


= const|x| 9, xeR, 


* W(x) has jump discontinuities among the points +(2”+ 27°"), n > 1, buta 
continuous weight with the same properties as W is furnished by an evident 
elaboration of the procedure in the text. 


VII 


How small can the Fourier transform 
of a rapidly decreasing non-zero 
function be? 


Let us consider functions F(x)¢L,(R) whose modulus goes to zero 
rapidly as x — oo, in such fashion that 


00 1 7 oo 
MISIT (f IF ex = 0. 


The general theme of this chapter is that, for such a function F, the Fourier 
transform 


fü) = F e'* F(x) dx 


cannot be too small anywhere unless F vanishes identically. 

The first result of this kind (obtained by Levinson) said that if (for such 
an F) Ê vanishes throughout an interval of positive length, then F = 0. This 
was refined by Beurling, who proved that F(A) cannot even vanish on a set 
of positive measure unless F =0. Analogues of these theorems hold for 
measures as well as functions F; they, and the methods used to establish 
them, have various important consequences, some of which apply to 
material already taken up in the present book. 

These things have been known for more than 20 years. Until recently, 
the only developments since the sixties in the subject matter of this chapter 
had to do mainly with aspects of its presentation. That state of affairs was 
changed in 1982 by the appearance of a remarkable result, due to A.L. 
Volberg, which says that if 


f$) = Yr 
has 
If) < eM? for n>0 
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with M(n) sufficiently regular and increasing, and if 


= Mín) 


b =, 


1 n 


then 


| log| f(9)|dF > — o 
unless f(9) = 0. The proof of this uses new ideas (coming from the study 
of weighted planar approximation by polynomials) and is very long; its 
inclusion has necessitated a considerable extension of the present chapter. 
I still do not completely understand the result's meaning; it applies to the 
unit circle and seems to not have a natural analogue for the real line which 
would generalize Levinson's and Beurling's theorems. 

There are not too many easily accessible references for this chapter. 
The earliest results are in Levinson's book; material relating to them can 
also be found in the book by de Branges (some of it being set as problems). 
The main source for the first two $8 of this chapter consists, however, of the 
famous mimeographed notes for Beurling's Standford lectures prepared by 
P. Duren; those notes came out around 1961. Volberg published his 
theorem in a 6-page (!) Doklady note at the beginning of 1982. That paper is 
quite difficult to get through on account of its being so condensed. 


A. The Fourier transform vanishes on an interval. Levinson's 

result 

Levinson originally proved his theorem by means ofa complicated 
argument, involving contour integration, which figured later on as one of 
the main ingredients in Beurling's proof of his deeper result. Beurling 
observed that Levinson's theorem (and others related to it) could be 
obtained more easily by the use of test functions, and then de Branges 
simplified that treatment by bringing Akhiezer’s first theorem from §E.2 
of Chapter VI into it. I follow this procedure in the present §. The parti- 
cularly convenient and elegant test function used here (which has several 
other applications, by the way) was suggested to me by my reading of a 
paper of H. Widom. 
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1. Some shop math 


Figure 42 


The circle of radius R about 0 lies under the two straight lines of 
slopes + tany passing through the point iR sec y. Therefore, if A > 0, 


A,/(R? —x?) < ARsecy—(Atany)|x|, —R&x«R. 
Consider any function w(x) > 0 such that 

lo(x) — o(x)| < (Atany)|x — x'|. 
If we adjust R so as to make AR secy = (0), we have, for -R<x<R, 

(x) > o(0)— (Atany)|x|, 
which, by the above, is > A,/(R? — x°). The function cos (A ,/(x?—R?)) 
is, however, in modulus <1 for |x|>R, and for — R < x <R it equals 
cosh (4 ,/(R? — x?) < exp(A /(R? — x?)). Therefore, for xeR, 

ox) > log|cos(A ./(x? — R?))| 
when 

_ (0) 
Asecy 


Let us apply these considerations to a function W(x) 2 1 defined on R 
and satisfying 


[log W(x) -logW(x)| < C|x—x| 


there. Taking any fixed A >0, we determine an acute angle y such that 
Atan y ^ C. Suppose x,éER is given. Then we translate x, to the origin, 
using the above calculation with 


w(x — xg) = log W(x). 
We see that 
|cos(A /((x — Xo)? — R?)) < W(x) for xeR, 
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where 
. legW(x) _ logWíxo) 
|. Asecy = (4? + C2) +C?) 
Here, cos (4A /((z — xo)? — R?)) is an entire function of z because the 
Taylor development of cos w about the origin contains only even powers of 
w. It is clearly of exponential type A, and, for z = xo, has the value 


cosh AR > 4e4® = i(W(xj)* «c5. 
Recall now the definition of the Akhiezer function W,(x) given in 
Chapter VI, $E.2, namely 


W,(x) = sup {|f(x)|: f entire of exponential type < A, 
bounded on R and | f(t)/W(t)| < 1 on R}. 


In terms of W,, we have, by the computation just made, the 
Theorem. Let W(x) > 1 on R, with 

|log W(x) - log W(x’)| < C|lx—x’| 
for x and x'€R. Then, if A>0, 

Wa) > HW (XN, xeR. 


Corollary. Let W(x) 21, with logW(x) uniformly Lipl on R. 
Then, if 


| log Wine EE 
-æ +x 


we have 
* log W(x) 
"DES 


for each A » Q. 


According to Akhiezer's first theorem (Chapter VI, $E.2), this in turn 
implies the 


Theorem. Let W(x) 2 1, with log W(x) uniformly Lip 1 on R, and W(x) 
tending to oo as x — t oo. If 


© log WO ay 

-o 1+x? 3 
linear combinations of e^*, — A < å < A, are, for each A0, ||  ||y-dense 
in €,(R). 
2. Beurling's gap theorem 


As a first application of the above fairly easy result, let us prove the 
following beautiful proposition of Beurling: 
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Theorem. Let u be a totally finite complex Radon measure on R with 
|dy(t)| = 0 on each of the disjoint intervals (a,,b,), 0a, «b, «a, «b, <>, 
and suppose that 


(+) EIS) oo 


1 a, 


If f(a) = (^, e?* du(x) vanishes identically on some real interval of positive 


length, then EU 
Remark. This is not the only time we shall encounter the condition (*) in 
the present book. 


Proof of theorem (de Branges). We start by taking an even function T(x) > 1 
whose logarithm is uniformly Lip 1 on R, and which increases to oo so 
slowly as |x| oo, that 


f T(x)du(x) < oo. 
(Construction of such a function T is in terms of the given measure p, 
and is left to the reader as an easy exercise.) 

For each n, let b, be the lesser of b, and 2a,. Then, given that (*) holds, we 
also have 


xe .- 


Indeed, this sum certainly diverges if the one in (*) does, when (b, — a,)/a, 
differs from (b, — a,)/a, for only finitely many n. But the sum in question 
also diverges when infinitely many of its terms differ from the corresponding 
ones in (*), since (b, — a,)/a, = | when b, = 2a,. 

Let w(x) be zero outside the intervals (a,, b;), and on each one of those 
intervals let the graph of w(x) vs x be a 45° triangle with base on (a,, b;). 


(x) 


4, b, a, bb; a b, x 


Figure 43 
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The function w(x) is clearly uniformly Lip 1 on R. 

Put W(x) 2 e"? T(x). Then W(x) 2 1 and log W(x) is uniformly Lip 1 
on R; also, W(x)— oo for x > + oo. Since |di(x)| 2 0 throughout each 
interval (a„ bp) and w(x) is zero outside those intervals, 


| W(x)|du(x)| = | T(x)|du(x)| < oo. 
The complex Radon measure v with 
dv(x) = W(x)du(x) 


is therefore totally finite. 
Suppose now that f(A) vanishes on some interval; say, wlog, that 


| ei*du(x) = 0 for -—A<A<A. 


—00 


This can be rewritten as 
(2 
However, log W(x) = o(x) + log T(x) > w(x), and 


* a(x) of 1\? (bi, —a, \? 12/b,—a,\? 
[9e > (5) (525) » ECS) 


which is infinite, as we saw above. Therefore 


2 log W(x) 
-o 1+x? 


dx = oo, 


and linear combinations of the e^", — A < å < A, are || || y-dense in €,,(R) 
by the second theorem of the preceding article. 

Referring to (f), we thence see that v = 0, i.e., dv(x) = W(x)du(x) = 0 and 
EIU Q.E.D. 


Problem 11 
Let u be a finite complex measure on R, and put 
em = | e—"dula)h 


Suppose that JP (AI + x?))dx = oo. Then, if f(A) vanishes identically 
on any interval, u z 0 (Beurling). (Hint. Wlog, f idal <1 so that 
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o(x) z 0. Assuming that f(A) 3 0 for — A <1 < A, write the relation 
| edu = 1, 


and use the picture 


Figure 44 


to estimate the supremum of | f(x)| for entire functions f of exponential 
type « A, bounded on R, and such that 


| If (| |du()] < 1.) 


Remark. Beurling generalized the result of problem 11 to complex Radon 
measures u which are not necessarily totally finite. This extension will be 
taken up in Chapter X. 


3. Weights which increase along the positive real axis 


Lemma. Let T(x) 21 be defined and increasing for x >0, and 
denote by T(x) the largest minorant of T(x) with the property that 
|log F(x) — log T(x)| <|x — x'| for x and x' > 0. If JP (log T(x)/x?)dx = co, 
then also f? (log T(x)/x?)dx = oo. 


Proof. The graph of log T(x) vs x is obtained from that of log T(x) by 
means of the following construction: 
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y = log T(x)" 


y = log F(x) 


Figure 45 


One imagines rays of light of slope 1 shining upwards underneath the 
graph of log T(x) vs x. The graph of log F(x) is made up of the portions 
of the former one which are illuminated by those rays of light and some 
straight segments of slope 1. Those segments lie over certain intervals 
[a,. ba] on the x-axis, of which there are generally countably many, that 
cannot necessarily be indexed in such fashion that b, <a,,, for all n. The 
open intervals (a,, b,) are disjoint, and on any one of them we have 


log F(x) = log T(a,) +(x — a,). 


On [0, oo) ~ |) (an bna), F(x) and T(x) are equal. 

In order to prove the lemma, let us assume that f? (log Z(x)/x?)dx < oo 
and then show that f? (log T(x)/x?)dx < oo. If, in the first place, (a,, b) is 
any of the aforementioned intervals with 1 «a, « b,/2, we have, since 
log T(a,) z 0, 

>» log F(x) bn x — a, 2E—1 
f a > E x dx > : g dé 
= log2—4.> 0. 


We can therefore only have finitely many intervals (a,, b,) with b, > 2a, and 
a, > 1 if (7 (log T(x)/x?)dx is finite. 
This being granted, consider any other of the intervals (a,, b,) with a, > 1. 
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y = log T(x) 


' 

' 

' 

' 

' 

' 

' 

' 

i 

1 

1 

! 

' 

i 
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Figure 46 


By shop math, 


bn 1 1 bn 
f x2 l08 F(x)dx > al log T(x)dx 


on 2 
an b; an 


1 log T(a,) + log T(b,). (b, — a,) log T(b,) 


C COT oe nid MERECE oa D a um 2 
b2 2 (b, an) 2b? 
At the same time, since T(x) increases, 
4 — 4,) log T — a,)log T 
1 fog T(xjdx « (n= MOR Tb). y (b, — a log Tb) 
an x An 2b; 


when b, <2a,. Therefore, for all the intervals (a,,b,) with a, 2 1 and 
b, < 2a,, hence, certainly, for all save a finite number of the (a,, b,) contained 
in [1, 00), we have 


bn bn 1 
f sog T(x)dx < i zz log Flx)dx. 


The sum of the integrals fza /x?)log T(x)dx for the remaining finite number 
of (a,, bn) in [1, oo) is surely finite — note that none of those intervals can have 
infinite length, for such a one would be of the form (a, oo), and in that 
case we would have 

TX 


al —a 
| xu los F(x)dx > | ED ldx = oo, 
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contrary to our assumption on f(x). We see that 


log T 
Al SE Tx dx < œ, 


an x 


since 
bn =i FO a 


28 


anzl an 
2b, & a, 


is finite. 
On the complement 
E — [1,00)0 ~ U (a, bn), 


n 


T(x) = F(x) by our construction. Hence 
[ 5659. = [ 529. < ©. 
x x 
E E 


The whole half line [1, oo) can differ from the union of E and the (a,, b,) with 
a, = | by at most an interval of the form [1, b,,), which happens when there is 
an m such that a„ < 1 < b,,. If there is such an m, however, b,, must be finite 
(see above), and then 


bm 
ee 


1 


Putting everything together, we see that 


| Sid " 


1 


< œ, 


which is what we had to show. We are done. 


Corollary. Let W(x) > 1 be defined on R and increasing for x > 0. If 


“log W 
f IE Peg 
1 x 
we have 
= W 
| log 409 ax POS 
i x 


for each of the Akhiezer functions W,, A> 0 (Chapter VI, §E.2). 
Proof. Let, for x 20, F(x) be the largest minorant of W(x) on [0, oo) with 
llog F(x) - log T(xX)) € |x—x'| 
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there, and put F(x) = T(0) for x < 0. By the lemma, f? (log W(x)/x?)dx = oo 
implies that (7 (log F(x)/x?)dx = œ. Here, log F(x) is certainly uniformly 
Lip 1 (and > 0) on R, so, by the corollary of article 1, we see that 
| * log f(x) 
Rc 
1 


x 


dx = o 


for each A> 0. 
We have F(x) < W(x) + T(0) (the term ¥(0) on the right being perhaps 
needed for negative x). Therefore 


Tx) < (+ FOW), 


and 
° log W 
| og rl) Acs 
1 x 
for each A >0 by the previous relation. Q.E.D. 


From this, Akhiezer’s first theorem (Chapter VI, §E.2) gives, without 
further ado, the following 


Theorem. Let W(x) > 1 on R, with W(x) — oo for x —> + oo. Suppose that 
W(x) is monotone on one of the two half lines ( — oo, 0], [0, oo), and that the 
integral of log W(x)/(1 + x°), taken over whichever of those half lines on 
which monotoneity holds, diverges. Then @y(A)=@y(R) for every 
A0, so @y(0+) =@y(R). 


Remark. The notation is that of $E.2, Chapter VI. This result is due to 
Levinson. It is remarkable because only the monotoneity of W(x) on a half 
line figures in it. 


4. Example on the comparison of weighted approximation by 
polynomials and that by exponential sums 


If W(x) 21 tends to œ as x +œ, we know that @,(A) is 
properly contained in @y(R) for each A >0 in the case that 


? log W(x) 
toon bebes 
(See Chapter VI, §E.2 and also the beginning of §D.) The theorem of the 


previous article shows that mere monotoneity of W(x) on [0, 00) without any 
additional regularity, when accompanied by the condition 


| ? log W(x) 


dx « oo. 


—— ——dx = oo, 
o 1+x? 


already guarantees the equality of @,(A) and €,,(R) for each A > 0. 
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The question arises as to whether this also works for @,(0), the 
| || w-closure of the polynomials in € (R). (Here, of course we must assume 
that x"/W(x)-—30 as x —> + oo for all n > 0.) The following example will 
show that the answer to this question is NO. 

We start with a very rapidly increasing sequence of numbers 4,. It will be 
sufficient to take 


Ay = 2, 
Az - e, 


and, in general, 4, — e^-'. Let us check that 4, 42, for n» 1. We 
have e?» 2? «4, and (d/dx)(e* — x?) »e* — 2x is >0 for x —2. Also 
(d?/dx?)(e* — x?) 2 e* —2 > 0 for x 22, so e* — x? continues to increase 
strictly on [2, oo). Therefore e” > x? for x 22, so 4,5 e^-1» 42. ,. We 
note that 42. , is turn Z2 24,. ,, since the numbers 4,_, are > 2. 

We proceed to the construction of the weight W. For < x € 4,, take 
log W(x) 2 0, and for 24, , <x & 4, with n» 1 put log W(x) 2 n4, .,/2 
(by the computation just made we do have 24,. , < 4,). We then specify 
log W(x) on the segments [4,-,, 24,.,] by making it linear on each of 
them, and finally define W(x) for negative x by putting W(— x) 2 W(x). 

Here is the picture: 


Figure 47 


W(x) is 21 and increasing for x > 0, and, for large n, 


z 
^»1i]log a _ + I), 1 
2 T > (i 
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is >(n+ 14,/84,— 4(n + 1). Therefore (7 (log W(x)/(1 + x?))dx = oo, so, 
by the d of the previous article, @y(A) — €,,(R) for each A >Q and 
€w(0 +) = €,(R). 
For 24,., &|x| € 24,, 
W(x) 2 e" = AY > 2r. 
Hence 
x? 


W(x) 


—0 as x— too 


for every p > 0, and it makes sense to talk about the space €,,(0). It is 
claimed that € (0) # G(R). 
To see this, take the entire function 


C(z) = fi(1 -5) 


Because the 4, go to oo so rapidly, C(z) is of zero exponential type. For n> 1, 


i O 2h ASA [ay A, V 
IC) = (E) (z) E 


n-1 Az ®© a) 
co. jer] 
s Ti( à) A A? 


Since the ratios A;, ,/A;are always > 2 and — oo as j — oo, the two products 
written with the sign [| on the right are both bounded below by strictly 
positive constants for n > 1 and indeed tend to 1 as n— oo. The product 
standing before them, 

An An An 


2n, Mg 
Ai AZ Aa 


> 


far exceeds 245^? because A; > A}_,. Therefore we surely have 


IC'(A,)| 2 Aj? 


for large n. 
At the same time, W(A,) = e"»-:7 = 4"/?, whence, for large n, 
nj2 
WA) . A 1 


EUI cR 
Since the sequence (4,) tends to oo, we thus have 


o W(A,) 
SURE 


oo. 


An) 
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For n= 1, 2, 3,... it is convenient to put A_, = — 4,. Let us then define a 
discrete measure u supported on the points 4,, n= +1, € 2,..., by putting 
Wha) 
Ant) = : 
H({An}) CA) 


The functions W(x) and C(x) are even, hence 


f Idu(x)) < oo 


by the calculation just made. 
We can now verify, just as in $H.3 of Chapter VI, that 


x? 
——— = = 2 eee 
(t) Wa 29 0 for p=0,1,2, 


The integral on the right is just the (absolutely convergent) sum 


ce AP 
2 C'(4,)' 


and we have to show that this is zero for p >0. Taking 
N z 
(cf. §C, Chapter VI), we have the Lagrange interpolation formula 


1 & 4Co) 
2 = DEAA 


valid for 0 € 1 « 2N. Fix l. Clearly, |Cy(4,)| 2 |C'(4,)] for -N<n<N. 
Therefore, since 5, |44/C'(4,)| < oo, we can make N — oo in the preceding 
relation and use dominated convergence to obtain 
2.9. aco 
f (Z — AC (A) 

Putting / = p + 1 and specializing to z = 0, the desired result follows, and we 
have (t). 

Our measure pis not zero. The strict inclusion of €,,(0) in € ,(R) is thus a 
consequence of (T), and the construction of our example is completed. 

Let us summarize what we have. We have found an even weight W(x) > 1, 
increasing on [0, oo) at a rate faster than that of any power of x, such that 
€ y(0) = €,(R) but € w(0 +) = €,,(R). This was promised at the end of §H.2, 
Chapter VI. In $H.3 of that chapter we constructed an even weight W with 
€ y(0) Eyl +) and €,,(0 +)  €,(R). 
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Scholium 
As the work of Chapter VI shows, the condition 
? log Wi 
= (x dx « oo 
-æ ltX 


is sufficient to guarantee proper inclusion in (R) of each of the spaces 
€ (0) and @y(A), A>0 (for €,,(0) see §D of that chapter). The question 
is, how much regularity do we have to impose on W(x) in order that the 
contrary property 


? log W(x) 
-o 14x? 


(tt) dx = o 


should imply that €,,(0) = @(R) or that € (A) = €, (R) for A > 0? 

As we saw in the previous article, monotoneity of W(x) on [0, oo) is enough 
for (tt) to make €,,(A) = G(R) when A > 0, in the case of even weights W. 
In $D, Chapter VI, it was also shown that (tt) implies €,(0) = €,(R) for 
even weights W with log W(x) convex in log|x|. The example just given 
shows that logarithmic convexity cannot be replaced by monotoneity when 
weighted polynomial approximation is involved, even though the later is good 
enough when we deal with weighted approximation by exponential sums. 

We have here a qualitative difference between weighted polynomial 
approximation and that by linear combinations of the e^*, — A <A< A, 
and in fact the first real distinction we have seen between these two kinds of 
approximation. In Chapter VI, the study of the latter paralleled that of the 
former in almost every detail. 

The reason for this difference is that (for weights W which are finite 
reasonably often) the | ||,,-density of polynomials in € (R) is governed 
by the lower polynomial regularization W,(x) of W, whereas that of &, is 
determined by the lower regularization W,(x) of W based on the use of 
entire functions of exponential type <A. The latter are better than 
polynomials for getting at W(x) from underneath. As the example shows, 
they are qualitatively better. 


5: Levinson’s theorem 


There is one other easy application of the material in article 1 
which should be mentioned. Although the result obtained in that way has 
been superseded by a deeper (and more difficult) one of Beurling, to be 
given in the next §, it is still worthwhile, and serves as a basis for Volberg’s 
very refined work presented in the last § of this chapter. 
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Theorem (Levinson). Let u be a finite Radon measure on R, and suppose that 


[use rax) = 0 
o TEx? "Vpldygi/ T O 


Then the Fourier-Stieltjes transform 
Ata) = f e"* du(x) 
cannot vanish identically over any interval of positive length unless u = 0. 


Remark 1. Of course, the same result holds if 


^ l lo l dx = œ 
olt A dapi) T 


Remark 2. Beurling’s theorem, to be proved in the next §, says that under 
the stated condition on log (f7 |du(t)]), A(A) cannot even vanish on a set of 
positive measure unless u = 0. 


Proof of theorem. It is enough, in the first place, to establish the result 
for absolutely continuous measures u. Suppose, indeed, that u is any measure 
satisfying the hypothesis; from it let us form the absolutely continuous 
measures Hp h 7 0, having the densities 


du,(x) E is 
dx — Al duin. 
Then 
1—e-ie 
ful) = = — A), 


so fi,(A) vanishes wherever fi(A) does. Also, 
[Pawson < | iao 


for x > 0, so 


{ee (masa) m 
o 14x? PA Tran 


for each h 7 0 by the hypothesis. Truth of our theorem for absolutely 
continuous measures would thus make the u, all zero if f(A) vanishes on 
an interval of length >0. But then p=0. 

We may therefore take u to be absolutely continuous. Assume, without 
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loss of generality, that 


f Idu(t)| < 1 


and that f(A)=0 for -A<A<A, A>O. 
For x 20, write W(x) — (f? Idu(t)]) ', and, for x <0, put 


x —71/2 
W(x) — (E iuto!) 


The function W(x) (perhaps discontinuous at 0) is > 1 and tends to oo as 
x— + œ. Itis monotone on( — oo, 0) and on [0, oo), and continuous on each 
of those intervals (in the extended sense, as it may take the value oo). 

By integral calculus (!), we now find that 


7 |? Ide |. 
f W(x)|du(x)| = o Jf duoi dui -aJ[ Idu(t)) < oo, 


and, in like manner, 


0 
is W(x)du(x)) < oo. 


The measure v with dv(x) = W(x)dy(x) is therefore totally finite on R. (If 
W(x) is infinite on any semi-infinite interval J, we of course must have 
du(x) =0 on J, so dv(x) is also zero there.) For — A <å S 4A, 


[re] ei^x : 
(§) wo = f(A) = 0. 


However, by hypothesis, 


? log W(x) 1|? 1 1 
dx = =| ——,log( zu ]dx = e 
f Peg? < jl. 14 xi oa( dOl ~ © 


so, since W(x) is increasing on [0, 00), @y(A) is | || w-dense in €,,(R) 
according to the theorem of article 3. Therefore, by (§), 


ML LM SP ans) = 


for every continuous g of compact support. This means that u z 0. We 
are done. 
The proof of Volberg's theorem uses the following 


Corollary. Let f(9)- E2 f(n)e"* belong to L,(—7,n), and suppose 
that f(9) — 0 a.e. on an interval J of positive length. If | f(n)| < e^ M for 
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n> 0 with M(n) increasing, and such that 


then f(9) 20, «8m. 


Proof. Take any small h > 0 and form the convolution 


f9) = if, (1-2) n6 - nec 


If h < 4 (length of J), f,(9) also vanishes identically on an interval of 
positive length 
From the rudiments of Fourier series, we have 


sin (nh/2) 


fi) = $C nh | ftne". 


= 00 


The sum on the right can be rewritten in evident fashion as jr du(x) 
with a (discrete) totally finite measure p. Let x > 0 be given. If n is the next 
integer >x we have, since M(n) increases, 


s _ sin (Ih/2) V? 
f Idu()] = b hp Jio 


zn 


const 
-M(n) -M(n) 
Lr 5 É < are . 
ièn 


Because Y? M(n)/n? = oo, we see that 


oo 1 oo 
| EF ir ( f Ko) as = 0, 
0 x 


and conclude by the theorem that f, = 0. Making h — 0, we see that f = 0, 
Q.E.D. 


B. The Fourier transform vanishes on a set of positive 
measure. Beurling's theorems 


Beurling was able to extend considerably the theorem of Levinson 
given at the end of the preceding $. The main improvement in technique 
which made this extension possible involved the use of harmonic measure. 

Harmonic measure will play an increasingly important róle in the 
remaining chapters of this book. We therefore begin this $ with a brief 
general discussion of what it is and what it does. 
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1. What is harmonic measure? 


Suppose we have a finitely connected bounded domain 9 whose 
boundary, 02, consists of several piecewise smooth Jordan curves. The 
Dirichlet problem for P requires us to find, for any given @ continuous 
on 02, a function U,(z) harmonic in 2 and continuous up to 0 with 
U,(¢) = e(t) for Ced@. It is well known that the Dirichlet problem can 
always be solved for domains like those considered here. Many books on 
complex variable theory or potential theory contain proofs of this fact, 
which we henceforth take for granted. 

Let us, however, tarry long enough to remind the reader of one parti- 
cularly easy proof, available for simply connected domains 2. There, the 
Riemann mapping theorem provides us with a conformal mapping F of 2 
onto the unit disk (|w| < 1}. Such a function F extends continuously up 
to 02 and maps the latter in one-one fashion onto (|o| = 1}; this is true 
by a famous theorem of Carathéodory and can also be directly verified 
in many cases where 0Z has a simple explicit description (including all 
the ones to be met with in this book). 


Figure 48 


Denote by F^! the inverse mapping to F. The function (o) = q(F ^ !(c)) 
is then continuous on (|o| = 1}, and, if U, is the harmonic function sought 
which is to agree with o on 02, V(w) = U,(F~ !(w)) must be harmonic in 
{|w| < 1} and continuous up to {|| = 1), where V(o) must equal y(c). 
A function V with these properties (there is only one such) can, however, 
be obtained from y by Poisson's oo 


1 1— 
VW) = EE ; V o)ldol. 


2n disi - w 
Going back to 2, and writing z = F~'(w), ( — F^ (v), we get 
1 —|F(2)|? 


U,(z) = 7x FO pop OFO 
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for ze. This is a formula for solving the Dirichlet problem for 2, based 
on the conformal mapping function F. Knowledge of this formula will 
help us later on to get general qualitative information about the behaviour 
near 02 of certain functions harmonic in 2 but not continuous up to 0Z, 
even when 2 is not simply connected. 

Let us return to the multiply connected domains 2 of the kind considered 
here. If o is real and continuous on 02 and U,, harmonic in 2 and 
continuous on Z, agrees with o on 02, we have, by the principle of 
maximum, 


for each ze2; here we are writing 


lola = sup loQ). 
geð? 


This shows in the first place that there can only be one function U, corres- 
ponding to a given function œ. We see, secondly, that there must be a 
(signed) measure u, on 02 (depending, of course, on z) with 


(*) U,(z) = f odu). 
6D 


The latter statement is simply a consequence of the Riesz representation 
theorem applied to the space @(02). Since U, can be found for every 
q€«(02) (ie., the Dirichlet problem for Z2 can be solved!) and since, 
corresponding to each given q, there is only one U,, there can, for any 
zeQ, be only one measure u, on 02 such that (*) is true with every 
qe €(02). The measure u, is thus a function of zeZ, and we proceed to 
make a gross examination of its dependence on z. 

If ot) 2 0 we must have U,(z) 2 0 throughout 2 by the principle of 
maximum. Referring to (*), we see that the measures u, must be positive. 
Also, 1 is a harmonic function (!), so, if o(C) & 1, U,(z) = 1. Therefore 


| du) = 1 
og 


for every zeZ. Let (9602 and consider any small fixed neighborhood 
V of Cy. Take any continuous function g on 02 such that (o) — 0, 
olt) = 1 for L% NOY, and 0< o( € 1 on Y^ ^02. 
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Figure 49 


Since U, is a solution of the Dirichlet problem, we certainly have 
U,(z) — Q((9) 20 for z—Co. 
The positivity of the x, therefore makes 


{ du) — 0 
(Y og 


for z — (,. Because all the x, have total mass 1, we must also have 


Í du,() — 1 for z—>%. 
Ynog 


When z is near (5602, u, has almost all of its total mass (1) near Cy (on 
02). This is the so-called approximate identity property of the u,. 

There is also a continuity property for the u, applying to variations of 
z in the interior of 2. 


Figure 50 
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Take any z,€Q, write p = dist(z9,02) and suppose that |z — Zol < p. 
Then, if @ is continuous and positive on 02, 


| e (du) 
0D 
lies between 
p — |z — zol 
p* [zl ,, dn. 
and 
PE ol ota. 
p — |z — Zol Ja 


This is nothing but Harnack's inequality applied to the circle {|z — zo| < p}, 
U (z) being harmonic and positive in that circle. (The reader who does not 
recall Harnack’s inequality may derive it very easily from the Poisson 
representation of positive harmonic functions for the unit disk given in 
Chapter III, §F.1.) These inequalities hold for any positive pe@(0Q), so 
the signed measures 


— |z — Zol 


^ — pisc am 


p * Iz — zol 


— |z — zol zo ^ Bz 


are in fact positive. This fact is usually expressed by the double inequality 


p — |z — zol p * |z — zol 
od d rh LS 
"TIRES HC) < du) < 2-252] 


dus). 
What is important here is that we have a number K(z, zo), 0 < K(z, Zo) < oo, 
depending only on z and zo (and 2!), such that 


KEPO < dO) < Kt. zodu 
Such an inequality in fact holds for any two points z,Zọ in 2; one needs 
only to join z to zg by a path lying in 2 and then take a chain of 
overlapping disks € 2 having their centres on that path, applying the 
previous special version of the inequality in each disk. 

In order to indicate the dependence of the measures y, in (*) on the 
domain 2 as well as on ze, we use a special notation for them which is 
now becoming standard. We write 


do,(,z) for du) 
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so that (*) has this appearance: 


| e(t)do (t z). 
a9 


We call wo( ,z) harmonic measure for 2 (or relative to D) as seen from z. 
W,( ,z) is a positive Radon measure on 02, of total mass 1, which serves 
to recover functions harmonic in 2 and continuous on Z2 from their 
boundary values on 02 by means of the boxed formula. That formula is 


just the analogue of Poisson's for our domains 2. 
If E is a Borel set on 0Z, 


W,(E,z) = EZS 
E 


is called the harmonic measure of E relative to 2 (or in 2), seen from z. 
We have, of course, 


0 < a,(E,z) < 1. 


Also, for fixed E S 02, w,(E,z) is a harmonic function of z. This almost 
obvious property may be verified as follows. Given E € 02, take a sequence 
of functions ¢, e €(09) with 0 < o, <1 such that 


| Ixe(C) — e.C)Ideg( zo) — 0 
02 


for the characteristic function yg of E. Here, zo is any fixed point of 2 
which may be chosen at pleasure. Since dw,(¢,z) < K(z, zo)dos (C, zo) 
as we have seen above, the previous relation makes 


U, i) = | e. (Qdos(,z) — wa(E,2) 
02 


for every z€Q; the convergence is even u.c.c. in 2 because 0 < U, (z) <1 
there for each n. Therefore w,(E, z) is harmonic in zeZ since the U,, (z) are. 

Harmonic measure is also available for many unbounded- domains 2. 
Suppose we have such a domain (perhaps of infinite connectivity) with a 
decent boundary 02. The latter may consist of infinitely many pieces, but 
each individual piece should be nice, and they should not accumulate near 
any finite point in such a way as to cause trouble for the solution of the 
Dirichlet problem. In such case, 02 is at least locally compact and, if 
oe €,(89) (the space of functions continuous on 02 which tend to zero 
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as one goes out towards oo thereon), there is one and only one function 
U, harmonic and bounded in 2, and continuous up to 02, with U,(¢) = o(L), 
(€02. (Here it is absolutely necessary to assume boundedness of U, in 2 
in order to get uniqueness; look at the function y in 3z >0 which takes 
the value 0 on R. Uniqueness of the bounded harmonic function with 
prescribed boundary values is a direct consequence of the first Phragmén- 
Lindelóf theorem in $C, Chapter III.) Riesz’ representation theorem 
still holds in the present situation, and we will have (*) for pe@,(0Q). 
The examination of the jt, carried out above goes through almost without 
change, and we write dyu,({)=dw,(¢,z) as before, calling w,( ,z) the 
harmonic measure for 2, as seen from z. It serves to recover bounded 
functions harmonic in 2 and continuous up to 02 from their boundary 
values, at least when the latter come from functions in €,(02). 

Let us return for a moment to bounded, finitely connected domains 2. 
Suppose we are given a function f(z), analytic and bounded in 9, and 
continuous up to 02. An important problem in the theory of functions is 
to obtain an upper bound for |f (z)| when ze, in terms of the boundary 
values f(C), (e09. A very useful estimate is furnished by the 


Theorem (on harmonic estimation). For zeZ, 
(t) log|f(z) < [ log |f (de, z). 
0g 


Proof. The result is really a generalization of Jensen's inequality. 
Take any M » 0. The function 


Vu(z) = max(log|f(z), — M) 
is continuous in Z and subharmonic in 2. Therefore the difference 
Vu(z) — | Vy(Cdoos(L, z) 
02 
is subharmonic in Z and continuous up to 02 where it takes the boundary 


value Vult) — V4(C) = 0 everywhere. Hence that difference is < 0 through- 
out 2 by the principle of maximum, and 


logi f(z)| < Vulz) < f Vu( dogs z) 
og 


for zeZ. On making M > œ, the right side tends to 


f log| f (D de(C, z) 
og 


by Lebesgue's monotone convergence theorem, since log|f (£)|, and hence 


1 What is harmonic measure? 257 


the V,,(), are bounded above, |f (z)| being continuous and thus bounded 
on the compact set Z. The proof is finished. 


The result just established is true for bounded analytic functions in 
unbounded domains subject to the restrictions on such domains mentioned 
above. Here the boundedness of f(z) in 2 becomes crucial (look at the 
functions e ^" in Sz » 0 with n oo!). Verification of this proceeds very 
much as above, using the functions V,,(¢). These are continuous and 
bounded (above and below) on 02, so the functions 


Hy(z) = [ Vy(Odog(, z) 
og 


are harmonic and bounded in 2, and for each (962 we can check directly, 
by using the approximate identity property of wo( ,z) established in the 
above discussion, that 


Hy(z) — Vy(Co) for z —460,. 


(It is not necessary that Vy(¢) belong to €$(02) in order to draw this 
conclusion; only that it be continuous and bounded on 02.) The difference 


Vu(z) — Hy(z) 


is thus subharmonic and bounded above in 2, and tends to 0 as z tends to 
any point.of 29. We can therefore conclude by the first Phragmén- Lindelóf 
theorem of $C, Chapter III (or, rather, by its analogue for subhar- 
monic functions), that V,,(z) — H(z) <0 in 2. The rest of the argument 
is as above. 


The inequality (f) has one very important consequence, called the 
theorem on two constants. Let f(z) be analytic and bounded in a domain 2 
of the kind considered above, and continuous up to 092. Suppose that 
If (0| <M on 02, and that there is a Borel set E & 09 with |f ()| < some 
number m ( < M) on E. Then, for ze, 


Lf (2)| < mye?) M1- 0902 


Deduction of this inequality from (t) is immediate. 

Much of the importance of harmonic measure in analysis is due to this 
formula and to (f). For this reason, analysts have devoted (and continue 
to devote) considerable attention to the estimation of harmonic measure. 
We shall see some of this work later on in the present book. The systematic 
use of harmonic measure in analysis is mainly due to Nevanlinna, who 
also gave us the name for it. There are beautiful examples of its application 
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in his book, Eindeutige analytische Funktionen (now translated into 
English), of which every analyst should own a copy. 


Before ending our discussion of harmonic measure, let us describe a 
few more of its qualitative properties. 

The first observation to be made is that the measures w,( ,z) are 
absolutely continuous with respect to arc length on 09 for the kind of 
domains considered here. This will follow if we can show that 


Ogs(E, z9)—0 for zoe? 


when the E, lie on any particular component T of 02 and 


f Xs (Qldt] — 0. 
r 


(Here, xg, denotes the characteristic function of E,) We do this by 
comparing w,( ,z) with harmonic measure for a simply connected domain; 
the method is of independent interest and is frequently used. 

Let & be the simply connected domain on the Riemann sphere (including 
perhaps oo), bounded by the component T of 02 and including all the points 
of 2. 


Figure 51 


If pe€@(0Q) is positive, and zero on all the components of 02 save T, 
we have 


| e(Ddo,(5z) > | e(Odos(C, z) 
r aD 


for zeZ. Indeed, both integrals give us functions harmonic in 2 (c £ 3), 
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and continuous up to 02. The right-hand function, U,(z), equals g(¢) on 
T and zero on the other components of 02. The left-hand one - call it 
V(z) for the moment - also equals (z) on T but is surely > 0 on the other 
components of ôP, because they lie in £ and o > 0. Therefore V(z) > U,(z) 
throughout 2 by the principle of maximum, as claimed. This inequality 
holds for every function ọ of the kind described above, whence, on I, 


do,((,z) > dw(¢,z) for ze2. 


This relation is an example of what Nevanlinna called the principle of 
extension of domain. 
Let us return to our sets 


E, ST with [sona = 6 
r n 


in order to verify that 


W(E,, Z) +0, zeg, 


it is enough, in virtue of the inequality just established, to check that 
W,(E,, zo) —0 for each zoe&. Because & is simply connected, we may, 
however, use the formula derived near the beginning of the present article. 
Fixing zoe, take a conformal mapping F of 4 onto (|w| « 1) which 
sends z, to 0. From the formula just mentioned, it is clear that 


1 
O,(E, Zo) = a | tear 


The component T of 02 is, however, rectifiable; a theorem of the brothers 
Riesz therefore guarantees that the mapping F from T onto the unit 
circumference is absolutely continuous with respect to arc length. For 
domains 2 whose boundary components are given explicitly and in fairly 
simple form (the sort we will be dealing with), that property can also be 
verified directly. We can hence write 


F 
Eze) = =Í A | SO TO lie 
with 


el in L,Q, |d¢1), 
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and from this we see that o,(E,, zo) — 0 when 


| Xs (Oldt] — 0. 
r 


The absolute continuity of o4( ,z) with respect to arc length on 02 is thus 
verified. 
The property just established makes it possible for us to write 


dog(L, z) 
|d¢| 


for Ec 02 and zeZ. It is important for us to be able to majorize the 
integral on the right by one of the form 


wa(E,2) = if t0 eo” at] 


3! xs (Ide 
a 


(with K, depending on z and, of course, on 2) when dealing with certain 
kinds of simply connected domains 2. In order to see for which kind, let 
us, for fixed zọ€2, take a conformal mapping F of 2 onto (|w| « 1) 
which sends z, to 0 and apply the formula used in the preceding argument, 
which here takes the form 


dF) 
di 


If the boundary 02 is an analytic curve, or merely has a differentiably 
turning tangent, the derivative F'(z) of the conformal mapping function 
will be continuous up to 02; in such circumstances |dF(¢)/d{| is bounded 
on 02 (the bound depends evidently on Z 9), and we have a majorization 
of the desired kind. This is even true when 02 has a finite number of 
corners and is sufficiently smooth away from them, provided that all those 
corners stick out. 


idc]. 


1 
,(E,Z) = xl. Xi 0| ——— 


Figure 52 
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In this situation, where 02 has a corner with internal angle « at (o, 
F(z) = F(¢o) - (C + o(1)(z — (9)"* for z in Z (sic!) near Ço; we see that 
F'(C,.) 2 0 if « « n, and that F'(7) is near 0 if ( € 09 is near Ço (sufficient 
smoothness of 02 away from its corners is being assumed). In the present 
case, then, | F'(7)| is bounded on 02, and an estimate 


(E, Zo) < Ka Í Xe(0)|dC| 
o9 
does hold good. It is really necessary that the corners stick out. If, for 


instance, & >n, then |F'(£9)| 2 oo, and |F'(£)| tends to oo for & on 02 
tending to Co: 


Figure 53 


Here, we do not have 


A E. const. | xe(O)146| 
02 


for sets E S 02 located near (,. 


Let us conclude with a general examination of the boundary behaviour 
of w,(E, z) for E € 02. Consider first of all the case where E is an arc, o, 
on one of the components of 02. Then the simple approximate identity 
property of w,( ,z) established above immediately shows that 


w,(6,z) 1 if z—4ieec 
and ( is not an endpoint of c, while 
w,(6,z) — O0 if z—0e02-—oc 


and ¢ is not an endpoint of c. If ze tends to an endpoint of c, we cannot 
say much (in general) about w,(¢, z), save that it remains between 0 and 
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1. These properties, however, already suffice to determine the harmonic 
function c(c, z) (defined in 2) completely. This may be easily verified by 
using the principle of maximum together with an evident modification of 
the first Phragmén-Lindelóf theorem from $C, Chapter III; such verifi- 
cation is left to the reader. One sometimes uses this characterization in 
order to compute or estimate harmonic measure. Of course, once @,(¢, z) 
is known for arcs o S 02, we can get w,(E, z) for Borel sets E by the standard 
construction applying to all positive Radon measures. 

What about the boundary behaviour of w,(E, z) for a more general set 
E? We only consider closed sets E lying on a single component T of 02; 
knowledge about this situation is all that is needed in practice. 

Take, then, a closed subset E of the component F of 02. In the first 
place, «5 (E, z) < o4(L, z). When z tends to any point of a component I" 
of 02 different from V, w,(T, z) tends to zero by the previous discussion 
(F is an arc without endpoints!) Hence o4(E, z) —0 for z — C if (e02 
belongs to a component of the latter other than T. 

Examination of the boundary of w,(E, z) for z near Y is more delicate. 


Figure 54 


Take any point p on F lying outside the closed set E (if E were all of I, 
we could conclude by the case for arcs handled previously), and draw a 
curve y lying in 2 like the one shown, with its two endpoints at p. Together, 
the curves y and F bound a certain simply connected domain & € 2. 

We are going to derive the formula 


,(E, z) = | out 0 do, (C. z) + W,(E, 2), 


valid for ze&. Take any finite union 4 of arcs on F containing the closed 
set E but avoiding a whole neighborhood of the point p, and let y be 
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any function continuous on T with 0 < V(C) < 1, W(¢) =0 outside %, and 
V(C) = 1 on E. Since y is zero on a neighborhood of p, the function 


U,(z) = i YE) dwal, z) 


tends to zero as z > p. Write U,(C) = (0) for CeT; the function U,(C) then 
becomes continuous on Tuy = 06, so 


V(z) = | U, (0) do, z) 
ae 
is harmonic in & and continuous up to d@, where it takes the boundary 
value U,(z). For this reason, the function 
U,(z) — V(z), 


harmonic in @, is identically zero therein, and we have 
| U, (Odo, z) «| w(C)dw,(0,z) = V(z) = U,() 
7 r 


= I. YE) dwal, z) 


for ze&. Making the covering Y shrink down to E, we end with 


w,(E,z) = Í w(E, C) do, (5 z) + c, (E, 2), 
y 
our desired relation. 

The function w,(E,¢) is continuous on y and zero at p, because 
Og(E,z) < each of the functions U,(z) considered above. The function 
harmonic in & with boundary values equal to w,(E,¢) on y and to zero 
on T is therefore continuous on y 0T = 06, so 


| wa(E, Ü do,(, z) 


tends to zero when zeé tends to any point of T. Referring to the previous 
relation, we see that 


(2 w,(E, z) — 0,(E, z) — 0 


whenever zeé tends to any point of T. The behaviour of the first term on the 
left is thus the same as that of the second, for z—>CoeI. 

Because @ is simply connected, we may use conformal mapping to study 
w,(E, z)’s boundary behaviour. 
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Figure 55 


Let F map 4 conformally onto A= (|w| « 15; F takes EST onto a 
certain closed subset E' of the unit circumference, and we have 


o,(E, z) = w,(E’, F(z)) 


for ze€ (see the formula near the beginning of this article). Assume that 
T is smooth, or at least that E lies on a smooth part of T. Then it is a fact 
(easily verifiable directly in the cases which will interest us - the general 
result for curves with a tangent at every point being due to Lindelóf) that 
F preserves angles right up to T, as long as we stay away from p: 


Figure 56 


This means that if ze& tends to any point C, of E from within an acute 
angle with vertex at Co, lying strictly in & (we henceforth write this as 
‘z -> Čo ), the image w = F(z) will tend to F((9)e E' from within such an 
angle lying in A. 

However, 


p(51-w? (| 
o,(E',w) = =i jw ewz tele *)do. 


A study of the boundary behaviour of the integral on the right was made 
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in §B of Chapter II. According to the result proved there, 
w,(E’, w) — xe (w0) 


as w —4> @p, for almost every wo on the unit circumference. In the 
present situation (E’ closed) we even have 


w,(E’, w) —0 
whenever w— a point of the unit circumference not in E'. Under the 
conformal mapping F, sets of (arc length) measure zero on I correspond 
precisely to sets of measure zero on {|| = 1}. (As before, one can verify 
this statement directly for the simple situations we will be dealing with. 


The general result is due to F. and M. Riesz.) In view of the angle preser- 
vation just described, we see, going back to @, that, for almost every (o € E, 


o,(E,z)— 1. as z —7— čo 
and that 
w,(E,z) —0 as zl, 


for čoeT not belonging to E. 
Now we bring in (*). According to what has just been shown, that relation 
tells us that 


@(E,z)—>1 as z -> fy 
for almost every (9€ E, whilst 
w(E,z; —0 as z—ģo 


for oel ~ E, except possibly when £9 — p. By moving p slightly and 
taking a new curve y (and new domain @) we can, however, remove any 
doubt about that case. Referring to the already known boundary behaviour 
of w,(E, z) at the other components of 02, we have, finally, 


0 as z —^io € 02 ~E, 


E 
wgl a-[ as z > Co for almost every Coc E. 


This completes our elementary discussion of harmonic measure. 


2. Beurling's improvement of Levinson's theorem 
We need two auxiliary results. 


Lemma. Let y be a totally finite (complex) measure on R, and put 


AQ) = | e^ du(t) 


-0 
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(as usual). Suppose, for some real Ao, that 


L e eX0()dA = 0 


Ào 
and 


Ào 
| e'^eiX^f())dA = 0 
for all X eR and all Y>0. Then p 2 0. 


Proof. If we write du, (t) =e du(t), we have ji(t + A) = fi,,(t), and the 
identical vanishing of y,, clearly implies that of u. In terms of fi,,, the 
two relations from the hypothesis reduce to 


f e reix, (t)dt = 0, 


0 


il 


o 
f eřeXt A (t)dt = 0, 


= 00 


valid for XeR and Y> 0. Therefore, if we prove the lemma for the case 
where A, — 0, we will have u 2 0. We thus proceed under the assumption 
that Ro = 0. 


By direct calculation (!), for X eR and Y>0, 
Y zZ 1 - Vial iXA iat 
(X+0?+Y? | TE CA 


The integral on the right is absolutely convergent, so, multiplying it by dit), 
integrating with respect to t, and changing the order of integration, we find 


= Y 1[? : 
| x3 gx yr - Al e MeiX4 AA) dA. 


Under our assumption, the integral on the right vanishes identically for 
X€R and Y >0. Calling the one on the left J,(X), we have, however, 


Jyí(—X)dX — mndu(X) w* 
for Y — 0. Therefore du(X) = 0, and we are done. 
Lemma. Let M(r) > 0 be increasing on [0, oo), and put 
M ,(r) = min (r, M(r)) 
for r z 0. Then, if 


° M(r) 
0 147 


dr = o 
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we also have 


"Mna 
o 14rP? 


dr 


Proof. Is like that of the lemma in §A.3. The following diagram shows 
that M(r) = M,(r) outside of a certain open set @, the union of disjoint 
intervals (a,, b,), on which M,(r) =r. 


Figure 57 


It is enough to show that 


MIU res 
Uo 


M 
| Mn dr = oo, 
6n[lo) T 


we are already finished; let us therefore assume that this last integral is finite. 
We then sureiy have 


Y ^M Mal) 4, 


a, > 1 an r >l Jan 


If 


a,21 


so b,/a, — 1 which, fed back into the last relation, gives us 
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Since, however, M(r) is increasing, we see from the picture that 


bn bn - b.— 
Seid dr < M(b,) z = p, a, = n a, 
an r an r a,b, a, 
Therefore 
bn 
ae dr « oo 
apl Jan 


by the previous relation, so, since we are assuming 


which implies 


| Mo a, = 00 
QE 


(M being increasing), we must have 
M 
| MID d; = 00, 
ET 


where 


E = [1,0)~ (] (an bn) 
a, >1 
The set E is either equal to the complement of © in [1, oo) or else differs 
therefrom by an interval of the form [1,b,) where (a,, b,) is a component 
of © straddling the point 1 (in case there is one). Since M (r) = M(r) outside 
©, we thus have 


[Me = 
E 


r 


(including in the possible situation where b, = oo), and therefore 


(PaL s 
1 


r 


as required. 


Theorem (Beurling). Let u be a finite complex measure on R such that 


ges wr (a) = c 
-a b+ x? PET auto 
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If 
f(a) = | ei du(t) 


vanishes on a set E S R of positive measure, then u z 0. 
Proof. In the complex A-plane, let 2 be the strip 
(0 «34 <1}; 


we work with harmonic measure c4( ,A) for 9 (see article 1). 


Figure 58 


Because |E| > 0, E contains a compact set of positive Lebesgue measure; 
there is thus no loss of generality in assuming E closed and bounded. 
According to the discussion at the end of the previous article, we then have 


aE, 4) — 1 


asà -> Ap for almost every A, in the set E (of positive measure). There is 
thus certainly a A9€E with 


O(E, 49 + it) — 1 
for t-+0+; we take such a Ag and fix it throughout the rest of the proof. 


We are going to show that 


åo 
f eel add = 0 


and 


Ill 
© 


[e nena; 


åo 
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for Y » 0 and XeR; by the first of the above lemmas we will then have 
u =0 which is what we want to establish. The argument here is the same 
for any value of Ao. In order not to burden the exposition with a proliferation 
of symbols, we give it for the case where A, = 0, which we henceforth assume. 
We have, then, (4) —- 0 on the closed set E, OEE, and c (E, i) —1 for 
1—04. 

Consider the second of the above two integrals. Under the present 
circumstances, it is equal to 


| ei? j(1)dA = F(Z), 
0 

say, where Z = X + iY. The function F(Z) defined in this fashion is analytic 
for JZ » 0 and bounded in each half plane of the form SZ 2 h» 0. By 
$G.2 of Chapter III, we will therefore have F(Z) = 0 for 3Z > 0 provided 
that 


(4) Je 


Neh edd 
y pue e x 


This relation we now proceed to establish. 
Take a number A > 0 (later on, A will be made to depend on X), and write 


AYA) = Aal) + 64(A), 
with 


AQ) 


I 


I e^t du(t) 


-A 


and 


-a 
bald) | e"! du(t). 


700 


The function £,(4) is actually defined for 34 > 0 and analytic when $34 > 0. 
P 4() is not, in general, defined for 34 > 0; when A is large, it is, however, 
very small on the real axis in view of our assumption on 


| ldu) 


in the hypothesis. We think of f ,(4) as a correction to fi,(A) on R. 
Wlog, 


| Idu(t)) < 1. 


700 
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Then, writing 


-A 
f Idu(t)) = eM), 


we have 
|p4(A)I Es g MM) AER, 
with M(A) > 0 and increasing for A 2 0. Going back to 


F(X +i) = | e^ ?^e!X^ (A) dA, 
0 
we see that the latter differs from 


f eix +049 (2)dA 
0 
by a quantity in modulus 


< | e~? (Aldi < e^ M^. 
0 
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As we have already remarked, this is very small when A is large. Showing 
that | F(X + i)| gets small enough for (*) to hold thus turns out to reduce to 


the careful estimation of 


| e * Dag (A)dA 


0 


We use Cauchy's theorem for that. 
Taking I as shown, 


Figure 59 
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we have 
Í eX +d N (2) dA = f ei4X +i h (2)dA 
0 r 
because fi,(A) is analytic for 34 >0 and bounded in the strip 
0«3A«I1, 


with |e/^**?| going to zero like e 
along I breaks up as 


7*4 there as 9t14— oo. The integral 


1 oo 
i e Fe A (it)dt + f ei X- De77e-Xf (o -- i) do 
0 o 


= I + II, 
say. 
Since 
| Idu(t)| < 1, 
we have 


« 1 


le^g,Q)I = | ele * ^ duit) 


for 34 >0. In particular, for oeR, | ,(c +i)| <e4, and 
I < [ e U74e7*dg = e^^*X, 
0 


To estimate I, we use the theorem on two constants given in the previous 
article. As we have just seen, e/^^/,(4) is in modulus < 1 on the closed 
strip Z; it is also continuous there and analytic in Z. However, on 
ECR, f(4) 2 0 (by hypothesis!) so ĝ4(4) = A(A) — 64(A) = — 6,(A) there. 
Thus, for AcE, 


liA = aA < eM 
According to the theorem on two constants we thus have 


le^ à ,(A)| < e^ MiAwalEA), 41-09(EA) 
for 4e2, i.e., 
[B | ete M Aem. 


Substituting this estimate into I, we find 


1 
| Ij < Í e^ — Xt — M(Ayog(Eit) dt. 
0 
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Recall, however, that «g4(E,it) — 1 for t—0. For this reason 
t+@,(E,it) has a strictly positive minimum — call it 0—for 0x cx; 
0 does not depend on A or X. 

Suppose X > 0. Then take A = X/2. With this value of A, the previous 
relation becomes 


1 
IIl < | e AA - MXR waAlBit) dr < e OMs(X/2) 
0 


where M (r) = min (r, M(r)). 
At the same time, 
[I| < e7%? 


for A = X/2, according to the estimate made above. Therefore, for X > 0, 
| eX +94 à (A) di = f eX * 4j c (A)dA 
0 r 


is in modulus 
< JI] +III < e 9M«4XI2) 4g 7XI2 


However, the first of the last two integrals differs from F(X + i) by a 
quantity in modulus « e^ M*/? as we have seen. So, for X >0, 


|F(X + i) < e 9M«X12) + e X2 FU e MOI2) 
There is no loss of generality in assuming 0 < 1. Then we get 
[F(X +i)| < 3e 9€ x0 


Returning to (*), which we are trying to prove, we see that 


* log| F(X +i)| ?]og3— 0M,(X/2) 
—— — dX «| ————4x, 
I 1-X? xs I 1-Xx? 4 
and the integral on the left will diverge to — oo if 
* M,(X/2) 
(3) Mv IX = oœ 
: o 1-X* 
Here, 
1 
M(A) = lo ( - ) 
STO] 
so fo (M(A)/(1 + A?))dA = œ by the hypothesis. Therefore 
M,(A) di seg a 


o 1+4? 
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for M,(A) = min(A, M(A)) by the second lemma, i.e., 


ie 2M,(X/2) 


Wey os Ca eb 


implying (£), since M,(A) > 0. 
We conclude in this fashion that (+) holds, whence F(Z) = 0 for Z > 0, 
i.e., 


f e` Y4eiX4 H(A) dA = 0 
0 
for Y >0 and XER. 

One shows in like manner that f we et f(A) dd = Ofor Y > Oand X ER; 
here* one follows the above procedure to estimate 


| à e^eiX20(1)d4 


(again for X 7 0!) using this contour: 


SA 


0 RA 
Figure 60 


Aside from this change, the argument is like the one given. 

The two integrals in question thus vanish identically for Y > 0 and XeR. 
This, as we remarked at the beginning of our proof, implies that u = 0. We 
are done. 


Remark 1. The use of the contour integral in the above argument goes 
back to Levinson, who assumed, however, that /(4) = 0 on an interval J 
instead of just on a set E with | E| > 0. In this way Levinson obtained his 
theorem, given in § A.5, which we now know how to prove much more easily 
using test functions. By bringing in harmonic measure, Beurling was able to 
replace the interval J by any measurable set E with |E|>0, getting a 
qualitative improvement in Levinson’s result. 


* In which case the integral just written is an analytic function of X — iY 
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Remark 2. What about Beurling’s gap theorem from §A.2, which says 
that if the measure u has no mass on any of the intervals (a,, b,) with 
0«a, «b, «a; « b, « -- and Y.,((b, — a,)/a,)? = oo, then f(A) can't van- 
ish identically on an interval J, |J| > O, unless u = 0? Can one improve this 
result so as to make it apply for sets E of positive Lebesgue measure instead of 
just intervals J of positive length? Contrary to what happens with Levinson's 
theorem, the answer here turns out to be no. This is shown by an example of 
P. Kargaev, to be given in $C. 


3. Beurling's study of quasianalyticity 


The argument used to establish the theorem of the preceding 
article can be applied in the investigation of a kind of quasianalyticity. 
Let y be a nice Jordan arc, and look at functions q(() bounded and 
continuous on y. A natural way of describing the regularity of such ¢ is 
to measure how well they can be approximated on y by certain analytic 
functions. The regularity which we are able to specify in such fashion is 
not necessarily the same as differentiability; it is, however, relevant to the 
study of a quasianalyticity property considered by Beurling, namely, that 
of not being able to vanish on a subset of y having positive (arc-length) 
measure without being identically zero. 

A clue to the kind of regularity involved here comes from the observation 
that a function g having a continuous analytic extension to a region 
bordering on one side of y possesses the quasianalyticity property just 
described. We may thus think of such a q as being fully regular. In order to 
make this notion of regularity quantitative, let us assume that the arc y is 
part of the boundary 02 of a simply connected region 2. 


Figure 61 


So as to avoid considerations foreign to the matter at hand, we take 02 as 
‘nice’ - piecewise analytic and rectifiable, for instance. Given @ bounded 
and continuous on y, define the approximation index M(A) for ọ by functions 
analytic in 2 as follows: 
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e M is the infimum of sup;.,| PÈ) — fO) for f analytic in 2 and 


continuous on J such that | f(z)) « e^, ze. 


We should write M (A, o) instead of M(A) in order to show the dependence 
of the approximation index on 9 and 2; we prefer, however, to use a simpler 
notation. 

When A is made larger, we have more competing functions f with which 
to try to approximate q on y, so e^ M? gets smaller. In other words, M(A) 
increases with A and we take the rapidity of this increase as a measure of the 
regularity of o. Note that if ọ actually has a bounded continuous extension 
to J which is analytic in 2, we have M(A) = oo beginning with a certain 
value of A. Such a function @ cannot vanish on a set of positive (arc-length) 
measure on y without being identically zero, as we have already remarked 
(this comes, by the way, from two well-known results of F. and M. Riesz). 
We see that if M(A) grows rapidly enough, « will surely have the quasi- 
analyticity property in question. 

The approximation index M(A) is a conformal invariant in the following 
sense. Let F map 2 conformally onto J, taking the arc y of 02 onto the arc 
j < AG, and let ĝ be the function defined on j by the relation 6(F(0)) = q(C), 
(€ y. Then @ has the same approximation index M(A) for functions 
analytic in Z as q has for functions analytic in 2. This is an evident 
consequence of the use of the sup-norm in defining M(A). 

Our quasianalyticity property is also a conformal invariant. This follows 
from the famous theorem of F. and M. Riesz which says that as long as 02 
and 0Z are both rectifiable, a conformal mapping F of 2 onto & takes sets 
of arc-length measure zero on 02 to such sets on 02, and conversely. If 02 
and 0Z are really nice, that fact can also be verified directly. 

Without further ado, we can now state the 


Theorem (Beurling). Suppose that, for a given bounded continuous q on 
y € 02, the approximation index M(A) for q by functions analytic in 2 
satisfies 


” M(A) 


dA = oo 
1 4? 


Then, if E € y has positive (arc-length) measure, and (C) & 0 on E, o =Q ony. 


Proof. By the above statements on conformal invariance, it is enough to 
establish the result for the special case where 2 is the strip 0 < 34 < 1 in the 
À-plane and y is the real axis. The fact that 02 is not rectifiable here makes 
no difference. We need only show that a set of measure > 0 on the rectifiable 
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boundary of our original nice domain corresponds under conformal 
mapping to a set of measure > 0 on the boundary of the strip. This may be 
checked by first mapping the original domain onto the unit disk A (whose 
boundary is rectifiable) and appealing to the theorem of F. and M. Riesz 
mentioned above. One then maps A conformally onto the strip; that 
mapping is, however, easily obtained explicitly and thus seen by inspection 
to take sets of measure > 0 on 0A to sets of measure > 0 on the boundary of 
the strip. 

We have, then, a function o bounded and continuous on the real axis; 
wlog |o9| € 1 there. 


Figure 62 


There is a set E € R (which we may wlog take to be closed) with |E| > 0* 
and o =0 on E. According to the definition of M(A) there is for each 
A > 0a function f ,(4) analytic in 2 and continuous on J with | f ,(4)] < e^ 
there and 


(t) lo(4) — falà) € 2e "^, 1ER. 
By the discussion at the end of article 1, we certainly have 
wE, à) —1 as Af >A, 


for some A, € E. There is no loss of generality in taking 4) = 0 (we may arrive 
at this situation by sliding J along the real axis!), and this we henceforth 
assume. We have, then, 


@,(E,it)-—>1 as t—-0+4, 
just as in the proof of the theorem in article 2. 


* We are denoting the Lebesgue measure of E € R by |El]. 
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In order to show that g(A) = 0 on R it is enough to prove that 
| e "Pei o())d4 = 0 


for some Y » 0 and all real X, for then the function e^ ""!o(4) (which 
belongs to L,(R)) must vanish a.e. on R by the uniqueness theorem for 
Fourier transforms. We do this by verifying separately that 


| eMXtNOQ)dA = 0 for Y>O and XER, 
0 


and that 
9 " n 
| eA *iIDQU)d4 = 0 for Y«0 and XER. 


Considering the first relation, write, for Y > 0, 


[U 


F(X +iY) = f emanaz 


the function F(Z) is analytic for JZ > 0 and bounded in each half plane 
SZ zh» 0. We want to conclude that F(Z) = 0 for 3Z » 0. 

Beginning here, we can practically copy the proof of the theorem in the 
previous article. In that proof, we replace 


AA) by (A), 

AQ) by falh) 
and 6,(A) by (å) — f 4(A). Everything will then be the same, almost word for 
word. True, instead of the inequality |6,(A)| € e" M^ used above, we here 
have (t), but the extra factor of 2 makes very little difference. We also have to 
find an inequality for | f 4(4)| in the strip Z which will play the rôle of the 


relation | 4,(4)| € e*™ used previously. Our function f4 satisfies | f ,(4)| < e^ 
on Z and 


I/40)| € [pA] 2e" < 14-2e 7M? for AeR 
by (t), M(A) being increasing. Therefore 


le^^ i) < 12e M9,  1e02, 


and we conclude that this inequality holds throughout J by the extended 
principle of maximum (first theorem of $ C, Chapter III). In other words, 


[fal < (1+ 2e MO) 


for AeQ, and this plays the same rôle as the abovementioned inequality on 
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Á 4 (A), the constant factor 1 + 2e" M9 being without real importance. 
Repeating in this way the argument from the previous article, we see that 
the hypothesis 


of our present theorem implies that F(Z) =0 for JZ » 0. The fact that 


o 
| eM (Ad = 0. 


for Y < 0 and X €R also follows by a simple modification of that argument, 
as indicated at the end of the proof we have been referring to. We are done. 


Corollary. Let p be a finite measure on R such that 


9 | 
ji resti rca rm aa) luo: 


and suppose that (A) is analytic in a rectangle 
{a<RA <b, O«SA«h), 


and continuous on the closure of that rectangle. 
If ES(a,b), |E|>0, and fi(d)=J* , e"'dp(t) coincides with (A) on 
E, then fi(A) = W(A) on the whole segment [a, b]. 


Remark. For E an interval € [a,b], this result was proved by Levinson. 


Proof of corollary. Without loss of generality, assume that h = 1, that 
IV(4)) &3 on the rectangle in question, and that f? |dy(t)| < 4. 


Figure 63 
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Take our rectangle as the domain 2 of the theorem, with (a,b) as the 
arc y, and put 

9(4) = (4) - V(AÀ, a<A<b. 


For A >Q, write 
fila) = | e" da(t) — WA); 
-A 


the function is analytic in 2 and continuous on J, and for A > 0, 
Ifall < 4e44+4 < e4, leg, 


while for a<A<b 


-A 


le(4) — fAQ)] < p [du(e)| = e M, 
where M(A) = log( afi < ldu(t)l). 

According to our hypothesis, (A) z 0 on E € (a, b) = y with |E| > 0, and 
also 


* M(A) 
dA = © 
[s 
Therefore (å) = 0 on (a, b) by the theorem, and, by continuity, f(A) = v(A) 
fora<A<b. Q.E.D. 
4. The spaces S (20), especially S, (20) 


Suppose that F(9) ~ Y: , ae"? belongs to L;( — n,n) and that 


zo 1 
È wrloe( o n p z) = 00. 


We would like, in analogy with the theorem of article 2, to be able to affirm 
that F( 9) = 0 a.e. if F( 9) vanishes on a set of positive measure. The trouble is 
that F is not necessarily bounded on [ — z, x], so we cannot work directly 
with the uniform norm used up to now in the present $. At least two 
ideas for getting around this difficulty come to mind; one of them is to 
establish L, variants of the results in article 2 and 3. Such versions are 
no longer conformally invariant. Beurling gave one for rectangular 
domains; one could of course use his method to obtain similar results for 
other regions. In this and the next subsection we stick to rectangles. 
Given a rectangle 2, with sides parallel to the axes, Beurling considers 
approximation in L, norm by certain functions analytic in Zo, belonging to 
a space S ,(Z,) to be defined presently. We need some information about 
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those functions which, strictly speaking, comes from the theory of H, 
spaces. Although this is not a book about H, spaces, we proceed to sketch 
that material. In various special situations (including the one mentioned 
at the beginning of this article), easier results would suffice, and the reader 
is encouraged to investigate the possibilities of such simplification. 

If 2, is the rectangle {(x, y): xelo, yeJo}, 


Dy 


Figure 64 


Io 


we denote by S (2o) the set of functions f(z) analytic in Dy with 


sup [ |f (x + iy)|? dx 
Io 


yeJo 
finite, and write 
P 
af) = Jsf | f(x + iy)|P dx 
yeJo JIo 


for such f. We are only interested in values of p> 1, and, for such p, 


a,( )is a norm. 
Note that the compactness of Io makes S (29) € S (Bo) for p» 1. 


Lemma (Fejér and F. Riesz). Let f(w) be regular and bounded for w > 0, 
continuous up to the real axis, and zero at oo. Then 


f | f(iv)|dv < T | f (u)| du. 
o 7 c 


Proof. Under our assumptions on f, we have, for v 0, 
ES | © f(u)du 


"n I4 > 
2ni J- u— iv 


1 n f(u) du 


mop "T 
2m l- utiv 


fv) 
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as long as p | f(u)|du < oo, which is the only situation we need consider 
(see proof of lemma in $ H.1, Chapter III). Adding, we get 


fü) = zl uf (u) du 


2? 
-o uU 


whence 


Ps MEO f. 
dv < == du. 
f | fio) do HN [5 ai |. 


Lemma. Let F(z) be analytic in a rectangle 9 and continuous up to D. If ^ isa 
straight line joining the midpoints of two opposite sides of 2, we have 


f irona < $f irona 
A 09 


Proof. 


oe 


Dee 
«Pre 


e ail 


^ v Hire 


Figure 65 


Let g map 2 conformally onto Jw 7 0 in such a way that A goes onto 
the positive imaginary axis, and, for ze and w = ¢(z), put 
F(z) 
IM) = Ge 
When w= q(z) — oo, q'(z) must tend to oo (otherwise the upper half 
plane would be bounded!), so f (w) must tend to zero, F(z) being continuous 
on J. We may therefore apply the previous lemma to f. This yields 


| irenas = f TU 
A 


e'e) 


1 oo 
« ifi ens = 5 [ EBhooa = 5 [ iroa 
DS Q.E.D. 


Ie'(z)dz| = i | f(iv)|do 


Lemma (Beurling). Let Z, be the rectangle ( — a < Rz <a,0 < Xz < h}, and 
let fef (Bo). Then, if —a<x<a, 


h h 
['ureceinà < (ren 
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Proof. Wlog, let x > 0. Taking any small ô > 0 we let 2, for0«1«a— x, 
be the rectangle shown in the figure: 


Figure 66 


Applying the previous lemma to 2, we find that 


h-ó 
| If(x +iy)idy < Al If (Iac. 
ó 02, 


Multiply both sides by di and integrate | from {a — x) to a — x ! We get 
a—x 


h-ó a-x 
f If tiyyidy < 1 | f |f (Olldcidi. 
2 js 2J«- xy2 82, 


The lower horizontal sides of the 2, contribute at most 


=f fetid idt < EE) 


—(a-x) 4 


to the expression on the right, and the top horizontal sides of the 2, 
contribute a similar amount. The right vertical sides give 


1 h-ó famy 
Al | [f(x +iy + D|didy 
ó (a—- x2 


and the left vertical sides make a similar contribution. The sum of these 
last two amounts is 


1 h-6 f'(a— x) 
< Al | [f(x iy - Dldidy < 3(h—26)s,(f). 


-(a-x) 


All told, we thus have 


1[** a—x h—26 
= dé|dl < ——— , 
|. ron det < (5554572 un 
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so by the previous relation we see that 


Ms : h—2 
f |f(x+iy)|dy < (14 ? 


3 a—x 


Jon 


Making ó — 0, we obtain the lemma for the case x > 0. Done. 


Figure 67 


Let f €5^,(2,), and let 2 be a rectangle lying in Do, in the manner 
shown - the vertical sides of 2 being at positive distance, say a > 0, from 
those of Dy. We proceed to investigate the boundary behaviour of f in 2. 

In order to do this, it is convenient to take 0 as the point of intersection of 
the diagonals of 9. This setup makes it easy for us to imitate the discussion 


at the beginning of $ F.1, Chapter III. 


Figure 68 
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For 0«4«1 denote by 2, the rectangle (Az: ze2} (see diagram). 
2, S 9 which, in turn, has the above described disposition inside 2%. Since 
f€4 (Bo), we have, by the preceding lemma, 


h 
| IF(O Ide] < 2af) + iia. 
an, 


calling h the height of 2%. In other words, 


f IfI < 5 
2 


for 0 « 4 « 1, where K depends on 2 and on f. 

Fix any zo €2 and let 4 < 1. The function f(4z) is certainly analytic (hence 
harmonic!) in 2 and continuous up to 02 (when z ranges over Z, the 
argument of f(Az) actually ranges over Z;). Therefore, by the discussion of 
article 1, 


f(zo) = | SOL) dag, zo), 
o2 

denoting, as usual, harmonic measure for 2 by o4(  , z). Since the corners 

of 2 makes angles (of 90?) less than 180? from inside, we know by article 1 

that dwo(, Zo)/|d¢| is bounded (and indeed continuous) on 02, and the 

preceding formula can be rewritten thus: 


füz) = f doo (570). (a) 4¢). 
is dde 
(In order to compute do, (C, zo)/| dC| explicitly, we would have to resort to 
elliptic functions !) 
We can now argue by (*) that there is a certain complex valued measure pu 
on 02 such that 


fade] — dut)  w* 


when å — 1 through a certain sequence of values, and thereby deduce from 
the previous relation that 


dwal, zo) 
EN 


(See proof of first theorem in $ F.1, Chapter III.) This, of course, holds for 
any zoe 2. 

Let ọ be a conformal mapping of 2 onto (|w| < 1} and let the function F, 
analytic in the unit disk, be defined by the formula F(o(z)) = f (z), ze2. If v 
is the complex measure on {|w| = 1} such that dv(g(¢)) = dul) for C varying 


t  f(9- | —(u du). 
02 
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on 02, (t) becomes 


1 1—|w/? 


(H) Fo) = 5 


alo op 


|w| < 1. The integral on the right therefore represents an analytic function of 
w for |w| « 1. From this it follows by the celebrated theorem of the brothers 
Riesz that v must be absolutely continuous, i.e., 


(§) dvo) = Y(a)|do| 


with some L,-function yj on the unit circumference. By Chapter II, § B, and 
(tf) we now have F(w) — (o) as w -— o for almost every o on the 
unit circumference. Write g(¢) = v(o(C)) for (€02. Then, going back to Z, 
we see by the discussion in article 1 that 


f()—9() as z -> 6 


for almost every (E09. 
Plugging (§) into (tt) and then returning to (t), we find that 


= dos. zo) 
fG = NE g(¢)| dC]. 


We have already practically obtained the 


Theorem. Let feS (2o). Then 


lim f(z) which we call f(Q) 
i-i 


exists for almost every ¢ on the horizontal sides of Do. 
If 2 is a rectangle in Do, disposed in the manner indicated above, 


| If(Dllde| < oo, 
02 


and, for ze, 


f(2)- | S(O) dok, z). 
62 


If B, and B, denote the horizontal sides of Do, we have 


{, |f()ldx < (f) 


f, If()idx < ef). 
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Proof. 


Figure 69 B 1 


The first statement holds because lim, oJ (z) exists for almost all ¢ 
on the boundary of any rectangle 2 lying in Z, in the manner shown; this 
we have just seen. Of course, if ¢ lies on the vertical sides of such a rectangle 
D, we know anyway that lim,., f(z) (without the angle mark!) exists and 
equals f(¢), since those vertical sides lie in Zo, where f is given as analytic. 
The second statement therefore follows from (*) and the first one, by Fatou's 
lemma. (In using (*), one must take 0 as the point of intersection of the 
diagonals of Z.) 

In view of what has just been said, the third statement is merely another 
way of expressing the formula immediately preceding this theorem. There 
remains the fourth statement. Considering, for instance, the upper horizontal 
side B, of Do, we have f(z — i/n) — f(z) for almost all zeB; (first 
statement!). Therefore, by Fatou's lemma, 


| |f(z)dz < mint Í (2-2) 
B2 noo B2 n 


The integrals on the right are all < 2, (f) (by definition), at least as soon as 
l/n < the height of D). We are done. 


dx. 


Theorem. Let I be any interval properly included within the base of Bo, 
in the manner shown: 
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Figure 70 I 


Then, if f e 9 ,(2,), 
[ure eia -renas — 0 
I 


as 6-0. 


Proof. To simplify the writing, we take the base of 2, to lie on the x-axis 
as shown in the figure. 

In view of the preceding theorem, we may assume that, at the endpoints 
a and b of I, lim, |, ,, f (z) and lim, , ,, f(z) exist and are finite. (Otherwise, 
just make I a little bigger.) Then, if we construct the rectangle 4 € Dy 
with base on 1, in the way shown in the figure, f(z) will be continuous on 
the top and two vertical sides of &, right up to where the latter meet I. And 
by exactly the same argument as the one used to establish the third statement 
of the preceding theorem, we can see that 


f(z) = | f(OdeQ(,z) for zeg. 
as 
Now let ¢>0 be given, and take a continuous function g(¢) defined on 


06 which coincides with f(¢) on the top and vertical sides of & and is 
specified on J in such a way that 


Jo - «ene < & 


For zeé@, put 


g(z) = | gedos, z); 
ae 
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g(z) is at least harmonic in & (N.B. not necessarily analytic there!), and, 
by the discussion in article 1, continuous up to 06, where it takes the 
boundary values g(Q). 

For xel and small 6 » 0, 


S (x +16) —f(x) = f(x + id) — g(x + id) + g(x + id) 
— g(x) + g(x) — f (x). 


We are interested in showing that f;| f(x + id) —f(x)|dx is small if ô >0 
is small enough. We already know that f;lg(x) — f (x)ldx « & and, by 
continuity of g on &, §,|g(x + id) — g(x)|dx <€ if 0 0 is small. We will 
therefore be done if we verify that 


f |g(x +iô)— f(x + ió)|ldx < e. 
I 


Since f (0) = g(Q) on 06 ~ I, 


f(x + i6) — g(x + 16) = fu (€) — gÈ) doS, x + iô). 


However, & lies in the upper half-plane and I on the real axis, so, by the 
principle of extension of domain used in article 1, for x +16 € @, 

1 ódé 

n (x—-«ó 

on I, the right-hand expression being the differential of harmonic measure 
for {3z » 0) as seen from x + id. Thus, for xel, 


do,(5, x +i8) < 


ódé 


1 
| f(x + i6) — g(x + id)| < = | eet — 


And 


| | f(x + 16) — g(x + 16)|dx 
1 


1 ud ó 
< HT roe 
- | io- «onc <6 
This does it. 


Corollary. Let feS (20) and let G(z) be any function analytic in a region 
including the closure of a rectangle & like the one used above lying in Do's 
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interior. Then 


| G(f(odt = 0. 
of 


Proof. Use Cauchy's theorem for the rectangles with the dotted base 
together with the above result: 


Figure 71 


See 
I 


Note that the integrals along the vertical sides of & are absolutely con- 
vergent by the third lemma of this article. 


We need one more result — a Jensen inequality for rectangles & like the 
one used above. 


Theorem. Let f € (29), and let & be a rectangle like the one shown: 


Figure 72 


Then, for zeg, 


log|f(z)) < | log| f (dex, 2). 
ôE 


Proof. This would just be a restatement of the theorem on harmonic 
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estimation from article 1, except that f(z) is not necessarily continuous 
up to the base of &. There are several ways of getting around the difficulty 
caused by this lack of continuity; in one such we first map & conformally 
onto the unit disk and then use properties of the space H,. Functions in 
H, can be expressed as products of inner and outer factors, so Jensen's 
inequality holds for them. 

In order to keep the exposition as nearly self-contained as possible, we 
give a different argument, based on Szegó's theorem (SA, Chapter II), 
whose idea goes back to Helson and Lowdenslager. 

Given z,€4, take a conformal mapping ¢ onto (|w| « 1) that sends 
Zo to 0, and define a function F(w) analytic in the unit disk by means of 
the formula 


F(o(z))=f(z), zeg. 


The relation 
fe) = | Otoda zeé, 
ae 


used in proving the above theorem, goes over into 
1 (* 1—|w/? 
2n}_,|w—e"|? 


F(w) F(e")dr, 


with F(e") = f(o ^ !(e')) defined almost everywhere on the unit circum- 
ference and in L, (see discussion preceding the first theorem of this article). 
From this last relation, we have 


2n 
f |F(pe?^) — F(e?)|d9 — 0 
0 


as p—1. Also, for each p<1, f5"e"*F(pe'*)d9=0 when n= 1,2,3,... 
by Cauchy's theorem. Hence 


2n 
f e" F(e?)d9 = 0 
0 
for n= 1,2,3,..., and, finally, 


1 Es in i9 EA 
xl. (14.5 ne e)re )d9 = F(0) 


for any finite sum Y,. 9 A,e"*. 


Thus, 


1 (7 
|F(0| < xl |F(e?)|d8 
[U 


1+ Y, A07? 
n»0 
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for all such finite sums. By Szegó's theorem, the infimum of the expressions on 
the right is 


2n 
exp (z i logi Fie^y8 


Therefore, 
1 (?7 : 
log|F(0)| < x| log |F(e?)|d9, 
22 Jo 
or, in terms of f and zy = 9^ (0): 


log| f(Zo)| < | log | f(Q)|dw{C, zo). 
ae 


That’s what we wanted to prove. 


5. Beurling's quasianalyticity theorem for L, approximation 
by functions in (Qo). 


Being now in possession of the previous article’s somewhat ad hoc 
material, we are able to look at approximation by functions in 7 (20) 
(p > 1) and to prove a result about such approximation analogous to the 
one of article 3. 


Figure 73 


Throughout the following discussion, we work with a certain rectangular 
domain 2$ whose base is an interval on the real axis which we take, 
wlog, as [—a,a]. If p21, 9,29€ F(20), so we know by the first 
theorem of the previous article that, for functions f in S ,(2,), the non- 
tangential boundary values f(x) exist for almost every x on [— a,a]. As 
in the proof of that theorem we see by Fatou's lemma (there applied in 
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the case p = 1) that 


| I f(x)Pdx < (40), SEF (Do). 
The ‘restrictions’ of functions fe.7,(Zo to [—a,a] thus belong to 
L,(— a, a), and we may use them to try to approximate arbitrary members 
of L,(— a, a) in the norm of that space. 

In analogy with article 3, we define the L, approximation index M ,(A) 
for any given o€L,(— a, a) (and the rectangle 2,) as follows: 


e ^ M»! is the infimum ANI lo(x) — f (x)|? dx 


for f e 9 (£o) with a,(f) € e^. 


M,,(A) is obviously an increasing function of A, and we have the following 


Theorem (Beurling). Let peL,(— a, a), and let its L, approximation index 
M (A) (for Do) satisfy 
* M,(A) 
———— dA = oo 
1 A? 
If (x) vanishes on a set of positive measure in [ — a,a], then (x)= 0 a.e. 
on [—a,a]. 


Proof. We first carry out some preliminary reductions. 

We have (Po) EF (2o), L,(—a,a)S L,(—a,a) and, by Hólder's 
inequality, s,(f) < a^ Pa (f) and llo—fll, < a^? """|o—f], for 
JEF (Do) and peL,(—a, a). (We write || |, for the L, norm on [—a,a]). 
From these facts it is clear that, if peL,(—a,a) has L, approximation 
index M,(A), the L, approximation index M,(A) of a"'"^! (sic!) is 
> M (A). It is therefore enough to prove the theorem for p = 1, for it will 
then follow for all values of p> 1. 

Suppose then that (7 (M,(4)/47)dA = œ with M,(A) the L, approxi- 
mation index for peL,(—a,a), and that q vanishes on a set of positive 
measure in [—a,a]. In order to prove that p=0 ae. on [—4,a], it is 
enough to show that it vanishes a.e. on some interval J & [—a,a] with 
positive length. 

To see this, take any very small fixed n > 0 and write 


1 n 
9,(x) = 2 f olx +t)dt 
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for —a+n<x<a~—yn. (x) is then continuous on the interval 
[—a +n, a — n], and vanishes identically on an interval of positive length 
therein as long as 2n < |J |. Corresponding to any fe 4 ,(Do) we also form 
the function 


40 = s | feroa 


let us check that f,(z) is analytic in the rectangle 2, with base 
[~a + 2n, a — 2n] having the same height as Z,, and is continuous on 2,. 


Figure 74 


The analyticity of f,(z) in 2, is clear; so is continuity up to the vertical 
sides of Z,. The boundary-value function f(x) belongs to L,( —a,a), so f(x) 
is continuous on [—a+2n, a— 2n]. Let, then, — a+ 2n < xo Sa — 2n, 
and suppose that x, also on that closed interval, is near x and that y » 0 
is small. We have |f,(xo)—f,{x +i YSI SA) F201 + L9) —fiox + iy). 
The first term on the right is small if x is close enough to x9. The second is 


1 xtmü 1 a-n , 
b [uo 116 ina a MEL. 


which, by the second theorem of the preceding article, tends to zero 
(independently of x!) as y => 0. Thus f(x + iy) — f,(xo) as x + iy — xo from 
within Z,, and continuity of f, up to the lower horizontal side of 2, is 
established. Continuity of f, up to the upper horizontal side of 9, follows in 
like manner, so f,(z) is continuous on Z,. 

The functions f, are thus of the kind used in article 3 to uniformly 
approximate continuous functions given on [—a-25, a+2n]. By 
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definition of M,(A), we can find an f in S (2) with o,(f)<e4 and 
fle) —f(x)|dx « 2e7 "9. With this f, | f,(z)| <(1/2n)e4 for ze, and 


Li 
le49) Al < Pu IA, 


on [— a + 2y, a — 2y). The uniform approximation index M(A) for nọ, (and 
the domain 2,) is thus > M,(A). Therefore, under the hypothesis of the 
present theorem, 


* M(A) 
QA 


dA = oo, 


so, since @,(x) vanishes identically on an interval of positive length in 
[—a+2n, a—2n] (when y >0 is small enough) we have 


9,(x)=0, -a+2%n<x<a—2n 


by the theorem of article 3. 

However, as 7 > 0, o,(x) — g(x) a.e. on (—a, a). From what has just been 
shown we conclude, then, that (x) 2 0 a.e. on (— a,a) if it vanishes a.e. 
on an interval J of positive length lying therein, provided that 


ove 
1 


A 


Our task has thus finally boiled down to the following one. Given 
geL,(—a,a) with L, approximation index M (A) (for Do) such that 


? M,(A) 


dA = 0, 
1 A? 


prove that @ vanishes a.e. on an interval of positive length in (— a, a) if it 
vanishes on a set of positive measure therein. 

Let us proceed. It is easy to see that the increasing function M,(A) is 
continuous (in the extended sense) — that’s because, if å < 1 is close to 1, Af 
approximates o almost as well as f does in L,(—a,a). Since 
ff (M,(A)/A?)dA = oo we may therefore, starting with a suitable A, > 0, 
get an increasing sequence of numbers A, tending to oo such that 


M,(A,+ 1) = 2M ,(A,).* 
Assume henceforth that o(x) — 0 on the closed set E; © [—a,a] with 


* We are allowing for the possibility that M,(A) = co for large values of A; this 
happens when (x) actually coincides with a function in S (29) on (— a,a), 
and then it is necessary to take A, with M,(A,)= oo. We will, in any event, 
need to have A, large — see the following page. 
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| Ey| 7» 0*. For each A> 0 there is an fe.,(2,) with 2,(f) « e* and 


ik lolx) -f(x)dx « 2e ^? 


In particular, 


| |f(x))dx < 2e M*4, 
Eo 
so, if 
A, = (xeEg: | f(x) > e M:23, 


we have |A | «2e *!2, Taking the sequence of numbers A, just 
described, we thus get 


U Aan 
We can choose A, large enough so that this sum is 


| Eo], 
sc 


9o n-1 
« 2ye Min = 2Yye7 Mya) 
n 1 


then the set 


d 


has measure > |Ej|/2, and, by its construction, for each n there is an 
fa € (20) with 9,(f,) < e^, 


I lolx) —f.(x))dx < 2e Mi», 


and 
I9) < etiem 


for xeE. 
Take now a number b, 0 « b « a, sufficiently close to a so that 


|En[- b, b]] > 0, 


and construct the rectangle 2 with base on [ — b, b], lying within 2, in the 
manner shown: 


* where |E| denotes the Lebesgue measure of Ec R 
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Figure 75 


Take a closed subset F of EA(—b, b) having positive measure; this set F will 
remain fixed during the following discussion. 
As we saw at the end of article 1, 


wo Fx + iy) —1 


as y>0+ for almost every xeF. Let c, and c;, c, « c;, be two such x's 
for which this is true. We are going to show that g(x) = 0 a.e. for c} <x < c; 
according to what has been said above, this is all we need to do to finish 
the proof of our theorem. 

The desired vanishing of ọ will follow if 


c2 
Q(4) = | e^*o(x) dx 
€1 
is identically zero. ® is, however, an entire function of exponential type 


bounded on the real axis. Hence, by §G.2 of Chapter III, ® =0 provided 
that 


We proceed to verify this relation. The reasoning here resembles that of 
article 2, but is more complicated. 

Take one of the functions f, (later on, n will be made to depend on 4), and 
write 


®(4) = [ee — x e [ena = I + Il, say. 


€1 €1 
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Here, for A » 0, 
c2 
I < Í le(x) —filx)idx « 2e M», 
€1 


and the real work is to estimate II. 


—a -b c c b a x 
1 2 


Figure 76 


Let T be a fixed contour in 2 consisting of three sides of a rectangle 
with base on [c,, c2]. Because fpe S (20), we have 


[E sax = [ soaz 
r 


€1 


by the corollary to the second theorem of the previous article. In order to 
estimate the integral on the right, we use the inequality 


log | f,(2)| < | log|f,(D|dos(52,  ze2, 
p, 


furnished by the third theorem in the preceding article. This we further 
break up so as to obtain the following for ze2: 


(9) log| f.(z)) < f togiraótoga s | log | f, (5) des(L, 2) 
F 


+ | log| f,(5)| deos(t, 2). 
(—b)~F 


Here, II denotes 02 ~ (— b, b), i.e., the vertical and top horizontal sides 
of 2: 
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—a -b ca €2 b a x 


Figure 77 


Consider the first integral on the right in (*). It equals a certain function 
u(z) harmonic in 2. Take any harmonic conjugate v(z) of u(z) for the region 2 
and put 


g,(Z) mm eo tivz) ze; 
the function g,(z) is analytic in 2 and we have 


log|g,(z)| = [tesis oido. ze2. 


In the same way we get functions h,(z) and k,(z) analytic in 2 with 


log|h,(z)| [ log|f,(b)|des(52, ^ ze2, 


and 


log|k,(z)] 


| log|f,(D|dos(5 z) ^ ze. 
(—b,b)~F 


In terms of these functions, (*) becomes 


(t) M) « lellh.alk(2, ^ ED. 


Our idea now is to estimate sup,.r|g,(Z)|, SUPzerlh„(z)| and fri) |dz| 
in order to get a bound on [re"*f,(z)dz for 4» 0. The third of these 
quantities will give us the most trouble. 

We first look at |g,(z), zer. For ¢ on IL the Poisson kernel 
dw,(¢, z)/|dC| goes to zero when ze tends to any point of (— b, b), and 
does so uniformly for CeII and z tending to any point of [c,,c,]. From 
this we see, by reflecting the harmonic function dw,(C, z)/|dC| of z across 
(— b, b), that there is a certain constant C, depending only on the geometric 
configuration of I and 2, such that 


dag(, z) 


——— — < C3z zel, Cell. 
idt 3 : 
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Figure 78 


Substituting this into the above formula for log|g,(z)|, we get 


log|g,(z)| < C3z | log| fn(C)|1d¢| 
I 


for zeT, whence, by the inequality between arithmetic and geometric 


means,* 
1 Amic% IMC3z 
lg.(z)) < (am) (f ona) ; 


zeľ. Write now |II|C = B. Then we have 


By 
laz)) < sens ( f ionat) >» zeT, 


where the constant is independent of n. Here, f eS (Do) and a,(f,) € e^. 


Thence, by the third lemma of the preceding article, if h denotes the height 
of Do, 


f Ifn(SIdel < 2S [d 
I 


a—|c,| 


h 
ZI [udo < Ke^ 
a — |e;] 


with a constant K independent of n. Plugging this into the previous relation 
we find that 


> 


lg,.(z)| < consteP^ Y, zer, 


the constant in front on the right being independent of n. 
To estimate |h,(z)| on IT we simply use the fact that 


[flO] € eM? for EEF CE 


* in the following relation, |IT| is used to designate the linear measure (length) of TI 
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and get 


Ih(z)) = exp( | logi (Odog(.2) X en OHFAM AM? 2EQ, 
F 


Substituting the estimates for |g,(z)| and |h,(z)| which we have already 
found into (1), we obtain 


() Ief) < conste «-Ate-eaFaMi2 k () 


for zeI. Thus, in order to get a good upper bound for 


> 


I| = | | e? f (z) dz 
r 


it suffices to find one for frik.G)ldzi which is independent of n. 
We have 


| lolx) —f.x)|dx < 2e M1», 


—-a 


: 1 
dx < =, 
NL x «5 


therefore, for all sufficiently large n, 


(n f hidak <1. 


We henceforth limit our attention to the large values of n for which this 
relation is true. 
The formula for log|k,(z)| can be rewritten 


log|k,(z)| = | log P(¢)dw,(¢, 2), 
0D 
where 


If, gel~ b,b) ~F, 


1 elsewhere on 09. 


ro - { 


From this, by the inequality between arithmetic and geometric means, we 
get 


b 
I2) < | P(Ddog(bz) < 1 + | If (&ldes( sz. ^ ze2. 
og -b 


However, for —b «é«b, we can apply the principle of extension of 
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domain to compare dw,(, z) with harmonic measurefor {3z > 0} as we did 
in proving the second theorem of the preceding article. This gives us 


1 3zdé 


da.(é,z) < Pip [ex ep 


—b<č<b, 


so the previous inequality becomes 


b 
Ik,(z)| < 1 + p TE a OE, ze. 


Denoting by h' the height of 2, and using this last relation together with 
Fubini's theorem, we see that, for 0< y < h’, 


b b 
| lk, (x +iy)|dx < 26+ Í |f (dé < 2b+1 
= -b 
(in view of (t1)). 


In other words, k,(z)éS ,(Q) (sic!), and the 5,-norm of k, for 2 is <2b+1 
independently of n. 
Use now the third lemma of the previous article for 2 


Figure 79 


On account of what has just been said, we get 


ILE +++ Dae — id "itu 


—|ce;| 5- 1e; 


| |k,(z)| |dz| € const., 
r 


independently of n. 

Let us return to (2). It is at this point that we choose n according to the 
value of A > 0. We are actually only interested in large values of 4. For any 
such one, we refer to the sequence {A,} described above, and take n as the 
integer for which 2BA, < A < 2BA, , ,. For this n, (f) becomes 


le?*f.(z) x conste 9^ Wi4»esF2PIk (z2), zer. 
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Recall that the two feet c, and c, of Y were chosen so as to have 


lim @,(F,c;+iy) = lim @,(F,c,+iy) = 1. 
y20* y20t 


Therefore 
B3z +40,(F, z) 


has a strictly positive minimum, say B, onY. f depends only on the geometric 
configuration of 2 and I. From the preceding relation, we have, then, when 
2BA, <A « 2BA, , ,, n being large, 


lei? f,(z)| < conste fminteAMi Ik (2), — zer. 


Now use ($). We get 


< conste — Bmin(An,M 1(An)) 


f e^? f (z)dz 
r 


for 2BA, < å < 2BA, , ,; this, then, is our desired estimate for |II|. 
Now 


Iba) = < [I| HI] 


c2 
| eï o(x) dx 


where |I| < 2e ^ M'^?, as we saw near the start of the present discussion. We 
may just as well take f « 1 (which is in fact true any way); then, by the 
estimate for |II| just found, we have, for large n, 


|@(A)| € conste mn An M4),  2BA. c A2BA,,,. 


Our aim here is to show that 


Sif 1 
—log|llÍlLid4 = oo, 
| , 2 BDA 
or, what comes to the same thing, that 
a | 1 
—log|l—|dA = œ 
| n Z SA 


for some large Ay. In view of the above inequality for |®(A)|, this holds if 


I min(A,, M,(A,)) 


2 
2BAn A 


då = oo, 
ie., if 


(85) Enin(4, M44) 1. zl = 
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We proceed to establish this relation. Our hypothesis says that 


? M,(A) 
Q A? 


dA = 


The function M ,(A) is increasing, so, by the second lemma of article 2, we 
also have 


T [ Sic MA css 
Divide N, the set of positive integers, into three disjoint subsets: 
R={n21: A,41X2A,]) 
S={n21: A,4,>2A, and A,<M,(A,)}, 
T ={n>1: A,4,>2A, and M,(A,) € A,]. 
By (1), one of the three sums 


4n+1 min(A, M,(A)) 
2, | END M 
neR 


n 


NES TU 


neS.J An A? 


H| "+ min (4, M;(A)) , 


A 
An A? 


must be infinite. 
Suppose the first of those sums is infinite. Recall that the A, were chosen 
so as to have M,(A,, ,) =2M,(A,). Therefore, if neR and A, < A < A,+1, 


min (4, M,(A)) < min(A,+1,M;(An+1)) < 2min(A,, M ,(A,)), 


NET E 


An A? 


; 1 1 
< 2min(A,, mai — a h neR. 
In the present case, then, we certainly have ($8). 
If the second of the sums in question (the one over S) is infinite, the set S 
cannot be finite. However, for neS, 


; 1 1 An+1—-A 
min (An manit = A | = Oeil t > 
n ntl 


so ($8) holds when $ is infinite. 
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There remains the case where the third sum (over T) is infinite. Here, for 
neT and A, < A < A,,, we have 
min(A,,M,(A,)) = M,(A,) = $Mi(A,.1) > 4M,(A), 


so, for such n, 


min(A,, M,(4, nz l act > an MAA T d 
Án 


A, AX. 2 A 

1 (^: min(A,M,(A)) 
>> dA 
ee 


Hence, if the sum of the right-hand integrals for ne T is infinite, so is that of 
the left-hand expressions, and (§§) holds. 
The relation (§§) is thus proved. This, however, implies that 


as we have seen, which is what we needed to show. The theorem is 
completely proved, and we are done. 


Corollary. Let f(9)~ 2, anei"* belong to L,( — n, n), and suppose that 


E (sis z) = E 


If f(9) vanishes on a set of positive measure, then f =0 a.e. 

Let the reader deduce the corollary from the theorem. He or she is also 
encouraged to examine how some of the results from the previous article 
can be weakened (making their proofs simpler), leaving, however, enough 
to establish an L, version of the theorem which will yield the corollary. 


C. Kargaev's example 
In remark 2 following the proof of the Beurling gap theorem 

(§B.2), it was said that that result cannot be improved so as to apply 
to measure u with f(A) vanishing on a set of positive measure, instead of 
on a whole interval. This is shown by an example due to P. Kargaev which 
we give in the present §. 

Kargaev's construction furnishes a measure y with gaps (a,, b,) in its 
support, 0 ca, <b, «a; « b; < --., such that 


i. 
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while £(4) 2 0 on a set E with |E| > 0. His method shows that in fact the 
relative size, (b, — a,)/a,, of the gaps in ps support has no bearing on fi(A)’s 
capability of vanishing on a set of positive measure without being identically 
zero. It is possible to obtain such measures with (b, — a,)/a, — oo as 
rapidly as we please. In view of Beurling's gap theorem, there is thus a 
qualitative difference between requiring that f(A) vanish on an interval and 
merely having it vanish on a set of positive measure. 

The measures obtained are supported on the integers, and their construc- 
tion uses absolutely convergent Fourier series. The reasoning is elementary 
and somewhat reminiscent of the work of Smith, Pigno and McGehee on 
Littlewood's conjecture. 


1. Two lemmas 


Let us first introduce some notation. denotes the collection of 
functions 


f(9) = Y ag" 


with the series on the right absolutely convergent. For such a function f(9) 
we put 


Ms 


Ifill = 


LA 


8 


and frequently write f(n) instead of a, (both of these notations are 
customary). %,|| || isa Banach space; in fact, a Banach algebra because, if 
f and ge, then f(3)g(9) € £, and 


Ifgll < Wfllgl. 


On account of this relation, ®(f) € £ for any entire function ® if fe. 
We will be using some simple linear operators on X. 


Definition. If /(9) = 2, f(n"? belongs to X, 
PAD = Fle” 


and P. f =f — P, f. We frequently write f, for P, f and f- for P_-f. 
Observe that, for fex, | P. fl <IfI and |P- fl <II. 
Definition. For N an integer > 1 and fex, 
(Hy f)(9) = f(N9). 
(The H stands for ‘homothety’.) 
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The following relations are obvious: 


Hy(fg) (Hyf)Hsg. | f.ge, 
IHsfl = Ifill, 
P.(Hyf) = Hy(P+f), 
and Hy®(f) = (Hyf) for fe. and ® an entire function. 


Lemma. For each integer N >1 and each 6 > Q there is a linear operator 
Tyn, on & together with a set Ey 5 S [0, 2n) such that: 


(i) For each f es£, g= Ty 4f has ĝ(n)=0 for — N <n <N (sic!) 

(ii) For each fel, (Ty sf 9) =f(9) for 9€ Ey 5; 
(iii) | Tna f l| < C(O) || f || with C(ô) depending only on 6 and not on N; 
(iv) |Ey,5| = 2n(1 — ô). 


Proof. The idea is as follows: starting with an fe, we try to cook 
functions g (9) and g_(9) in æ, the first having only positive frequencies 
and the second only negative ones, in such a way as to get 


g. (9) + g (9e i"? 


‘almost’ equal to f(9). 
We take a certain ye.» (to be described in a moment) and write 


(*) q- e «-9-) 


According to the observations preceding the lemma, qe». Our construc- 
tion of Ty ; and Ey ; is based on the following identity valid for fe: 


f = (fase ™*)e + (fa) e?-)e-iv, 


To check this, just observe that the right-hand side is 
(fase + (fq)- e4- -*9 
= (fd +D- = faq" =f. 


Here is the way we choose y. Take any 27-periodic @,,-function (9) 
with a graph like this on the range 0 < 3 < 2: 
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^ 
hy 


Ps (9) 
(solid curve) 7 


slope = 1 


EE E E N E E E E E E E A 


O m6 271—216 20 o 
Figure 80 


Then put y = Hyos, Y thus depends on N and ô. Note that pe. because 
Q, is infinitely differentiable (| ĝ;(n)| < O(|n| *) for every k > 0 !). Therefore 
y belongs to <£. 

With qe related by (*) to the y just specified, put, for fev, 


Traf = (fq), e ?**)e"? + (fa) -e-e i. 


Ty; obviously takes of into »/; let us show that there is a set Ey ; S [0, 27) 
independent of f such that (ii) holds. 
The set 


Aya = (9, 0«9«2r: 0<N9< x6 mod 22 or 
2n — nó < N93 < 2n mod 27} 


consists of 2N disjoint intervals, each of length xó/N, so |Ay 5| = 270. 
Taking into account the 2z-periodicity of the function q,(9) we see, by 
looking at its graph, that 


el) = gN$ — GQe[02nz)e Ay; 


e" = NX? ^ Ge [0,2n)~ Ay s. 


Put, therefore, Ey ; — [0, 27) ~ Ay 5; then, by comparing the formula for 
Ty,sf with the boxed identity following («), we see that (Ty, 5f)(9) =f(9) 
for 9e Ey 5, proving (ii). 

We also have (iv), since 


|Ey,al = 2n — | Ayol = 2n-2mnó. 
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We come to (i). The function (fg), only has non-negative frequencies in 
its Fourier series. The same is true for e ?"*. Indeed, the latter function 
equals 

(Ziy)? (iv.)° 
1- 2i. + 3» xd 3! 
with the series convergent in the norm || ||, and each power (y ,)" has a 
Fourier series involving only frequencies >0. The Fourier series of the 
product (fq),e "** thus only involves frequencies 20, and finally, 
that for 


Tee 


(fg), e ?**)e"* 


only has frequencies > N. One verifies in the same way that 


(fa) -e^* e" 


has a Fourier series involving only the frequencies « — N, and (i) now 
follows from our definition of Ty ;. 
There remains (iii). We have, for example, 


(fase "*l < fas Ie "| l 
« [falle | < Wflllaliie n p. 


Here, 


TT E? E _2iP 
e Zi. e 2iP HN — e 2HyP +95 — Hye iP 499 


according to the elementary relations preceding the lemma, so 
Je" | = | Hye | = pent, 


a finite quantity, depending on 6 but not on N. In like manner, 


lal = e*t = Hye- = etit) 
a finite quantity depending on 6 but independent of N. We thus have 


fase re = Wfagee rl < Alf, 


where A, depends only on ô. 

The norm ||(fq)_e7”-e7'**|| is handled in exactly the same way, 
and found to be < B;||f || with B; depending only on ô. Referring to the 
definition of Ty ;, we see that (iii) holds. 

The lemma is thus proved. 


We now take two positive integers L and N; N will usually be much 
larger than 2L. 
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Definition. 
2L+1 
M(N,L) = |) [Nk-L, Nk+ L]. 
k=-2L-1 


> Here, the prime next to the union sign means that the term corresponding 
to the value k =0 is omitted. 
For N 7 2L, M(N, L) is the union of 4L + 2 separate intervals, each of 
length 2L: 


2L 2L 2L 2L 2L 2L 

_ — — — -— 
—(2L+1)N -2N -N 0 N 2N (2L +1)N 
Figure 81 


In proving the following lemma we use another linear operator on £. 


Definition. For fex, put 
L i 
(S,fY3) = ad (nje”’. 


Observe that ||S,f | € || f || and || f —S,f || —+0 as Loo whenever 
fex. We also have 


P.S,f = S,P,f. 


Lemma. For each ô> 0 and pair N, L of positive integers there is a linear 
operator TÈ; on x such that 


(1) For any fes, the Fourier coefficients 9(n) of g = TẸ; f are all zero 
when ng M(N, Ly; 
(2) For fess, | TE; f || < C(d)|| f l| with C(6) independent of N and L; 
(3) If Ty, is the operator furnished by the previous lemma, we have 
ll Tw f — THF Il —0 
uniformly in N as L> oo, for each fes and ó >Q. 
Remarks. Actually, the spectrum of TH} f is contained in a smaller set than 


M(N, L) when fes. It is the uniformity with respect to N in property 3 
which will turn out to be especially important in Kargaev’s construction. 


Proof of lemma. Fix ô> 0 and take the function o, used in proving the 
preceding lemma - here we just denote it by ọ. In terms of 


do — elo -9-) 
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we observe that the definition of Ty f given in the proof of the previous 
lemma can be rewritten thus: 


Ty of = (f Hugo) (Hye ?**). e" aE (f Hyqo) -(Hye*-): e P? 
Put 
TRS = (SLf Hy$,a9), (HyS,e ?**). e? : . 
+ (Sif - Hy$, 9) -(HyS, e"). e ^. 
Since ||g — $,gl| —0 as L> oo for every ges, T1, f is clearly a kind 
of approximation to Ty , f. 


We proceed to verify property (1). The Fourier coefficients of S, f are all 
zero save for those with index in the set 


{-L, -L*1,...,0, 1, ..., L}. 
The non-zero Fourier coefficients of HS, q, have their indices in the set 
(- NL, — NL—1) ..., -N, 0, N, ..., NL). 


Therefore the Fourier coefficients of (S, f - HS, 85), with index outside the 
set 


(0 1,..., L} o {N-L, N-L+1,..., N, N+1,..., N+L} 
u QN-L, 2N- L+1, ..., 2N+L} o -- 
9 (INL—L, NL- L1, ..., NL+ L} 
are surely zero. 
Again, the Fourier coefficients of HyS,e~ ?'?« are all zero save for those 


with index in the set (0, N, 2N, ..., LN}. So, finally, the Fourier 
coefficients of 


(S, f Hy$149), (HyS,e ?** e? 
; D ; 
N. , 
(the first of the two terms making up T^f) are all zero, save for those with 
index in the union of intervals 


2L+1 
[N, N+L] v UU [Nk— L, Nk+L]}. 


k=2 


Treating the second term of TÈ; f in the same way, we see that property 1 
holds (and that indeed more is true regarding the spectrum of T} f). 
To check property (2), we have, for the first term of TY, f, 


(Si f HySLao) (HyS,e +) e’ |l 
€ WSS ll il HS, qo ll | HyS; e^" li 
< lflllS;aollliS;e ?"* < if WM Moll lle ""* N; 
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we have used the fact that | Hyg|| =||g|| for ge.s£. In the extreme right- 
hand member of the chain of inequalities just written, the factors || go || and 
| e + || are finite and only involve 9 = @;; therefore they depend only on 6. 
The second term of T¥,f is handled in exactly the same fashion, and, 
putting together the estimates obtained for both terms, we arrive at 
property 2. 

Verification of property (3) remains. This is somewhat long-winded. It is 
really nothing but an elaborate version of the argument presented in good 
elementary calculus courses to show that the limit of a product equals the 
product of the limits. In order not to lose sight of the main idea, let's just 
compare the first terms of Ty af and Tf. The difference of these first terms 
has norm equal to 


(SLf HyS1a0) « (HyS,e P **) 6"? — (f Hygo) (Hye ^**)e"?| 
« WS, f-HyS,a0). — (f Hyao). | | HyS” | 
+ M Hua). | I Hye 7** — HyS” | 
< le 7** | (SL f — )Hyao + (S1f)(HyS,4o — Hyao)l 
+ Vf Hao he7” — Sre | 
< le "t 1{ISLF—F I aol + WF Sido — doll} 
+ I fll lgol le> — Sye-™** | 


This last expression does not involve N at all, and, for fixed fex, tends to 
zero as L — oo. (It depends on 6 through the functions g and qo = e+ ?-)) 

The difference of the second terms of Tf and Ty f is treated in the 
same way, and we see that property (3) holds. The lemma is proved, and we 
are done. 


2: The example 

Theorem (Kargaev). Let ASZ. Suppose that for each positive 
integer L there is some positive integer N, with 

A 2 MN,,L)oZ, 


where the sets M(N, L) are those defined in the previous article. Then, given 
£ 7 0 and gex we can find a g, € s£ such that 


(i) Igel < K,llgll, where K, depends only on c; 
(i) d,(n) = 0 for ngA; 
(ii) g,(9) = 9(9) for 8 € [0, 2) ~ A, where |A| < 2nt. 


Proof. Taking £ > 0, we put 6, = ¢/2” and e, = 1/2" C(ó, , ,) with C(ó) from 
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property (2) of the second lemma in the previous article. There is no harm in 
supposing that C(ó) > 1; this we do in the following construction. 

The function g, is obtained from a given ge.»/ by a process of successive 
approximations, using the operators Ty , and TD) from the two lemmas of 
the preceding article. 

According to the second of those lemmas, we can choose an L, such that 


(*) IT&3g— Tyna gll « egli 


for all values of N simultaneously. If we take any positive integer N, the 
Fourier coefficients h(n) of h = T¢} g all vanish for ng M(N, L,) by that 
second lemma. The hypothesis now furnishes a value of N such that 


MIN, LOZ € A. 


Fix such a value of N, calling it N,. Then, if we put h, = T(L9,, g, we have 
h,(n) = 0 for n£A. Let us also write r, = Ty, 5,9 — hı. Then (*) says that 
Ir, &e,lgll, and, by the first lemma of the preceding article, 


g(3) — hy(9) (9) = g9) — (Tr, 99) = 0 


for 9eEy, ,,, a certain subset of [0, 27) with |Ey, 5,| = 2n(1 — 6,). 
We proceed, treating r, the way our given function g was just handled. 
First use the second lemma to get an L, such that 


L 
ITS, rı — Tyri ll € elgi 


for all positive N simultaneously, then choose (and fix) a value N, of N for 
which MAN, La)OZ S A, such choice being possible according to the 
hypothesis. Writing 


hz 


L 
TWh 


and 
r2 = Ty,,5%1 — he, 


we will have h,(n)=0 for ng M(N 2,L,) by the second lemma, hence, a 
fortiori, hi, (n) =0 for ngA. Our choice of L, makes 


Ir2ll S £2llgll, 


and, by the first lemma, we have r,(9) 2 (Ty, 4,r,)(9), ie, r,(9)— 
h;(9) + r2(9) for 9eEy, 5,, a subset of [0,2z) with |Ey, 5,| = 2n(1 — ó;). 
According to the preceding step, we then have 

g(9) = hy(9)+h(9)+7r2(9) X for 9e Ey, 5,0 Ey, ,. 


And fi, (n) + b, (n) — 0 for ngA. 
Suppose that functions h,,h2,...,4,-, and r,., (in £) and positive 
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integers Ni, N»,..., N,.., have been determined with ||r,. , || € &,— i llgll. 
hj(n) 20 for n£A, j=1,2,...,k—1, and g=h, +h, th, 4 +r- on 
the intersection (5-1 Ey,- Then choose L, in such a way that 

Il TA Tk-1 — Twark-il < &llgll 


simultaneously for all N (second lemma), and afterwards pick an N, with 
MIN LAZ S A (hypothesis). Putting 


= (Lx) 
h, = THES, e-1 
and 
Th = Ty ry i — hio 


we see that h (n)=0 for néA, that lr,le&lgl, and that 
gh, th; h a +h +r, on (5. En a (first lemma). 
Observe now that, by the second lemma, we also have 


lh = MTR- ll < CO)In-ill < Cde- lgl 
< |gl/2! 


for k z 2on account of the way the numbers e, were rigged at the beginning 
of this proof. The series h, + h, + h, + --- therefore converges in the space f 
(hence uniformly on [0,27] ). Putting 


9.9) = b h,(8), 
we have 
lg. < (C) - $$ -)Igl = (1+ C(e2)lgll. 


and 9,(n) = 0 for n€A since, for such n, we have fi, (n) = 0 for every k. Finally, 
since 


Ir,(9)| < Ir < &lgll TES 6, 


we have 
k 

Y h(9) + n(9) — 99) 

j^ 
uniformly for 0 < 9 < 2n, so g,(9) = g(9) on the intersection 

E = N Ewa; 

j=l 
Here, since | Ey, | = 2z(1 — 6,) and the sets Ey, ;, all lie in [0, 2), we have 
E€ € 
|E| > 2(1—0,—0,—0,—-) = an(1- a—.1-—08 ) 


= 2n(l-— &). 


The theorem is proved. 
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Our example is now furnished by the following 


Corollary. There exists a non-zero measure p having gaps (a,, b,) in its 
support, with 


0<a, <b, <a,<b,<a,<--- 


set) 


(and the ratios (b, — a,)/a, even tending to oo as rapidly as we want!), while 
f(A) — O on a set of positive measure. 


Proof. For l= 1,2,3,...,take the sets 
2141 


M, = VW IENKk-IL Nik] 


k=-2I-1 


and 


(term with k =0 omitted), with the positive integers N, so chosen that 
N,> 2l and that N,,, is much larger than (21 + 1)(N;+ 1). There is no 
obstacle to our taking N,, , as large as we wish in relation to (21 + 1)(N; + 1) 
for each l. 

Put 


= M Min £y 


it is clear that A satisfies the hypothesis of the theorem. 
Choose any ge. such that g(9) > 0 for x/2 < 9 < 31/2 and g(8) — 0 for 
0x 9 « 1/2 and for 31/2 < 9 « 2n. 


g(9) 


0 


[SE 


Figure 82 
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There are plenty of such functions g; we fix one of them. 

Apply the theorem with c = 4, getting a function g, in æ with g,(n) = Ofor 
néA and g,(9) = g(9) for all 9 €[0, 2x) outside a set of measure < 2/2. Then 
certainly g,(9) must be > 0 on a set in [0, 27) of measure > 7/2 (hence, in 
particular, g, = 9), while at the same time g,(9) = 0 on a set of measure > n/2 
lying in [0, 27). 

We have 

g(9) = > 9.(n)e” 


ne^ 
with 
È lôn) < oo, 


nt^ 


so, if we define a measure u supported on ^ € Z by putting u(E) = Y, có. (n), 
we have u #0, but (9) = g,(9) vanishes on a set of positive measure. 

The support ( € A) of u has the gaps ((2l - 1)N, +1, N;,,—1— 1) in it. 
By choosing N;,, sufficiently large in relation to (21 -- 1)(N, 4- 1) for 
each I, we can make the ratios 


(Ni4,—1-1) - (Ql c DN +D 
(21+ 1)N,+1 


go to œ as rapidly as we please for | — oo. 
We are done. 


D. Volberg's work 
Let f(9) e L,(— 2,7); say 


f(8) ~ Y ae". 


Suppose that the Fourier coefficients a, with negative indices n are small 
enough to satisfy the relation 


<1 1 

O Xy esx Fa) E 
According to a corollary to Levinson's theorem (§ A.5), f(9) then cannot 
vanish on an interval of positive length unless f = 0. If we also assume (for 
instance) that >", [a,| < oo, Beurling's improvement of Levinson’s theorem 
(8B.2) shows that f(9) cannot even vanish on a set of positive measure 
without being identically zero when (*) holds. 

It is therefore natural to ask how small | f(9)| can actually be for a non- 
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zero f whose Fourier coefficients a, satisfy (*), or something like it. Suppose 
for instance, that 

la] < e7™™, — neo 
with a regularly increasing M(m) for which 

eM(m _ 


D 


m 


Volberg's surprising result is that if the behaviour of M (m) is regular enough, 
then we must have 


f log|f(9))d9 > — oo 


unless f = 0. Very loosely speaking, this amounts to saying that if f # 0 and 


then 
| log|f(9))d9 > — oo, 


at least when the decrease of | f(n)| for n — — œ is sufficiently regular. If 
one logarithmic integral (the sum) diverges, the other must converge! 

One could improve this result only by finding a way to relax the 
regularity conditions imposed on M(m). 

Indeed, if p(9) > 0 is any function in L,(— z, x) with 


| logp(9)d9 > — œ, 


mi 


we can get a function 
f(8) ~ Y ae" 
0 
such that | f(9)| = p(9) ae. by putting 


i 1 n eit +z 
f(9)= lim a ^H ixl er, 08 p(t) ar) 


(see Chapter II, § A). Here, the Fourier coefficients of negative index are all 
zero, i.e., for n < 0, 


lanl < ew Mad 
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with M(|n|) = oo. This means that from the condition 
la] € e"  n«0, 


with 


one can never hope to deduce a more stringent restriction on the smallness of 
|f(3)| than 


[n log|f(9))d9 > — oo. 


Also, if M(m) is increasing, from a less stringent condition than 


2 M 
> Un) sue 


m 


one can never hope to deduce any limitation on the smallness of | f(9)| for 
functions f #0 with |a,| « e^ M», n<0. That is the content of 


Problem 12 
Let M(m) 7 0 be increasing for m > 0, and such that 
æ M(m 


ae 


1 


Given h, 0 < h < n, show that there is a function f(9), continuous and of 
period 2z, with f(9) 20 for h &|9|« x but fx 0, such that 


la| < e" n2 O(sic!), 


for the Fourier coefficients a, of f(9) (Hint Use the theorems of 
Chapter IV, § D and Chapter III, $ D. Take a suitable convolution.) 


It is important to note that Volberg's theorem relates specifically to the 
unit circle; its analogue for the real line is false. Take, namely, F(x) = e^", so 
that 


wu 
ME = — o. 


F(a) = Ie ee? dx = JG. 


Here, 
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epee oe l l dA = oo 
14 43 ENFO B 


and even 


* 1 1 
[relma] E 


This example shows that a function and its Fourier transform can both get 
very small on R (in terms of the logarithmic integral). 


so 


1. The planar Cauchy transform 


Notation. If G(z) is differentiable as a function of x and y we write 


AG(z) _ | Gz), dG) 
o — eue x | Qy 
and 
0G(z) 0G(z) | .0G(z) 
"m G{z) = ax +i TE 


Nota bene. Nowadays, most people take 0G/0z and 0G/0z as one-half of the 
respective right-hand quantities. 


Remark. If G = U +iV with real functions U and V, the equation G; =0 
reduces to 


U,=V,, 
U, =- Vy 
ie, the Cauchy-Riemann equations for U and V. The condition that 


G, =0 in a domain 2 is thus equivalent to analyticity of G(z) in 2. 


Theorem. Let F(z) be bounded and €, in a bounded domain 2, and put 


- x[ = rmm. 


where, as usual, ( = č + ig. Then G(z) is €, in 2 and 


0G(z) 
GA 


= F(z)  ze2. 


Remark. Theintegral in question converges absolutely foreach z,as isseen by 
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going over to the polar coordinates (p, y) with 
(—z- pe”. 


G(z) is called the planar Cauchy transform of F(z) 


Proof of theorem. We first establish the differentiability of G(z) in 2 


Let z9€2 with dist (z9, 02) = 3p, say. Take any infinitely differentiable 
function q(C) of ¢ with 0 € g(f) < 1 and 


aan 1, IE — Zol & p. 
9) to It — zo > 2p 


v) 


- 


H 
D 
V 
1 
F 
4 


` 


If—zo | 
Figure 83 


We can write 


ME POF) 
us E ree 


Fer dé dy 


+z {| (1 CREER 
k- Nee 


~~ dé dy. 
z—C 
The second integral on the right is iub a €, function of z for 


[re] 
|Z — zo| < p; it remains to consider the first one. After a change of variable, 
the latter can be rewritten as 


xl Fi) judo 
an JJe w 
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(where w = u + iv, as usual) with F; (4) = o(C)F(¢). Here, F (¢) is of compact 
support, and has as much differentiability as F(¢). Hence, since 


| | du dv 
en IW] 
for any finite R, we can differentiate (1/27)f f (F.(z — w)/w) dudv with 
respect to x and y under the integral sign, and thus see that that expression is 
@, in those variables. 

We have shown that G(z) is €, in the neighborhood of any zo € 9; there 
remains the evaluation of G,{zo) in terms of F. This turns out to be 
surprisingly difficult if we try to do it directly, and we resort to the following 


dodge. 
Let r>0 be small, and zọ€2. By the differentiability of G(z) at zo, 


G(Zo tre’) = G(zo) + G,(zo)rcos 9 + G,(zo)rsin 3 + o(r) 
G(zo) + 1G, (zo)re? + 1 G,(zo)re 4 ofr). 


Multiplying the last expression by e^ d9 and integrating 9 from 0 to 2z, we 
find the value zrG,(zo) + o(r); therefore 


1 2n a 
Gz) = lim — | G(z, + re?)e? d9. 
r^o0 nr 0 


Plugging in the expression for G in terms of F and changing the order of 
integration, this becomes 


iae i 
Gio) bos 2n? IL zo t re? —Q put aedy: 


However, 

ire’ d9 _ TR IC— zo| <r, 

o re^-((—2) 49 [IS —zol > r. 

Therefore, by the previous relation, we have 

GZ) = im || F()dédg = F(zo), 

r2o0 Zr K —zol«r 

F having been assumed to be €, in 2. We are done. 
Corollary. Let 2 be a bounded domain. Suppose that F(z) is €, in 2, that 
| F(z)| >0 there, and that there is a constant C such that 


OF(z) 
Oz 


< C|F(z|, ze2. 
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1 (f FADdEd 
$() = rae I. [| Epea 


is analytic in 2, and |®(z)| lies between two constant multiples of |F(z)| 
therein. 


Then 


Proof. F (z)/F(z) is €, in 2 and bounded there by hypothesis, so we can 
apply the theorem, which tells us first of all that ®(z) is differentiable in 2, 
and secondly that 


0b() - F {z) 1 roa) " 
ae (F AE) 75) (35 | es g 
there. The Cauchy-Riemann equations for 9Ró(z) and JP(z) are thus 


satisfied (see remark at the beginning of this article), so ®(z) is analytic in 2. 
If R is the diameter of 2, we easily check that 


eR | F(z)| < I9(z2| < e*"|F(z) 


for ze. This does it. 


The corollary has been extensively used by Lipman Bers and by Vekua in 
the study of partial differential equations. Volberg also uses it so as to bring 
analytic functions into his treatment. 


Problem 13 
Show that the condition that |F(z)| » 0 in 2 can be dropped from the 
hypothesis of the corollary, provided that we maintain the assumption that 
|F,(z)) < C|F(z)|, zeZ,and define the ratio F,(z)/F(z) in a satisfactory way 
on the set where F(z) — 0. Hence show that a function F satisfying the 
inequality | F,(z)| < C|F(z)| can have only isolated zeros in 2, unless F = 0 
there. (Hint. On E = (ze: F(z) 2 0}, assign any constant value to the 
ratio F,(z)/F(z). The function ®(z) defined in the statement of the corollary 
is surely analytic in 2 ~ E; itis also analytic in E? (if that set is non-empty) 
because it vanishes identically there. To check existence of 
Mj dus ve 

z-zo Z — Zo 
at a point zy € 9E Z, note that both F(z;) and F;(zo) must vanish, so, 
near Zo, 


F(z) = 4F,(29)(z — zo) + o(1z — zol). 


If F,(z9)-0, (zo) exists and equals zero. If F(zo) #0, |F(z)| » 0 
in some punctured neighborhood 0<|z—z |<¥y of zo, so such a 
punctured neighborhood is included in Z ~ E.) 
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2. The function M(v) and its Legendre transform A(¢) 


As explained at the beginning of this chapter, Volberg’s work deals 
with functions 


(9) ~ È en 


for which the a, with negative index are very small; more precisely, 


a_,| < eM, n>0, 
where M(n) is increasing and such that 


2 M 
3 (n) 


ne 

It will be convenient to assume throughout this § that M(v) is defined for 
all real values of v z 0 and not just the integral ones, and is increasing on 
[0, oo). We do not, to begin with, exclude the possibility that M(0) 2 — oo. 
Whether this happens or not will turn out to make no difference as far as our 
final result is concerned. 

Volberg's treatment makes essential use of a weight w(r) > 0 defined for 
0 «r « 1 by means of the formula 


1 1 
loe( 5) = sup( Mo) — vlog) 


It is therefore necessary to make a study of the relation between M(v) and 
the function 


= 0. 


hi) = sup (My) =e), 


defined for €>0, and to find out how various properties of M(v) are 
connected to others of h(£). We take up these matters in the present article. 

The formula for the function h(é) (sometimes called the Legendre 
transform of M(v)) is reminiscent of material discussed extensively in 
Chapter IV, beginning with § A.2 therein. It is perhaps a good idea to start 
by showing how the situation now under consideration is related to that of 
Chapter IV, and especially how it differs from the Jatter. 

Our present function M(v) can be interpreted as log T(v), where T(r) is 
the Ostrowski function used in Chapter IV. (M(n) is not, as the similarity 
in letters might lead one to believe, a version of the {M,}- or of log M,- 
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from Chapter IV!) Suppose indeed that 


f(8) ~ Y ac" 


is infinitely differentiable and in the class €((M,]) considered in 
Chapter IV — in order to simplify matters, let us say that 


ISAD] < M,, nz0. 


We have 


a, = zf e^"? f(9)d9, 


22 ] 4 


and the right side, after k integrations by parts, becomes 


L | " (in) f(9) 49 
22 J-a 


when n #0. Using the above inequality on the derivatives of f(9) in this 
integral, we see that 
M, 1 
a,| € inf— = 
lal S En ^ TD 


where, as in Chapter IV, 


k 
r 
T(r) = sup— for r>0. 
k20 My 
On putting T(v) =e”, we get 
la | < e- Mn 
This connection makes it possible to apply the final result of the present $ 
to certain classes @({M,}) of periodic functions, of period 27. But that 
application does not show its real scope. The inequality for the a, obtained 
by assuming that fe@({M,,}) is a two-sided one; it shows that the a, go to 
zero rapidly as n—> +œ. The hypothesis for the theorem on the 
logarithmic integral is, however, one-sided; it is only necessary to assume that 


las,| & e" 


for n>0 in order to reach the desired conclusion. 
There is another essential difference between our present situation and 
that of Chapter IV. Here we look at the function 


h(t) = sup (My) — v6), 
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ie., in terms of T(v), 
h(é) = sup (log T(v) — vé). 


There we used the convex logarithmic regularisation (M,] given by 


log M, = sup((log v)n — log T(v)). 
v20 


There is, first of all, a change in sign. Besides this, the former expression 
involves terms v£, linear in the parameter v, where the latter has terms linear 
inlog v. On account of these differences it usually turns out that the function 
h(é) considered here tends to oo for č — 0, whereas log M , usually tended to 
oo for n oo. 


Let us begin our examination of h(Z) by verifying the statement just 
made about its behaviour for č — 0. 
Lemma. If M(v) oo for v> oo, h(£) 5 oo for £0. 
Proof. Take any vo. Then, if 0 < č < 3M(vj)/vo, 
h() 2 M(vo)—Yoč > 3M(v0). Q.E.D. 
The function 


h(&) = sup(M(v) — vč), 


v>0 
as the supremum of decreasing functions of €, is decreasing. As the supremum 


of linear functions of č, it is convex. The upper supporting line of slope č 
to the graph of M(v) vs v has ordinate intercept equal to h(¢): 


Figure 84 


326 VII D Volberg's work 


From this picture, we see immediately that 


M*(v) = inf (h(Z) + £v) 
č>0 
is the smallest concave increasing function which is > M(v). Therefore, if 
M(v) is also concave, M*(v) = M(v). We will come back to this relation 
later on. 
Here is a graph dual to the one just drawn: 


0 t 
Figure 85 


We see that M*(v) is the ordinate intercept of the (lower) supporting line 
to the convex graph of h(£) having slope — v. 

Volberg’s construction depends in an essential way on a theorem of 
Dynkin, to be proved in the next article, which requires concavity of the 
function M(v). Insofar as inequalities of the form 


lanl oe MS 


are concerned, this concavity is pretty much equivalent to the cruder 
property that M(v)/v be decreasing. It is, first of all, fairly evident that the 
concavity of M(v) makes M(v)/v decreasing (and even strictly decreasing, 
save in the trivial case where M(v)/v = const.) for all sufficiently large v. 
We have, in the other direction, the following 


Theorem. Let M(v) be > Q and increasing for v > 0, and denote by M*(v) the 
smallest concave majorant of M(v). If M(v)/v is decreasing. 


M*(v) < 2M(v). 
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Problem 14(a) 

Prove this result. (Hint: The graph of M*(v) vs v coincides with that of 
M(v), save on certain open intervals (a,, b,) on each of which M*(v) is 
linear, with M*(a,) = M(a,) and M*(b,) = M(b,): 


Figure 86 


The (a,,, b,) may, of course, be disposed like the contiguous intervals to the 
Cantor set, for instance. Consider any one of them, say, wlog, (a,, b4): 


Figure 87 
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For a, < v < b,, (v, M(v)) must lie above the broken line path APB, and 
(v, M*(v)) lies on the segment AB. Work with the broken line path AQR, 
where OR is a line through the origin parallel to AB.) 


Because of this fact, the Fourier coefficients a, of a given function which 
satisfy an inequality of the form 


la_,| < e", nèl, 
with an increasing M(v) > 0 such that M(v)/v decreases also satisfy 
lang & e m nèl 


with the concave majorant M*(v) of M(v). Clearly, Y? M*(n)/n? = oo if 
YT M(n)/n? = œ. This circumstance makes it possible to simplify much 
of the computational work by supposing to begin with that M(v) is concave 
as well as increasing. 

A further (really, mainly formal) simplification results if we consider 
only functions M(v) for which M(v)/v — 0 as v — oo (see the next lemma). 
As far as Volberg's work is concerned, this entails no restriction. Since we 
will be assuming (at least) that M(v)/v is decreasing, lim,.. ,(M(v)/v) 
certainly exists. In case that limit is strictly positive, the inequalities 


ja_,| < e Mo) nz], 
imply that 
F(z) = > a,2" 


is analytic in some annulus (p < |z| <1}, p < 1. This makes it possible for 
us to apply the theorem on harmonic estimation (§B.1), at least when F(z) 
is continuous up to {|z|=1} (which will be the case in our version of 
Volberg's result). We find in this way that 


| log|F(e'?)|d9 > — oo 


unless F(z)=0, using a simple estimate for harmonic measure in an 
annulus. (If the reader has any trouble working out that estimate, he or 
she may find it near the very end of the proof of Volberg’s theorem in 
article 6 below.) The conclusion of Volberg’s theorem is thus verified in 
the special case that lim,.,,(M(v)/v) > 0. 


For this reason, we will mostly only consider functions M(v) 


for which lim, , ,(M(v)/v) = O in the present 8. 
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Once we decide to work with concave functions M(v), it costs but little 
to further restrict our attention to strictly concave infinitely differentiable 
M(v)’s. Given any concave increasing M(v), we may, first of all, add to it 
a bounded strictly concave increasing function (with second derivative « 0 


0 v 

Figure 88 
on (0, 00)) whose graph has a horizontal asymptote of height e, and thus 
obtain a new strictly concave increasing function M (v), with M{(v) <0, 


differing by at most e from M(v). We may then take an infinitely differen- 
tiable positive function o supported on [0,1] and having foe) dt =l 


y(t) 


0 1 t 
Figure 89 


and form the function 
1 h 

M,(v) = 4 M ,(v + x)o(1/h) dt, 
0 


using a small value of h » 0. M.(v) will also be strictly concave with 
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M5(v) <0 on (0, oo), and increasing, and infinitely differentiable besides for 
0 « v « œ. It will differ by less than ¢ from M (v) for v >a when a is any 
given number > 0, if h > 0 is small enough (depending on a). That's because 
0 < Mi(v) < Mi(a) « oo for vz a. 

Our function M,(v), infinitely differentiable, increasing, and strictly 
concave, thus differs by less than 2e from M(v) when v is large. This, 
however, means that h;(£) = sup, > 9 (M ;(v) — vě) differs by less than 2e from 


h(g) = SUB MAY) v9) 


for small values of č > 0, the suprema in question being attained for large 
values of v if č is small: 


v 


Figure 90 


Hence, in studying the order of magnitude of h(£) for č near zero (which is 
what we will be mainly concerned with in this $), we may as well assume 
to begin with that M(v) is strictly concave and infinitely differentiable. 

When this restriction holds, one can obtain some useful relations in 
connection with the duality between M(v) and h(é).* 


Lemma. If M(v) is strictly concave and increasing with M(v)/v —0 for 
v= oo, there is for each č >0 a unique v = v(£) such that 


hi) = M(v)—vé. 
h(£) has a derivative for č >0, and h'(é) = — w(é). 


Proof. Since M(v)/v — 0 as v— oo, the supporting line of slope £ to the 
graph of M(v) vs v does touch that graph somewhere (see preceding 
diagram), say at (v,,M(v,)). Thus, 


h() = M(v)-v& 


* In the following 3 lemmas, it is tacitly assumed that £ >Q ranges over some 
small interval with left endpoint at the origin, for they will be used only for such 
values of č. This eliminates our having to worry about the behaviour of M(v) 
for small v. 
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Suppose that v, #v, and also 
h) = M(vj— v26; 
wlog say that v, >v,. Then 
Mí(vj) = M(v,)+ &v4—vj). 
Therefore, for v, < v < v,, by strict concavity of M(v), 


M(v) > M(v) t &v— v), 


M(y -vé > M(v)-vié = Rh) 


This, however, contradicts the definition of h(é), so there can be no v; # v, 
with 


h) = M(v2)— vč. 


Since M(v)is already concave, it is equal to its smallest concave majorant, 
M*(v), i.e., 


M(v) = inf (h(é) + £v). 
g>0 
The function A(£) is convex, so if it does not have a derivative at a point 


£o > 0, it has a corner there, with two different supporting lines, of slopes 
— v, and — v,, touching the graph of h(£) vs č at (čo, h(£o)): 


Figure 91 
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Those two supporting lines have ordinate intercepts equal to M*(v,) and 
M*(vj, ie, to M(v, and M(v,). But then h(E.)=M(v,)—v,éo= 
M(v2) — v3&o, which we have already seen to be impossible. h’(é,) must 
therefore exist, and it is now clear that derivative must have the value — v(£,), 
the slope of the unique supporting line to the graph of h(E) vs č at the point 
(Eo, (Eo). 


Lemma. If M(v) is differentiable and strictly concave and M(v)/v — 0 for 
vy 00, 
dM(v) 
dv 


= ¢€ for v=v(é). 


Proof. v(é) is the abscissa at which the supporting line of slope £ to the 
graph of M(v) vs v touches that graph. 


Recall that, for the strictly concave functions M(v) we are dealing with 
here, we actually have M"(v) < 0 on (0, œ) - refer to the above construction 
of M ,(v) and M (v) from M(v). 


Lemma. If M(v) is twice continuously differentiable and M"(v) < 0 on (0, oo), 
and if M(v)/v — 0 for v — oo, h'(£) exists for č 7 0. 


Proof. M(v) is certainly strictly concave, so, by the preceding two lemmas, 
h'(£) exists and we have the implicit relation 


M'(— h(5)) = &. 
Since M"(v) exists, is continuous, and is <0, we can apply the implicit 


function theorem to conclude that h”(¢) exists and equals — 1/M"(— h'(£)). 


Volberg’s construction, besides depending (through Dynkin’s theorem) 
on the concavity of M(v), makes essential use of one additional special 
property, namely, that 


£^* < const.h() 


for some K > 1 as £0. Let us express this in terms of M(v). 


Lemma. For concave M(v), the preceding boxed relation holds with some 
K>1 for £20 iff 


M(v) > constvKK*' for large v. 


Proof. Since M(v) is concave, it is equal to inf,. o (h(č) + vč). If the boxed 
relation holds and v is large, this expression is > inf; 9 (const.¢~* + vé) 
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whose value is readily seen to be of the form const.v KK +»), 
To go the other way, compute sup,, o(const.v KK * D — yë). 


Remark. One might think that the concavity of M(v) and the fact that 
YM(nim? = o 
1 


together imply that M(v) 2 v? with some positive p (say p — 1) for large 
v. That, however, is not so. À counter example may easily be constructed 
by building the graph of M(v) vs v out of exceedingly long straight 
segments chosen one after the other so as to alternately cut the graph of 
V? vs. v from below and from above. 


Here is one more rather trivial fact which we will have occasion to use. 
Lemma. For increasing M(v), 
h($) > M(0 for 220 
and hence lim: , h(£) is finite if M(0)  — oo. 


Proof. h(Z) is decreasing, so lim,.,,,h(¢) exists, but is perhaps equal to 
— co. The rest is clear. 


The principal result on the connection between M(v) and h(é) was 
published independently by Beurling and by Dynkin in 1972. It says that, 
if a >Q is sufficiently small (so that log h(Z) > 0 for 0 < č <a), the conver- 
gence of flog h(Z) d£ is equivalent to that of (^ (M(v)/v?) dv (compare with 
the material in $C of Chapter IV). More precisely: 


Theorem. If M(v) is increasing and concave, and 
hb) = Sup tM — vě), 


there is an a > Q such that 


[oenas < © 


0 


iff 


[Pav < a. 


"E 


Proof. In the first place, if lim,,,M(v/v=c>0, the function 
h(é) = sup, o(M(v) — vë) is infinite for 0 < ë < c. In this case, the integrals 
involved in the theorem both diverge. For the remainder of the proof we 
may thus suppose that M(v)/v — 0 as v oo. 

Again, by the first lemma of this article, h(€) — oo for ë +0 unless M(v) is 
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bounded for v — oo, and in that case both of the integrals in question are 
obviously finite. There is thus no loss of generality in supposing that 
h(£) — oo for £ 0, and we may take an a > 0 with h(a) > 2, say. 

These things being granted, let us, as in the previous discussion, approxi- 
mate M(v) to within e on [A, 0), A 0, by an infinitely differentiable 
strictly concave function M,(v), with M;(v) «0. If £- 0 and A 0 are 
small enough, the corresponding function 


h(č) = sup (Mv) — ve) 


approximates h(č) to within 1 unit (say) on (0, a]. But then 


| "logh()d and | "log h(£)d£ 
0 0 


converge simultaneously, and the same is true for the integrals 
2 M "M 
| 0) dv and | M4» dv. 
00V 00V 


It is therefore enough to establish the theorem for M,(v) and A,(£); in other 
words, we may, wlog, assume to begin with that M(v) is infinitely differen- 
tiable and strictly concave, with M"(v) « 0, and that M(v)/v — 0 for v oo. 

In these circumstances, we can use the relations furnished by the 
preceding lemmas. It is convenient to work with log|h'(£)| instead of 
log h(£), so for this purpose let us first show that 


f "logh()dé and f “togla(@)ldé 
0 0 


converge simultaneously. First of all, 
h(t) < h(a)--(a—&)h(5| < h(a)-c a|h(*)) for 0<č<a 


by the convexity of h(é), as the following diagram shows: 


Figure 92 
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Therefore convergence of the second integral implies that of the first. Again, 
for O«£«a, h(£) z 2, so 


é ONE 
H(§) > 2459 > iul 


for such č: 


§/2 t t 


Figure 93 


So, since fọ Ilog £|d£ < oo, convergence of the first integral implies that of 
the second. 
We have 


h($) = M(v(¢)) — ev(à) 
with v(£) = — h'(£, and M'(v£)) = č. Therefore 


dv(¢) 
v4) 


Taking a number b, 0 « b <a, and integrating by parts, we find that 


édlog|h'(5)| = M’(v(¢)) 


| &dlog|h'(2)| = alog (a) — blog IKO) | “Tog (eas 
b b 


dv. 


_ M(va) M(v(b)) "9 M(v) 
~ va vb) $ v? 


Here, w(é) is decreasing, so v(b) > v(a). Turning things around, we thus have 


wb) 


| log|h' (dé + blog|h'(b)| — alog|h'(a)| 
b 


M(vb)  M(v(a)) | "MO 


v(b) v(a) wa Y 
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M(v)/v is decreasing (concavity of M(v)!) and, as b->0, v(b) ^ oo. We 
see, then, that 


f loglh’(g)|\do_ < oo 


[pa < o. 


2 
v(a) v 


Also, |h'(&)| decreases, so blog|h'(b)| «n logih'(£)] d£. Therefore 
v(b) 
| Mv 
va) V 
is bounded above for b —.0 if (^ log|h’(é)|dé < oo, i.e., 
(M G)/v?) dv < co. We are done. 
Problem 14(b) 
Let H(£) be decreasing for > 0 with H(£) — oo for £ +0, and denote by 


h(£) the largest convex minorant of H(£). Show that, if, for some small a > 0, 
fologh(£) d£ «oo, then flog H(é)dg «oo. Hint: Use the following 


picture: 
A(é) 
b; (bıtaı)/2 a,b, a, t 
Figure 94 


Problem 14(c) 

If M(v) is increasing, it is in general false that (7 (M(v)/v?) dv < oo makes 
ft (M*(v)/v?) dv < oo for the smallest concave majorant M*(v) of M(v). 
(Hint: In one counter example, M*(v) has a broken line graph with vertices 
on the one of v/log v (v large).) 
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Theorem. Let H(£) be decreasing for č >0 and tend to oo as €-0. For 
v 70, put 


M(v) = inf (H(£) + ëv). 
$20 
Then 
[tos mcrae < oo 
0 


for some (and hence for all) arbitrarily small values of a>0 iff 


°M 
f ay < oo. 
1 y 


Proof. As the infimum of linear functions of v, M(v) is concave; it is 
obviously increasing. The function 


hb) = sup (M(v) — và) 
is the largest convex minorant of H(é) because its height at any abscissa 


č is the supremum of the heights of all the (lower) supporting lines with 
slopes — v « 0 to the graph of H: 


Figure 95 


Therefore fjlogH(Z)d£— oo makes [jlogh(£)dí— oo by problem 
14(b), so in that case f? (M(v)/v?) dv = oo by the preceding theorem. If, on 
the other hand, (7 (M(v)/v?)dv does diverge, f^ log h(é)dé = œ for each 
small enough a > 0 by that same theorem, so certainly fẹ log H(£)d£ = oo 
for such a. This does it. 
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3. Dynkin’s extension of F(e'’) to {|z| < 1} with control on | F,(z)|. 


As stated near the beginning of the previous article, a very 
important role in Volberg's construction is played by a weight w(r) — 0 
defined for 0 <r < 1 by the formula 


w(r) = exp ( — h( toe )) 


where, for č >0, 


h(¢) = SaptM(y) = ve. 


Here M(v) is an increasing (usually concave) function such that 
fr (M(v)/v?) dv = oo; this makes h(£) increase to oo rather rapidly as ¢ 
decreases towards 0, so that w(r) decreases very rapidly towards zero as r > 1. 

A typical example of the kind of functions M(v) figuring in Volberg's 
theorem is obtained by putting 


M(v) = — 
(9) log v 
for v > e?, say, and defining M(v) in any convenient fashion for 0 < v < e? 
so as to keep it increasing and concave on that range. Here we find without 
difficulty that 
2 
ne ~ Sen 


e 


for €— 0, 


and w(r) decreases towards zero like 


exp( - 527 dem) 


as r > 1; this is really fast. It is good to keep this example in mind during the 
following development. 


Lemma. Let M(v) be increasing and strictly concave for v» 0 with 
M(v)/v — 0 for v — oo, put 


h(g) = sup(M(y) — v6), 
and write w(r) 2 exp(— h(log(1/r))) for 0 « r « 1. Then 
[ r*?w()dr > TM pM 


for nz 1. 


3 Dynkin’s extension of F(e'®) to the unit disk 339 


Proof. In terms of €=log(1/r), r"w(r) = exp(— h(Z) — En). Since M(v) is 
strictly concave, we have, by the previous article, 

inf (h($) + ¢n) = M(n), 

é>0 
the infimum being attained at the value é = €, = M'(n). Put r, = e^ ^". Then, 
r!w(r,) =e“, Because w(r) decreases, we now see that 


3 


1 m 
I r*?w(rdr > wird | reedr = (rawr) 


3 
r = 
= "ge Mm 


n+3 
Here, 
rà = e 39M 


and this is > e^ ?M'€) since M'(v) decreases, when n > 1. From the previous 
relation, we thus find that 


1 e 3M) 
r" + ?w(r) dr > e M) 
0 4n 


for nz 1, Q.E.D. 


Theorem (Dynkin (the younger), 1972). Let M(v) be increasing on (0, oo), 
as well as strictly concave and infinitely differentiable on (0,00), with 
M"(v) <0 there and M(v)/v —0 for v— oo. Let M(0)> — oo. 

For 0 « r « 1, put 


wr) = exp( -a tog”) ) 


where h(£) is related to M(v) in the usual fashion. 
Suppose that 


oo n 
F(e*) S » a,e"? 
700 
is continuous on the unit circumference, and that 
oo 
$ina, < o. 
1 


Then F has a continuous extension F(z) onto {|z| <1} with F(z) conti- 
nuously differentiable for |z| < 1 and |OF(z)/0z| < const.w(|z], |z| « 1. 


Remark. The sense of Dynkin's theorem is that rapid growth of M(n) 
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to oo for n— oo (which corresponds to rapid growth of h(£) to œ for é 
tending to 0) makes it possible to extend F continuously to {|z| < 1} in such 
a way as to have |OF(z)/0z| dropping off to zero very quickly for |z| ^ 1. 


Proof of theorem. We start by taking a continuously differentiable function 
C(e!), to be determined presently, and putting* 


"T e 1 (77 1 (er? w(r)rdr dt 
(*) G(z) = la + xl —————— 


PM IS re! — z 


for |z| < 1. The reason for using the factor r? with w(r) will soon be apparent. 
The idea now is to specify Q(e") in such fashion as to make G(e?) have the 
same Fourier series as F(e?). If we can do that, the function G(z) will be a 
continuous extension of F(e?) to {|z| < 1}. 
To see this, observe that our hypothesis certainly makes the trig- 
onometric series 


absolutely convergent, so, since F(e'®) is continuous, 
oo 
Ya ei? 
n 
0 


must also be the Fourier series of some continuous function, and hence 
the power series on the right in («) a continuous function of z for |z| < 1. 
According to a lemma from the previous article, the property M(0) > — oo 
makes h(£) bounded below for č > 0 and hence w(r) bounded above in (0, 1). 
The right-hand integral in (*) is thus of the form 


xl b(f) dé dy 
2m J Jie $2 


with a bounded function b(C). (Here, we are writing ( = č + in which conflicts 
with our frequent use of € to denote log(1/r). No confusion should thereby 
result.) It is well known that such an integral gives a continuous function 
of z; that’s because it's a convolution on R?, with 


{| dé dy 
ice del 


finite for each finite R. We see in this way that the function G(z) given by 
(*) will be continuous for |z| < 1. If also the Fourier series of G(e?) and 
F(e?) coincide, those two functions must obviously be equal. 

We wish to apply the theorem of article 1 to the right-hand integral 
in (x). In order to stay honest, we should therefore check continuous 


* The power series on the right in (*) may not actually be convergent for |z| = 1, 
but does represent a continuous function for |z| < 1, as will be clear in a moment. 
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differentiability (for |¢|< 1) of the function b(¢) figuring in that double 
integral, viz., 


B(re") = r?w(r)O(e'), 


because continuous differentiability (at least) is required in the hypothesis 
of the theorem. It is for this purpose that the factor r? has been included; 
that factor ensures differentiability of b(f) at 0. Thanks to it, the desired 
property of b(¢) follows from the continuous differentiability of Q(e") 
together with the continuity of rw'(r) on [0, 1) which we now verify. 

We haverw'(r) = h'(log(1/r))w(r) forO <r < 1. By a lemma in the previous 
article, h"(£) exists for each €>0 since M"(v) <0. This certainly makes 
h'(log(1/r)) continuous for 0 « r < 1, so rw'(r) is continuous for such r. 
When r — 0, w(r) increases and tends to a finite limit (since M'(0) > — oo), 
and A'(log(1/r)) increases (convexity of h’(é)), remaining, however, always 
« 0. Hence rw'(r) tends to a finite limit as r > 0, and (with obvious definition 
of rw'(r) at the origin) is thus continuous at 0. 

Having justified the application of the theorem from article 1 by this 
rather fussy argument, we see through its use that 


0G) — 
0z 


— |zi?w(Iz[)Q(e?) 
for 
z=|zļe®, |z|<1, 


after taking account of the fact that 


(Sor) —-0 lz|«t. 
o 


This relation certainly makes 


ôG 
| e < const.w(|z|) 


Oz 


for |z| < 1, so, if G(z) does coincide with F(z) for |z| = 1, we will have the 
theorem on putting F(z) = G(z) for |z| « 1. 

Everything thus depends on our being able to determine a continuously 
differentiable O(e") which will make 


xj. pa e Mua dr dt 
|^ re-e. 
0 


have the Fourier series 


x a,e'" $ 


—0 
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Expanding the integrand from (%) in powers of re", we obtain for that 
expression the value 


= i + 1 = i(n — 1)t it -in 
-&([^ "waa [ eit 7 kOe ae s, 


We see that we need to have 
Ne) AU È b, ei" 


where, for n> 1, 


A-n 
0D bi-as ~ PoP win dr’ 


We may choose the b, with positive index in any manner compatible with 
the continuous differentiability of Q(e); let us simply put them all equal 
to zero. 

By the lemma, the right side of (T) is in modulus 


< const.|na..,|e M? 


for n z 1. The bm given by (t) therefore satisfy 
0 
Y Imb,| < oo 


according to the hypothesis of our theorem. This means that there is a 
function XXe") satisfying our requirements whose differentiated Fourier 
series is absolutely convergent. Such a function is surely continuously 
differentiable; that is what was needed. 

The theorem is proved. 


Remark 1. We are going to use the extension of F to (|z| « 1} furnished 
by Dynkin's theorem in conjunction with the corollary at the end of article 1. 
That corollary involves the integral 


1 f f FQ) dé dn 

2x J Ja FO C —2) 

where, on the open set Z, | F(¢)| > 0 and | F;(¢)| < const. F(¢)|. The theorem 
of article 1 is used to take 0/02 of this integral, and the hypothesis of the 
corollary requires that F(() be €, in 2 in order to guarantee the legitimacy 
of that theorem's application. Our extension F(z) furnished by Dynkin's 
theorem is, however, only ensured to be €, for |z| < 1. Are we not in trouble? 
Not to worry. All that the corollary really uses is continuous differen- 
tiability of the quotient F{0)/F(¢) in 2. Our F is, however, €, in 2, where 
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it is also #0. And, from the proof of Dynkin’s theorem, 

FAC) = — |CP?w(1£1)(e") for ¢ = Itje" with |C| <1. The expression on the 
right is, however, € , for |C| < 1; we indeed checked that it had that property 
during the proof (as we had to do in order to justify using the theorem of 
article 1 to show that F4{¢) was equal to it!). We are all right. 


Remark 2. Under the conditions of Volberg’s theorem, there is no essential 
distinction between the functions M(v) and 2M(v), and eM'? goes to infinity 
much faster than any power of v as v— oo. (We will need to require that 
M(v) 2 const. v* for some a > 4 as has already been remarked in article 2.) 
In the application of Dynkin's theorem to be made below, we will therefore 
be able to replace the condition 


oo 
$ina, M < oo 
1 


figuring in its hypothesis by 
la-,| € conste ?M9, nèl, 


or even (after a suitable unessential modification in the description of w(r)) 
by 


la-.,| € conste M", nèl. 


4. Material about weighted planar approximation by polynomials 


Lemma. Let w(r) 20 for O& r « 1, with 


[oorr < œ. 


0 
If F(z) is any function analytic in (|z| < 1} such that 
[f |F(2) w(Iz))dxdy < oo, 
I<] 
there are polynomials Q(z) making 
ll. F2 - QI wzD dxdy 
arbitrarily small. 


Proof. The basic idea is that w(|z|) depends only on the modulus of z. 
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Given e > 0, take p < 1 so close to 1 that 


{| |F(z)|?w(|z|)dxdy < «e 
p«iz«t 


Note that if0<A<1 andO «r«1, 


2n 2n 
| |F(re?)?d9 < | |F(re'*)|? d9. 
0 


0 


Therefore, 


{| | F(Az)|7w(|z|)dxdy = | [C'irorenitvevasar 
p«Izi«1 


p JO 
1 [2r . 
< | | |F(re?)?w(rird9dr < e. 
P 40 
Once p <1 has been fixed, F(z) is uniformly continuous for |z| < p, so 
f fia<p l FE) — F(Az)|?w(|z|)dxdy —+0 as 4— 1 (we use the integrability of 


rw(r) on [0, 1) here). In view of the preceding calculation, we can thus find 
(and fix) a A < 1 such that 


{| | F(z) — F(Az)|?w(|z|)dxdy < Se. 
lzi«1 


The Taylor series for F(Az) converges uniformly for |z| « 1. We may 
therefore take a suitable partial sum Q(z) of that Taylor series so as to make 


{| | F(Az) — Q(z)|?w(|z|)dxdy < e. 
lzl<1 
Then 
{| | F(z) — Q(z)?w(|z|)dxdy < 16e. 
\zj<1 


That does it. 


At this point, we begin to make systematic use of a corollary to the 
theorem of Levinson given in §A.5. Oddly enough, Beurling’s stronger 
results from §B are never called for in Volberg’s work. 


Theorem on simultaneous polynominal approximation (Kriete, Volberg). 
Let, for O<r<1, 


w(r = e( -= 2062) 
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where H(£) is decreasing and bounded below on (0, oo), and suppose that 
| log H(€)dg = oo 
0 


for all sufficiently small a >Q. 
Let E be any proper closed subset of the unit circumference, let 
ple’) e L,(E), and suppose that f(z) is analytic in {|z| <1}, and such that 


f | f(z)/?w(|z|)dxdy < oo. 
Iz| «1 


Then there is a sequence of polynomials P,(z) with 


f,en peas [T | f(z) — P.) w(Izl) dx dy — 0. 
Iz«1 


Proof. We use the fact that the collection of functions F(z) analytic in 
(Izl <1} with ffi. F()I?w(Iz]) dx dy < oo forms a Hilbert space if we 
bring in the inner product 


(VF = | | F ,(2)F (2) w(|z|) dx dy. 
z|«1 


This is evident, except perhaps for the completeness property. To verify 
the latter, it is clearly enough to show that, for any L, the functions F(z) 
analytic in {|z| « 1) and satisfying 


{| IF) w(Izl)dxdy < L 
izi 


form a normal family in the open unit disk. However, the weight w(r) we 
are using is strictly positive and decreasing on (0, 1). Hence, for any r < 1, 
the previous relation makes 


L 
2 
NT dxdy < wi 


It is well known that such functions F(z) form a normal family in (|z| « rj. 
Here, r « 1 is arbitrary. 

Let us turn to the proof of the theorem, reasoning by duality in the 
Hilbert space L,(E)® # where # is the Hilbert space just described.* 
Suppose, then, that there is a p(e?) e L,(E) and an f(z) € # for which the 
conclusion of the theorem fails to hold. There must then be a non-zero 
element (q, F) of L,(E)®# orthogonal in that space to all the elements 
of the form (P(e?), P(z)) with polynomials P. We are going to obtain a 
contradiction by showing that in fact q — 0 and F — 0. 


* We are dealing here with the direct sum of L (E) and #. 
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The orthogonality in question is equivalent to the relations 


faas [| F(2zw(zl)dxdy20, n=0,1,2,3,.... 
E Izi«1 


Define q(e?) for all of (|z| 2 1) by making it zero for e^&E. Then 
q(e?)eL,( — x, n), and if we write 


(*) qe) ~ Y ae" 
—00 
we find from the previous relation that 


1 aren 
&, = -xll F(z)z"w(|z|)dx dy, | nz0. 
2r J Jua 


Since 


{| |F(z)|?w(|z|)dxdy < oo, 
{z|<1 


the integral on the right is in modulus 


1 
< const. | | r?w(r)r dr 
o 


by Schwarz’ inequality. However, in terms of č = log (1/r) and the function 
H(é), 


r?^w(r) = e HG 2n) 


Denoting inf,.. ,(H(Z) + £v) by M(v) as in the last theorem of article 2, we 
see that the right side is < e^ M?", The preceding expression is therefore 
< conste MO"? je, 


(5) |a,| € conste M??? nèl. 


Since E is a proper closed subset of (|z| — 1), its complement on the unit 
circumference contains an arc J of positive length. The function q(e?) 
vanishes outside E, hence on J, and certainly belongs to L,(— z, x). Also, 
by the last theorem in article 2, 


[ MN dv = oo 


y 


on account of our hypothesis on H(£). Therefore 


o M(2n) » 


2-an T: 
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M(v) being increasing, so, by virtue of the corollary at the end of §A.5, (*) and 
(*) imply that q(e^) =0 ae. 
We see that a, = 0 for all n, which means that 


{| F(z)2"w(|z|)dxdy = 0 
|z|<1 


for n=0,1,2,.... Since H(£) is bounded below on (0, oo), w(r) is bounded 
above for 0 « r « 1, and we can invoke the lemma, concluding that poly- 
nomials are dense in the Hilbert space #. The previous relation therefore 
implies that F(z) z 0. 

We have thus reached a contradiction by showing that q — 0 and F — 0. 
The theorem is proved. 


Remark. Some applications involve a weight 


w(r) — exp( — h( toe) 


where, for č > 0, 
h(b) = sup (Mi) — vė), 


the function M(v) being merely supposed increasing, and such that 
M(0)> — oo. 
In this situation, we can, from the condition 


< Mín) = 


PE 


conclude that the rest of the above theorem's statement is valid. 
This can be seen without appealing to the last theorems of article 2. 
We have here, with € = log (1/r), 


r?^w(r) a e (AG) 2nd) 


n 


and, since, for any € >Q, 
h(6) > M(v)—vé 


for each v > 0, h(£) + 2n€ > M(2n). We now arrive at (2) in the same way as 
above, so, since M(v) is increasing, 


eM) _ eMQn) _ 
2 = œ makes i ae 


and we can conclude by direct application of the corollary from §A.5. (Here, 
boundedness of w(r) is ensured by the condition M(0)> — oo.) 
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Remark on a certain change of cariable 

If the weight w(r) 2 exp(— H(log(1/r))) satisfies the hypothesis of the 
theorem on simultaneous polynomial approximation, so does the weight 
w(r-) = exp(— H(Llog(1/r))) for any positive constant L. That's simply 
because 


a 1 aL 
| A(Lé)do = al H(¢)d¢ ! 
0 L Jo 
That theorem therefore remains valid if we replace the weight w(r) figuring in 
its statement by w(r"), L being any positive constant. 
We will use this fact several times in what follows. 


5. Volberg's theorem on harmonic measures 


The result to be proved here plays an important role in the 
establishment of the main theorem of this $. It is also of interest in its own 
right. 


Definition. Let © be an open subset of (|z| « 1), and J any open arc of 
{|z| = 1}. We say that € abuts on J if, for each (cJ, there is a neighborhood 
V, of ¢ with 


V(lz«1) « 0. 


Figure 96 
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Now we come to the 


Theorem on harmonic measures (Volberg). Let, for 0 « r « 1, 
w(r) = exp (— H(log (1/r))), where H(£) is decreasing and bounded below on 
(0, oo), and tends to oo sufficiently rapidly as > 0 to make w(r) = O((1 — r)) 
for r — 1. (In the situation of Volberg’s theorem, we have H(é) 2 const. ^ * 
with c >Q, so this will certainly be the case.) 

Assume furthermore that 


f log H(é)dé = oo 
0 


for all sufficiently small a> 0. 

Let © be any connected open set in (|z| « 1} whose boundary is regular 
enough to permit the solution of Dirichlet's problem for ©. Suppose that 
there are two open arcs I and J of positive length on (|z| 2 1) such that: 

(i) 00J is empty; 
(ii) © abuts on I. 
Then, if w( ,z) denotes harmonic measure for © (as seen from ze), 
we have 
1 


will) = 
s oe (ty aee co foe) 


for each z EO. 
Remark 1. The integral is taken over the part of 00 lying inside {|z| < 1}. 


Remark 2. The assumption that 0 abuts on an arc I can be relaxed. But the 
proof uses the full strength of the assumption that 00 avoids J. 


Proof of theorem. We work with the weight w,(r) = w(r?). By the theorem on 
simultaneous polynomial approximation and remark on a change of 
variable (previous article), there are polynomials P,(z) with 


| | P,(e?)]? do -> 0 
{l=l}~J 
and at the same time 


f |P,(z) — 1)?w,(|zl)dxdy — 0. 
Iz}<1 


The second relation certainly implies that 
f IP.) w;(lzl)dxdy < C 
Iz «1 


for some C < oo, and all n. 
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Take any zo, |zo| « 1; we use the last inequality to get a uniform upper 
estimate for the values |P,(zo)]. Put p —i(1 — | zol). 


Figure 97 


We have 


1 
|P.(z9)l? < zl | P,(z)]? dx dy. 
np? Iz—zgl«p 


w, (r) decreases, so the right side is 


1 
Swill) P,(2)|?w,(|21)dxd 
np^w,(1 =| M e zn xay 


which, in turn, is 


C 
X ——— 
np*w(1— p) 


by the above inequality. 

Here, w, (1 — p) = w(1 — 3p + 3p? — p?) is 2 w(1— 2p) = w([zg]) when 
3p? — p? <p, i.e., for p < (3 — J/5)/2. Also, w(r) is bounded above (H(é) 
being bounded below), so, for (3 — /5)/2 « p <4, 

w,(1 — p) 2 w(./5 — 2) > const.w(|zo]). The result just found therefore 
reduces to 


const. 


(1 — Izol^w(Izo])" 


IP.(zo)? < 
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with the right-hand side in turn 
const. 
BEC: 


according to the hypothesis. Thus, since z9 was arbitrary, 


(*) log|P,(z) < const. + toe( |z| « 1. 
w(Iz|) 


A similar (and simpler) argument, applied to P,(z) — 1, shows that 
(3) P,e) —1 |2|<1. 
Let us now fix our attention on 06 ^í(|C| 2 1), which we henceforth 


denote by S, in order to simplify the notation. The open unit disk A includes 
€, therefore, by the principle of extension of domain (see §B.1), for zoe, 


dwl, Zo) € da,(f, zo) 


for € varying on S. In other words, 


(t) do,(b zo) < K(zo)IdE] 


for ¢ on S with a number K(z;) depending only on Zp. 
Since © abuts on the arc I with |I| >0, we surely have 


@,(S,29) > 0 


for each zo € by Harnack's theorem. Since S € {|¢|=1} ~ J ((i) of the 
hypothesis) we have, by (f) and the relation between arithmetic and 
geometric means, 


| log | P,(e'*) | do, (e, Zo) 
S 


<s 40,(S, Zo) les I |P,(e^)? do,(e", z) 


1 
(S, zo) 
K(zo) 
lS, Zo) Jui - 1.7 


for z9€0. This last expression, however, tends to — oo as n oo because 


< bou zo)log( iP, 49) 
[| IPARA — 0 
(it -1)4J 


At the same time, for any zo9€Ó, log|P,(zo)| => 0 by (%). Therefore, 
by the theorem on harmonic estimation in §B.1 (whose extension to possibly 
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infinitely connected domains 0) of the kind considered here presents no 
difficulty, at least for polynomials P,(z)), we see that 


| ostP.te^iaoste" zo) + | log|P,(2)| dwelt, zo) 
S 


000A 
= | log |P, idol, z0) > log|P,(zo)) — 0. 
80 


As we have just shown, the first of the two integrals in the left-hand 
member tends to — oo as n— oo. Hence the second must tend to oo as 
n — oo (!). However, by (*), 


1 
log|P,(¢)| < const. + toe) 
suae w(|C]) 
for (e00 r^ A. So we must have 


1 


[toe saz oet ao = © for ZEO. 


The theorem is proved. 


Remark, The result just established holds in particular for weights 
w(r) = exp(— h(log(1/r))) with h(5) 2 sup, o(M(v) — ve) for $20, M(v) 
being increasing, provided that M(0) > — oo, that YX*(M(n)/n?) = oo, and 
that M(v) 2 oo as v oo fast enough to make w(r) = O((1 — r)?) for r5 1. 
See remark following the theorem on simultaneous polynomial approxi- 
mation (previous article). 


Corollary. Let the connected open set © and the weight w(r) be as in the 
theorem (or the last remark). Let G(z) be analytic in © and continuous 
up to 00, and suppose that, for some p, 0 < p < 1, we have 


1G(Q)| < wici) for £eo0 with 1 —p < |] < 1 (sic). 
Then G(z) « 0 in 0. 
Proof. Take any z,€0. Since G(z) is continuous on @, it is bounded there, 
so, since w(r) decreases, we surely have G(z) <const.w(|z|) for ze and 
|z| < 1 — p. Therefore our hypothesis in fact implies that 

IG()| < Cw(t) for &te06n(lti «tj 


with a certain constant C. 

Write 06 (|£| « 1] = y, and denote the intersection 00 ~y of 00 
with the unit circumference by S as in the proof of the theorem. By the 
theorem on harmonic estimation (§B.1), we have 


log|G(Zo)| < | log Odo, 29+ | log| G(¢)|da,(C, zo). 


y 
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If M is a bound for G(z) on C, the first integral on the right is < log M. The 
second is 


< logc + | log w(|¢|) doo, zo) 
y 


by the above inequality. The integral just written is, however, equal to 
— co by the theorem on harmonic measures. Hence G(z,) = 0, as required. 


Scholium. L. Carleson observed that the result furnished by the theorem on 
harmonic measures cannot be essentially improved. By this he meant the 
following: 


If w(r)  exp( — h(log(1/r))) with h(£) strictly decreasing, convex, and 
bounded below on (0, oo), and if 


f logh(£)d£ < oo 
0 


for all sufficiently small a0, there is a simply connected open set 
0 in ^ = {|z| < 1} fulfilling the conditions of the above theorem for which 


1 
—— 0. 
MEC S < ©,  Zg€ 


To see this, observe that the convergence of folog h(£)d£ for all 
sufficiently small a >0 implies that 


(8 f “log lh(OldE < co 
0 


for such a. (See the proof of the second theorem in article 2.) We use ($) in 
order to construct a domain © like this 


Figure 98 
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for which 


NC xig; Jes oo < ©,  zge0, 


with w(r) 2 exp(— h(log(1/r))). It is convenient to map our (as yet 
undetermined) region © conformally onto another one, 2, by taking 
z 2 re? to 9 — ilog(1/z) 2 9 - ilog(1/r) 2 9 -- ic. Here č has its usual 
significance. 


Figure 99 


If, in this mapping, the point z9€9 goes over to pe2, we have, clearly, 


| lo (sam ag al Zo) = f h(2)dwo(¢, p). 
and w(|C1) aDn{E>0} 


We see that it is enough to determine the equation £ = €(3) of the upper 
bounding curve of 2 (see picture) in such fashion as to have 


| " I(E(9))dex (9 + i&(9), p) « co 
0 


when pe2. The easiest way to proceed is to construct a function 
&($) = &(a — 9), making the upper bounding curve symmetric about the 
vertical line through its midpoint. Then we need only determine an increasing 
function &(9) on the range 0 < 9 < o/2 in such a way that 


9o 
| h(5(3)) do4(9 + i&(9), p) < oo 
0 
for some 0, > 0 and some peQ. From this, the same inequality will follow 


for every pe 2 by Harnack's theorem, and we can arrive at the full result by 
adding two such integrals. 
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Figure 100 


For 0 « 0 « 0,, we have, integrating by parts, 


9o 
[ h(I) do’ + 15(9), p) = h(E(8o))o(Ao) — h(5(8))x(8) 


9o 
> f oX9)dh(5(9)), 


where œ(9) denotes the harmonic measure (at p) of the segment of the upper 
bounding curve having abscissae between 0 and 9, viz., 


9 
o(3) = f dwa(t + ic(1), p). 


Making 0—0 and remembering that h(£) decreases, we see that what we 
want is 


9o 
(88) f (DIKEDAI) < oo. 


For w($) we may use the Carleman—Ahlfors estimate for harmonic 
measure in curvilinear strips, to be derived in Chapter IX.* According to 
that, if p is fixed and to the right of 0,, 


8o dt 
w() < const.ex ( — «| 55) 
} PLT], &9 
for 0 < 9 < 0,. The most simple-minded way of ensuring ($5) is then to cook 


* See Remark 1 following the third theorem of $E.1 in that chapter. The upper 
bound arrived at by the method explained there applies in fact to a harmonic 
measure larger than (8). 
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the positive increasing function c(t) so as to have 


log|h'(&9))| — z NS n 


It is the relation ($) which makes it possible for us to do this. 

In order to avoid being fussy, let us at this point make the additional 
(and not really restrictive) assumption that h'(5) is continuously differentiable. 
Then we can differentiate the previous equation with respect to 9, getting 


dlog|h(g)| dé — z 
dé d9 € 


for our unknown increasing function £ = £(9). Calling 9(£) the inverse to 
the function £(9), we have 


d9Q) _ _ l,dlogIh (ol 


dé n dé 


In view of (§), this has the solution 
1é 
HE) = f (log |h'(t)| — log|h’(¢)|) de 
0 


with 9(0) = 0. Since h'(t) is <0 and increasing (i.e., log |h'(t)| decreases), we 
see that the function 9(£) given by this formula is strictly increasing, and 
therefore has an increasing inverse &(9) for which ($8) holds. 

This completes our construction, and Carleson's observation is verified. 

Let us remark that one can, by the same method, establish a version 
of the Levinson loglog theorem which we will give at the end of this § 
(accompanied, however, by a proof based on a different idea). V.P. Gurarii 
showed me this simple argument (Levinson's original proof of the loglog 
theorem, found in his book, is quite hard) at the 1966 International 
Congress in Moscow. 


6. Volberg's theorem on the logarithmic integral 


We are finally in a position to undertake the proof of the main 
result of this $. This is what we will establish:* 


Theorem. Let M(v) be increasing for v > 0. 
Suppose that 
M(v)/v is decreasing, 
that 
M(v) > const.v* 


* A refinement of the following result due to Brennan is given in the Addendum 
at the end of the present volume. 
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with some a >+ for all large v, and that 


eM(n 


es CE 


n 


Let 
F(e?) A x a,e"? 


be continuous and not identically zero. 
Then, if 


la_,| < e"M for nèl, 


we have 


f log|F(e?)|d9 > — oo. 


Remark. Volberg states this theorem for functions F(e'’)eL,(— n, n).* 
He replaces our second displayed condition on M(v) by a weaker one, 
requiring only that 


v 3M(v) — oo 
for v — oo, but includes an additional restrictive one, to the effect that 


v!12M(v!?) < const.M(v) 
for large v. This extra requirement serves to ensure that the function 


h(t) = SBR) = 95) 


satisfies the relation h(K£) < (h(£))! * with some K > 1 and c > 0 for small 
č > 0; here we have entirely dispensed with it. 


Proof of theorem (essentially Volberg's) This will be quite long. 

We start by making some simple reductions. First of all, we assume 
that M(v)/v — 0 for v > oo, since, in the contrary situation, the theorem is 
easily verified directly (see article 2). 

According to the first theorem of article 2, our condition that M(v)/v 
decrease implies that the smallest concave majorant M*(v) of M(v) is 
<2M(v); this means that the hypothesis of the theorem is satisfied if, in 
it, we replace M(v) by the concave increasing function M*(v)/2. 

There is thus no loss of generality in supposing to begin with that M(v) 
is also concave. We may also assume that M(0) > 3. To see this, suppose 
that M(0) « 3; in that case we may draw a straight line Z from (0,3) 
tangent to the graph of M(v) vs. v: 


* See the addendum for such an extension of Brennan's result. 
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Figure 101 


If the point of tangency is at (vo, M(vo)), we may then take the new 
increasing concave function M,(v) equal to M(v) for v 2 v, and to the 
height of Z at the abscissa v for 0 € v < vy. Our Fourier coefficients a, 
will satisfy 


la-,| € const.e~ Me 


for n > 1, and the rest of the hypothesis will hold with Mo(v) in place of 
M(v). 

We may now use the simple constructions of M (v) and M,(v) given in 
article 2 to obtain an infinitely differentiable, increasing and strictly 
concave function M,(v) (with M3(v) <0) which is uniformly close (within 
4 unit, say) to Mo(v) on [0,oo). (Here uniformly close on all of [0, 00) 
because our present function M,(v) has a bounded first derivative on 
(0, o0).) We will then still have 


la-,| € conste" M2 


for n > 1, and the rest of the hypothesis will hold with M ;(v) in place of M(v). 
Since M(v) > const.v* for large v, where «>4, we certainly (and 
by far!) have 


n*exp(— M,(n)/2) 0, n o. 


Therefore 


fea) 
Y, [nae < oo, 
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So, putting M(v) = M,(v)/2, we have 

Y |n2a_,le"™ < œ 

1 


with a function M(v) which is increasing, strictly concave, and infinitely 
differentiable on (0,00), having M"(v) « 0 there. The hypothesis of the 
theorem holds with M(v) standing in place of M(v) Besides, M(0) 
(=lim,..9M(v)) is 21 since M,(0)> 3. Later on, this property will be 
helpful technically. 

»> Let us henceforth simply write M(v) instead of M(v). Our new function 
M(v) thus satisfies the hypothesis of Dynkin's theorem (article 3). We put, 
as usual, 


h(é) = sup(M(v) vë) for &>0, 
v»0 


and then form the weight 


w(r) = exp( —h(1o8+)), O<r<l. 


Because M(0)>1, we have h(£) 21 for €>0, so w(r)<1/e. Applying 
Dynkin’s theorem, we obtain a continuous extension F(z) of our given 
function F(e?) to {|z| < 1} with F(z) continuously differentiable in the open 
unit disk and 
OF (z) 
0z 
We note here that the properties of M(v) assumed in the hypothesis 


certainly make w(r) O0 (indeed rather rapidly) as r— 1; see article 2. 
Let 


< const.w(|z|), |z| « 1. 


By = (z: |z| « 1 and |F(z)] < w(|z|)}. 
We cover each of the closed sets 


1 
nal 


1 
Bon} 1 = < |z| < 1— \ n= 1,2,3,..., 


by a finite number of open disks lying in (|z| < 1} on which 
|F(z)| < 2w(Izl). 
This gives us altogether a countable collection of open disks lying in the unit 


circle and covering Bo; the closure of the union of those disks is denoted 
by B. We then have 


IF(2)| < 2w(|z|), — zeB,* 


* including for zeB of modulus 1, as long as we take w(1) 2 0! See argument 
for Step 1, p. 361 
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and 
|F(z)| > w(|z|) for zéB and |z| « 1. 
Put 
= (Iz «tj oC B) 


0 is an open subset of the unit disk and |F(z)| > w(|z|) therein, as we have 
just seen. We will see presently that © fills much of the unit disk. Let us 
at this point simply observe that © is certainly not empty. If, indeed, it 
were empty, B would fill the unit disk and we would have |F(z)| < 2w(|z|) 
for |z|<1. The fact that w(r) 0 for r>1 would then make F(e)z 
contrary to our hypothesis, by virtue of the continuity of F(z) on {|z| < 1}. 

Although the open set © may have an exceedingly complicated structure, 
the Dirichlet problem for it can be solved. This will follow from a well-known 
result in elementary potential theory (for a proof of which see, for instance, 
pp. 35-6 of Gamelin's book, the latter part of the one by Kellog, or any 
other work on potential theory - I cannot, after all, prove everything!), if 
we show that the Poincaré cone condition for © is satisfied at every point 
C of 00, i.e., if, for each such C, there is a small triangle with vertex at C 
lying outside ©. To check this, observe that the small disks used to build 
up B can accumulate only at points of the unit circumference. Hence, if 
|C| < 1 and £&00, C is on the boundary of one of those small disks, inside of 
which a triangle with vertex at ( may be drawn. If, however, |¢|=1, we 
may take a triangle lying outside the unit disk with vertex at C. 

Since |F ,(z)| < Cw(|z|) in {|z| « 1} while | F(z)| > w(|z]) in €, we have 


.1 F(z) 
F(z) 0z 


C; ze(. 


Volberg's idea is to take advantage of this relation and use the function 


Fl) dédn 
UE ami; AE FO (-2 j 

on {|z| € 1). (N.B. Again we are writing & — č in, in conflict with the 
notation č =log(1/r) used in discussing h(£). According to Remark 1 to 
Dynkin's theorem (end of article 3), F(z) has enough differentiability in 
{|z|< 1} for us to be able to use the corollary from the end of article 1. 
By that corollary, ®(z) is analytic in €, and |®(z)| lies between two constant 
multiples of |F(z)| there (and, actually, on (|z| € 1) as the last part of that 
corollarys proof shows). We thus certainly have |®(z)|>0O in © since 
| F(z)| > w(|z|) there. 

Volberg now applies the theorem on harmonic estimation (§B.1) to 
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@(z) and the open set © in order to eventually get at 


R 
| log | F(e'’)|d.9. 
-R 

His procedure is to show that the whole unit circumference is contained 
in 00, and that the part of 00 lying inside the unit disk is so unimportant 
as to make harmonic measure for © act like ordinary Lebesgue measure on 
the unit circumference. We will carry out this program in 5 steps. Before 
going to step 1, we should, however, acknowledge that here the theorem 
on harmonic estimation will be used under conditions somewhat more 
general than those allowed for in $B.1. The open set © may not even 
be connected, and its components may be infinitely connected! Neverthe- 
less, extension of the theorem in question to the present situation involves 
no real difficulty — ®(z) is continuous on {|z|<1} and the Dirichlet 
problem for © is solvable. 

We proceed. 


Step 1. Br{\¢|=1} contains no arc of positive length. 

Assume the contrary. By construction of B, each of its points on the 
unit circumference is a limit of a sequence of z, having modulus « 1 for 
which |F(z,)| < 2w(|z,]). Since w(r) 0 for r1 we thus have F(e?) 20 
for every point of the form e" in B. 

If now this happens for each point belonging to an arc J of positive 
length on the unit circumference, we will have F(e?) 2 0 on J. At the 
same time, the Fourier coefficients a, of F(e'’) satisfy |a_,,| < conste M 
for n>1 by hypothesis. Therefore F(e?) vanishes identically by the 
corollary to Levinson's theorem at the end of §A.5. This, however, is contrary 
to our hypothesis. 


Before going on, we note that the properties of M(v) came into play in 
the preceding argument only when we looked at the Fourier coefficients 
of F(e?) and not when we brought in w(r) - exp(— h(log(1/r)), even 
though A(£) is related to M(v) in the usual way. Any other weight w(r) > 0 
tending to zero as r— 1 would have worked just as well. 

Thanks to what we found in step 1, {|¢| = 1} ^ ( B) is non-empty (and 
even dense on the unit circumference). It is open, hence equal to a countable 
union of disjoint open arcs I, on {|¢|=1}. (B, remember, is closed.) 
O — (|z| « 1) ^ (— B) clearly abuts on each of the I,. (See definition, 
beginning of article 5.) 

Take any po, 0 < po < 1, and denote by Q,(po) (or just by Q,, if it is 
not necessary to keep the value of pọ in mind) the connected component 
of 6 ^ (pg « |z| <1} abutting on L. 
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Step 2. All the Q,(po) are the same. In other words, | ),Q,(po) is connected. 

Assume the contrary. Then we must have two different arcs I, — call 
them J, and I, — for which the corresponding components Q, and Q, are 
disjoint. 


Figure 102 


The function ®(z) is analytic in Q, and continuous on its closure. As 
stated above, it's continuous on (|z| € 1) — that's because F(z) is, and 
because the ratio F-(¢)/F(¢) appearing in the formula for ®(z) is bounded 
on the region O over which the double integral figuring therein is taken 
(see beginning of the proof of the theorem in article 1). 

The points ¢ on 0Q, with pọ <|¢| < 1 (sic!) must belong to B, therefore 
|F(C)| < 2w(IC]) for them. So, since A|F(z) <|®(z)| < A'|F(z)| for |z| € 1, 
we have 


Ie()| < const.w(|C|) for ¢ e ôN, and pọ « |C] « 1. 


We have w(r) —- exp(—h(log(1/r))) with h(¢) decreasing and bounded 
below for €>0. In the present case, where h(£) = sup,. o(M(v) — v£) and 
fi (M(v)/v?)dv = o, fj logh(g)dg = oo for all sufficiently small a0 
(next to last theorem of article 2 — in the present circumstances we could 
even bypass that theorem as in the remark following the one of article 
4). Finally, the condition (given!) that M(v) 2 const.v* for large v, with 
a >4,makes h(¢) > & ^forsmall £ > 0, where 4 > 1, by a lemma of article 
2. Therefore (and by far!) w(r) = O((1 — r)?) as r> 1. 

In our present situation, Q, abuts on I, and 0Q, avoids I,. Here, all 
the conditions of Volberg's theorem on harmonic measures (previous article) 
are fulfilled. Therefore, by the corollary to that theorem, ®(z) =0 in Q,. 
This, however, is impossible since Q, € © on which |(z)| > 0. 
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As we have just seen, the union | J,Q,(po) is connected. We denote that 
union by Q(po), or sometimes just by Q. Q(po) is an open subset of O 
lying in the ring po < |z| < 1 and abutting on each arc of (|&| — 1] contiguous 
to {čl 1) B. 


Step 3. If |;| 2 1, there are values of r «1 arbitrarily close to 1 with 
rg € Q(po), and hence, in particular, with 


|F(r)) > wt). 
Take, wlog, ¢ = 1, and assume that for some a, po « a« 1, the whole 
segment [a,1] fails to intersect Q. The function J/(z — a)/(1 — az) can 


then be defined so as to be analytic and single valued in Q, and, if we 
introduce the new variable 


z—a 
S = 
1 — az’ 


the mapping zs takes Q conformally onto a new domain - call it 
Q, - lying in {|s| < 1}: 


z-plane s-plane 


Figure 103 


In terms of the variable s, write 


qz) = (s), zeQ; 


V(s) is obviously analytic in Q, and continuous on its closure. If 
s e Q, has|s| > a, we have, since 

s$ +a 

1 + as?’ 

that 1—|z| < ((1+a)(1 —a))(1 —|s|*); proof of this inequality is an 
elementary exercise in the geometry of linear fractional transformations 
which the reader should do. Hence, for s e Q, with |s| > Ja, 


z= 


l+a 
|z| 2 aoe pen —|s|?), 


364 VIID Volberg’s work 


and, if |s| is close to 1, this last expression is > |s|", where we can take for 
Lanumber > 2(1 +a)/(1—a) (depending on the closeness of |s| to 1). 
The same relation between |s| and |z| holds for s e 0Q , with |s| close to 1. 

Suppose |s| « 1 is close to 1 and seoQ,. The corresponding z 
then lies on ôO with |z|<1, so |®(z)|<const.w(|z|); therefore 
|V(s)| = |d(z)| <const.w(|s|") by the relation just found, w(r) being 
decreasing. The open set Q, certainly abuts on some arcs of {|s|= 1} 
having positive length, since Q abuts on the J,. And 0Q , does not intersect 
the arc n «args «2z on (|s| 2 1) - that's why we did the conformal 
mapping z — s ! Here, the weight w(r*) is just as good (or just as bad) as 
w(r) — see the remark on a certain change of variable at the end of article 4. 
We can therefore apply the corollary of the theorem on harmonic measures 
(end of article 5) to V(s) and the domain Q., and conclude that ‘P(s) =0 
in Q.. This, however, would make ®(z) = 0 in Q which is impossible, since 
Q c 0 where |®(z)| > 0. Step 3's assertion must therefore hold. 


The result just proved certainly implies that ôQ(po) includes the unit 
circumference. Since the Dirichlet problem can be solved for O, it can be 
solved for Q. It therefore makes sense to speak of the harmonic measure 
OQ(E,z) of an arbitrary closed subset E of {|¢|=1} (€ 0Q) relative 
to Q, as seen from zeQ. As was said above, our aim is to show that 
(E, Zo) = k(zo)| E| for such sets E; the analyticity of ®(z) in Q together with 
the fact that |®(z)| is > 0 and lies between two constant multiples of | F(z)| 
there will then make 


f log|F(e?))d9 > — oo 
by the theorem on harmonic estimation (§B.1), |F(z)| being in any case 
bounded above in the closed unit disk. According to Harnack’s theorem, 
the desired inequality for oo(E, Zo) will follow from a local version of it, 
which is thus all that we need establish. 

At this point the condition, assumed in the hypothesis, that 
M(v) > const.v* with some «>4 for large v, begins to play a more 
important rôle in our construction. We have already made some use of 
that property; it has not yet, however, been used essentially. 

According to a lemma in article 2, the condition is equivalent to the 
property that h(č) > const.£ "1^9 for small €>0. There is, in other 
words, an y, 0 « <3, with 


— 


< const(h(£))! - 2" 


č 
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for small £ > 0. We fix such an n and put 


H($ = (h(2%))" 


for č » 0. 
Since h(£) is decreasing, so is H(é). Also, the property h(£) > 1 (due to 
the condition M(0) > 1) makes H(é) < h(2£), whence, a fortiori, 


H(é) < h() for £20. 
We have 


a 2a 
log H(é)dé = ?| logh(x)dx = co 
0 2 0 
for all sufficiently small a >0 by a theorem in article 2, since, as we are 


assuming, Y? M(n)/n? = oo. 
Using H(£), let us form the new weight 


1 
w,(r) = exp( -H(toe~)), O0<r<l. 


w,(r) 2 wr) O<r<]; 


Then 


we still have, however, 
w,(r) = O((1—r) for r1, 


although, when r is close to 1, w,(r) is much larger than w(r). Starting 

with w,(r) we proceed to construct a new open set ©, € 0 on which 

| F(z)| > w,({z|) in much the same fashion as © was formed by use of w(r). 
Take first the set 


Bo = {z: |z|<1 and |F(z)| < wy(|z])]. 


Since w,(r) 2 w(r, Bo contains the set By used above in the construc- 
tion of B. Note that on each of the little open disks used to cover By and 
form the set B -call those disks A;- we have |F(z)|<2w,(|z|) since 
|F(z)) « 2w(|zl) on them. If the A; also cover Bọ, we take B, — B. 
Otherwise, we form the difference 


B; = Byn~\JA; 
j 


and cover each closed set 


1 1 
Biol dede L EEEN 
n n+1 
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by a finite number of open disks A,(n) lying in (iz| « 1), on which 
| F(z)| < 2w,(|z]). We then take B, as the closure of the union 


(us) v (Uys) 


For zeB,, |F(z)) «2w,(|z]) B, contains B and has clearly the same 
general structure as B; B, includes all the points z of {|z| < 1} for which 
| F(z)| < wi(Iz1). 

We now put 


0, = {|2|<1}n~B,. 


The set ©, is open and contained in © since B, 2B. For ze, 
|F(z)| > w,(|z|), and on 00, ^ {|z| < 1} we have |F(z)| < 2w,(|z|) since the 
points of the later set must belong to B,. The function ®(z) introduced 
above is thus analytic in ©, (and continuous on its closure) and, since 
A|F(z)| < |®(z)| < A’|F(z)| for |z| « 1, satisfies 

|®(z)| > const.w,(|z|), ze, 
as well as 


{®(z)| < const.w,(|z|) for zed, and |z| « 1 (sic!). 


Our new weight w,(r) and the function H(Z) to which it is associated 
fulfill the conditions for the theorem on harmonic measures (article 5). Hence, 
W in view of the above two inequalities satisfied by ®(z), there is nothing to 
prevent our going through steps 1,2, and 3 again, with ©, in place of © and 
w,(r) in place of w(r). We henceforth consider this done. 

Once step 3 for ©, and w,(r) is carried out, we know that for each ¢, 
|C| = 1, there are r< 1 arbitrarily close to 1 for which |F(r¢)| > w,(r). The 
open set €, was brought into our discussion in order to obtain this result, 
which will be used to play off w,(r) against w(r). Having now served its 
purpose, ©, will not appear again. 


Given C9, |C9| = 1, consider any p < 1 for which 


(*) |F(pCo)| > wile) 


and form the domain Q(p7); this is the connected (step 2) component of 
On (p? « |z| « 1) (V and not €, here!) which abuts on each of the arcs 
I, making up {|¢| 2 1) (^ B). 


Step 4. If, for given Ço of modulus 1, (*) holds with p close enough to 1, we 
have ply € Ap”). 
Assuming the contrary, we shall obtain a contradiction. Wlog, 6, = 1. 
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When p 1, the ratio 


wi(py/w(p) = exp( (log) —(4( 21084) ) 


tends to oo since h(log(1/p)) tends to oo then, h is decreasing, and 0 < y < 1. 
Hence, if |F(p)| » w,(p) and p 1 is close enough to 1, we surely have 
|F(p)| > 2w(p), i.e., p€B, so pe0. The point p must then belong to some 
component of OA (p? « |z| « 1), so, if it is not in the component Q(p?), 
abutting on the I,, of that intersection, it must be in some other one, which 
we may call 2. 2, being disjoint from Q(p?), can thus abut on none of the 
arcs I, of (|C| = 1) contiguous to {\C|= 11^ B. 
It is now claimed that 


02níp?«|z| <1} (sic!) 


is contained in B. Let ( bein that intersection; if|¢| < 1, (e00 ^ (|z| « 1] & B, 
so suppose that |¢| = 1. If ¢¢B, then ( must lie in some contiguous arc I,, 
say CeI,. Then, for some open disk V, with centre at &, Vio {|z| « 1) € €. 
The intersection on the left is, however, connected, and, since (&€02, it 
contains some points from the (connected!) open set 2. Therefore, 
Vo {|z| « 1j must lie entirely in 2, and 2 intersects with the component 
Q(p?) of €^ (p? « |z| < 1} abutting on J,. But it doesn’t! This contradiction 
shows that we must have (eB, as claimed. 
Because 02 ^ (p? <|z| <1} is contained in B, we have 


Ie()| < const|F(0)] < const.w(El) 


for (e02 and p? < |z] <1 (sic!).* The function ®(z) is of course analytic in 
2 € 0, and continuous up to 02. In order to help the reader follow the 
argument, let us try to draw a picture of 2: 


Figure 104 


* We are taking w(1) — 0. See footnote, p. 359. 
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(N.B. 2 can't really look like this as we can see by applying an argument 
like the one of step 3 to Q(p?). One of the reasons why the present material 
is so hard is the difficulty in drawing correct pictures of what can happen.) 

Call T=éDn{p?<|z|<1}, and denote harmonic measure for 
QB by œl ,z) Since |d(z)| is bounded above on the unit disk and 
|®(0)| < const.w(|¢|) on T, we have, by the theorem on harmonic estimation 


(SB.1), 
log|d(p)| < const. + o&4T,p)logw(p?), 


for |£| > p? on T and w(r) decreases. An almost trivial application of the 
principle of extension of domain shows that c4(I,p) is larger than 
the harmonic measure of the circle (|C| = 1) for the ring (p? « |z| < 1), seen 
from p. However, that harmonic measure is 3! We thus see by the previous 
inequality that 


log|®(p)| € const. + 3logw(p?), 
i.e., since 

|®(p)| 2 const.|F(p)| > const.w,(p) 
by (*), that 


Lil doge < const. + Ares i 
2 P ES i P 


in terms of the function h, with a constant independent of p. 

Now 0 « <1 and h(£) — oo for £—0. This means that the relation 
just obtained is impossible for values of p sufficiently close to 1. Therefore, if 
p <1 is close enough to 1 and |F(o)| > w;(p), we must have p € Q(p?), the 
conclusion we desired to make. (Part of the idea for the preceding argument is 
due to Peter Jones.) 


Take now any Co, !C9| = 1, and pick a p <1 very close to 1 such that 


|F(oto)) > wi(o) 


(which is possible, as we have already observed), and that therefore 
plo € Q(p?) (by step 4, just completed). We are going to show that if E is a 
closed set on the arc of the unit circumference going from (,e!**^ to 
(oe 1**^, then 


wapa lE, plo) > Clo, p)| El 


with some constant C(Co, p) depending on ¢o and on p. Here, of course, 
Ogo2( Z) denotes harmonic measure for the domain Q(p?). 
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In order to do this, we write 
= 0QX(p?)n{p? <|z| <1} (sic!) 
and carry out 


Step 5. If p, chosen according to the above specifications, is close enough to 1, 


1 
| (el dwp hE, plo) 
Yp 


is as small as we please. 
In order to simplify the notation, let us write 


> e( ,z) for agy2x( .z) 


during the remainder of the present discussion. The proof of our statement 
uses almost the full strength of the property that 


: < const. (h(é))'~ 2" 


for small ë >0 (with 0 <7 < 3), equivalent to our condition that 
M(v) 2 const.v* 


(with « > 1) for large v. 
Take, wlog, {o = 1. Then, if p € Q(p?), we have, by the theorem on 
harmonic estimation (§ B.1), 


log|d(p)| < | log | ®(2)|da(é, p), 
oQ(p?) 


®(z) being analytic in Q(o?) and continuous up to that set's boundary. The 
subset y, of 0€Xo?) is of course cohtained in B, so, for ¢ € y,, 


[(d()| < const.|F(| < const.w(|¢1); 
that is, 


log |®(¢)| < const. — s (logic). (e y,. 


The function |®(z)| is in any event bounded on (|z| < 1}, so this relation, 
together with the previous one, yields 


log|d(p)) < const. — | h( tog =) dan, p). 
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If p is chosen in such a way that we also have | F(p)| > w,(p), this becomes 


(®) fe i (leuc Jae. p) < const. + (1( toe) 
[4 p 


Since 1/E < const.(h(£))! 7?" for small £» 0, we have (when p <1 is 
close to 1), 


-2n 
| geen < const. | (» (ini) dolg, p). 


Rewrite (!) the right-hand integral as 


Since y, lies in the ring (p? < |z] < 1} and h(¢) decreases, the expression just 
written is 


const. t ( z) 
& WAT h| log — dox, p), 
877 


so, since h(č) — oo for £— 0, we see that 


ô 


1 
— dok) < 7B | ile gito 
tat * (gay lo 


with a quantity ô, going to zero for p— 1. Plugging (2) into the right-hand 
side, we obtain finally 


1 const. 
zi. uide ce 
| aso n : T Rcs) 


Here, the right side tends to zero as p — 1. Step 5 is finished. 


Now we can make the local estimate of w({E, z) for closed E on the unit 
circumference, promised just before step 5. Taking any fixed Cy, |o] = 1, we 
pick a p « 1 very close to 1, in such fashion that the conclusions reached in 
steps 4 and 5 apply. Let E be any closed set on the arc of the unit 
circumference going from (,e!.^8? to (,e "?les7, 

In order to keep the notation simple, consider, as before, the case where 
£o 7 1. 
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Figure 105 


Denote harmonic measure for the ring (p? «|z| « 1] by @( ,z). If we 
compare @(E, z) with the harmonic measure of E for the sectorial box shown 
in the above diagram, we see immediately that 


(t) oXE,p) 2 Cr 
-p 


with a numerical constant C independent of | E| and of p. 
Put, as in step 5, 


y, = 0O(p?)n (p? «|z| « 1}, 

and continue to denote the harmonic measure for Q(p”) by o( | , z). Since 
Q(p?) € (p? «|z| « 1j 

while 
Ap’) 2 (I£1— 1), 

we can apply a formula established near the end of §B.1, getting 


eXE,z) = oXE,z) — | oXE, C) dolk, z) 
Yo 
for zeQ(p?). 
Comparing @(E, z) with harmonic measure of E for the whole unit disk, we 
get the estimate 
ae < — Ël 


n(1— £l) 
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Substitute this into the integral in the above formula for w(E, z), specialize 
to z = p, and use (t) in the first right-hand term of that formula. We find 


oE, p) > ie S Al wen 


I-p  mj,1-I6l 


It was, however, seen in step 5 that p < 1 could be chosen in accordance with 
our requirements so as to make the integral in this expression small. For a 
suitable p < 1 close to 1, we will thus have (and by far !) 


C 
o(E,p) > — —  |E| 
2( — p) 
provided that the closed set E lies on the (shorter) arc from e!!°8? to e ^ ieee 
on the unit circle. 

This is our local estimate. What it says is that, corresponding to any 
6 |C| = 1, we can get a p, < 1 such that, for closed sets E lying on the smaller 
arc J; of the unit circle joining Çet!’ to Ce~ ier, 

(t) — aya (Ect) > CEI, 


with C, >0 depending (a priori) on C. Observe that, if Oc p < pt, Ap) 
(the component of &^(p«|z| « 1) abutting on the arcs I,) must by 
definition contain Q(p?). Therefore 


(§) wap lE, pl) 2 Oaa (E, p$) 


by the principle of extension of domain when E £ {|z| = 1}, a subset of both 
boundaries ĉQ(p), 6Q(p?). 

A finite number of the arcs J, serve to cover the unit circumference; 
denote them by J,, J2,...,J,, calling the corresponding values of 
G C, C, and the corresponding p;’s P1, p5,..., p, Let p be the least 
of the quantities 0j. j=1,2,...,n, and denote the least of the C,, by k, 
which is thus > 0. If E is a closed subset of J,, (tf) and (§) give 


Map (E, ps) > k|E]. 


Fixany zo € Q(p). Using Harnack’s inequality in Q(p) for each of the pairs 
of points (zo, p;6;), j — 1,2,..., n, we obtain, from the preceding relation, 


(88) | eq lE, zo) 2 K(z9|E| 


for closed subsets E of any of the arcs J,, J2,...,J,. Here, K(Z 9) >0 
depends on zy. Now we see finally that ($8) in fact holds for any closed subset 
E ofthe unit circumference, large or small. That is an obvious consequence of 
the additivity of the set function ap  , zo), the arcs J, forming a covering 
of (I£] = 1). 


We are at long last able to conclude our proof of Volberg's theorem 
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on the logarithmic integral. Our chosen z, in Q(p) lies in ©, therefore 
|®(z,)| > 0. By the theorem on harmonic estimation applied to the function 
®(z) analytic in Q(p) and continuous on {|z| < 1}, 


~œ < log|®(zo)| < | log [DE doak, zo) 
2X) 


< const. + | log | ®(2)| donp lE Zo). 
Kl=1 


According to (§§), this last is in turn 
< const. — Keo | log" |®(e®)|d9, 
log |$(e/?)| being in any case bounded above. Thus, 


| log" |®(e!)|d9 < oo. 
However, | ®(e')| lies, as we know, between two constant multiples of | F(e')|. 
Therefore 


| log |F(e?)|d9 < oo, 


-R 


i.e., 


| log|F(e?))d9 > — oo. 


Volberg's theorem is thus completely proved, and we are finally done. 


Remark. Of the two regularity conditions required of M(v) for this 
theorem, viz., that M(v)/v be decreasing and that M(v) 2 const.v* for 
large v with some «1, the first served to make possible the use of 
Dynkin's result (article 3) by means of which the analytic function ®(z) 
was brought into the proof. 

Decisive use of the second was not made until step 5, where we estimated 


1 
| rato) 
in terms of J, hog (1/1CD)deXC, p). 

Examination of the argument used there shows that some relaxation of 
the condition M(v) > const.v* (with «>4) is possible if one is willing 
to replace it by another with considerably more complicated statement. 
The method of Volberg’s proof necessitates, however, that M(v) be 
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at least > const.v* for large v. For, by a lemma of article 3, that relation 
is equivalent to the property that 


1 
= = Olh 
t (h(£)) 


for £— 0, and we need at least this in order to make the abovementioned 
estimate for p « 1 near 1. 

We needed fü /(1 — £I) doXC, p) in the computation following step 5, 
where we got a lower bound on oXE, p). The integral came in there on 
account of the inequality 

- |E| 
o(E,0) < — —— 
VOS SE CEU 
for harmonic measure G(E,C) (of sets ES {|¢|=1}) in the ring 
(p? « |C| « 1). And, aside from a constant factor, this inequality is best 
possible. 


7. Scholium. Levinson's log log theorem 


Part of the material in articles 2 and 5 is closely related to some 
older work of Levinson which, because of its usefulness, should certainly 
be taken up before ending the present chapter. 

During the proof of the first theorem in $F.4, Chapter VI, we came up 
with an entre function L(z) satisfying an inequality of the form 
|L(z)| < conste*"/|Sz|, and wished to conclude that L(z) was of 
exponential type. Here there is an obvious difficulty for the points z lying 
near the real axis. We dealt with it by using the subharmonicity of /| L(z)| 
and convergence of 


1 
| Iy|* dy 
=f 


in order to integrate out the denominator |3z| from the inequality and 
thus strengthen the latter to an estimate |L(z)| < conste*" for z 
near R. A more elaborate version of the same procedure was applied in 
the proof of the second theorem of §F.4, Chapter VI, where subharmonicity 
of log|S(z)| was used to get rid of a troublesome term tending to œ for 
z approaching the real axis. 

It is natural to ask kow far such tricks can be pushed. Suppose that 
f(z) is known to be analytic in some rectangle straddling the real axis, 
and we are assured that 


| f(z)| € const.L(y) 


7 Levinson’s loglog theorem 375 


in that rectangle, where, unfortunately, the majorant L(y) goes to oo as 
y—0. What conditions on L(y) will permit us to deduce finite bounds on 
| f(z)|, uniform in the interior of the given rectangle, from the preceding 
relation? One’s first guess is that a condition of the form is log L(y) dy < oo 
will do, but that nothing much weaker than that can suffice, because log] f (2)| 
is subharmonic while functions of | f(z)| which increase more slowly than 
the logarithm are not, in general. This conservative appraisal turns out 
to be wrong by a whole (exponential) order of magnitude. Levinson found 
that it is already enough to have 


| loglog L{y)dy < oo, 
and that this condition cannot be further weakened. 

Levinson’s result is extremely useful. One application could be to 
eliminate the rough and ready but somewhat clumsy hall of mirrors argu- 
ment from many of the places where it occurs in Chapter VI. Let us, for 
instance, consider again the proof of Akhiezer’s first theorem from §B.1 of 
that chapter. If, in the circumstances of that theorem, we have || P ||w < 1 for 
a polynomial P, the relation 


1|? ISl 
<- 
log | P(2)| a jz r7 og Plat 


1 © 
«i| I| log W, (dt 


n -elz — t|? 


and the estimate of sup,-g|(t — i)/(t — z)| from $A.2 (Chapter VI) tell us 
immediately that 


(1 +121)? 
log|P(z)| < M37, > 


where 
M= = | ° log WO ay 
nj., 1+¢? 
Taking any rectangle 
Dp = {z |9z|«R, I3zi«2) 
and putting 


R?+5 
= M 
m ew( yl J 
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we have | P(z)| < L(|3z|) on Dp. Here, 


1 
| loglogL{y)dy < oo, 
=f 


so the result of Levinson gives us a control on the size of |P(z)| in the 
interior of Dp (even right on the real axis). In this way we can see that the 
polynomials P with || P || < 1 form a normal family in any strip straddling 
the real axis. The relation log|P(z)) < M(1+|z|)?/|3z| already shows 
that those polynomials form a normal family outside such a strip, and the 
main part of the proof of Akhiezer’s first theorem is complete. 

One can easily envision the possibility of other applications like the 
one just shown to situations where the hall of mirrors argument would 
not be available. There is thus no doubt about the worth of the result in 
question; let us, then, proceed to its precise statement and proof without 
further ado. 


Levinson’s log log theorem. Consider any rectangle 
9 = Ííza«x«a and —b<y<b}. 
Let L(y) be Lebesgue measurable and > e for -b«y«b. 
Suppose that 
b 
f loglog L(ydy < oo. 
-b 
Then there is a decreasing function m(6), depending only on L(y) and finite 
for 5>0, such that, if f(z) is analytic in 2 and if 
If(z)| < U32) 
there, we also have 


If(2| < m(dist.(z, 02)) for ze2. 


Remark. In this version (due to Y. Domar), no regularity properties what- 
ever are required of L(y). The assumption that L(y) > e is of course made 
merely to ensure positivity of loglog L{y). 


Proof of theorem (Y. Domar). Denote by (A) the distribution function for 
log L(y); i.e., 

wa) = |{y: —b<y<b and log L(y) > 4]].* 
Let zoE2 and R < dist(z9, 02), and write u(z)=log| f(z). Since u(z) is 


* We are continuing to denote by [E| the Lebesgue measure of sets ES R. 
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subharmonic in 2, we have 


1 
u(zo) < -5z Í | u(z)dx dy. 
° mR? Iz—-zgl « R 


We are going to show that, if u(zo) is large and Zo far enough from 02, 
this inequality leads to a contradiction when u(z) < log L(3z) in 2. 
Call A the disk 


(z: |Z — zol < R}. 


Figure 106 


Use || E || to denote the two-dimensional Lebesque measure of E € C (since 
| |is being used for one-dimensional Lebesque measure of sets on R). 
Then, by boxing A into a square of side 2R in the manner shown, we see 
from the ineqūality u(z) < log L(3z) that 


l(zeA: uz)» M/2}|| < 2Ru(M/2) for M >0. 
Suppose now that u(Zo)> M, but that at the same time we have 


u(z) « 2M on A. From the previous subharmonicity relation we will then 


T 


(*) u(zo) < E A \ 


sil re^ "d zi < MS uM, 


Because log log L(y) is integrable on [ — b, b] we certainly have u(4) ^ 0 
for 4-00. We can therefore take M so large that (M/2) is much smaller 
than dist (zo, 02). With such a value of M, put 


16 
R = Ro = — (M/2). 


The right side of (*) will then be «$M. This means that if u(z;)) 2 M, 
the assumption under which (*) was derived is untenable, i.e., that u(z) > 2M 
somewhere in A, say for z= zi, |z; —Zol < Ro. 
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Supposing, then, that u(zo) z M, we have a z,, |z, — Zol < Ro, with 
u(z,) > 2M. We can then repeat the argument just given, making z, play 
the rôle of zo, 2M that of M, 


16 
R, = — (M) 
D 
that of Ry, and {z: |z — z,| « R,] that of A. As long as R, > dist(z,, 02), 
hence, surely, provided that 
Ro R, < dist (zo, 02), 


we will get a z;, |z;? —z,| « R,, with u(z;) » 4M. Then we can take 
R — (16/1)u(2M), have 4M play the rôle held by 2M in the previous step, 
and keep on going. 

If, for the numbers 


16 
R, = — (2*7 ! M), 
pi 
we have 


Y, Ry < dist(z9, 02), 
k=0 


the process never stops, and we get a sequence of points z,€2, 
[zy — z,- 1l < R,-,; with 


u(z,) 2 2M. 
Evidently, z, — a point z, e 2. 
The function f(z) is analytic in 2, so u(z) = log | f(z)| is continuous (in 


the extended sense) at z ,, where u(z,,) < oo. This is certainly incompatible 


with the inequalities u(z,) > 2*M when z, = Ze. Therefore we cannot 


have u(zg) 2 M if we can take M so large that $ R, < dist (2,02), 
ie., that 


o 16 
(t) PET 


H(2* ^! M) < dist(z,,02). 


In order to complete the proof, it suffices, then, to show that the left-hand 
sum in (t) tends to zero as M — oo. By Abel’s rearrangement, 


b M25! M) = Us) = i| + 2{u(M) — p(2M)} 
+ 3{u(2M) — p(4M)}+--- 
+ n(u2"?M) — i2"! M)} + (n + Du"! M). 
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Remembering that (å) is a decreasing function of u, we see that as long 
as M 24, the sum on the right is 


n-1 ak 
log A — log(M/4) 
71M log2 


X 


( — du(4)) 


k-0 


. [n lega log(M 4). ia 


2n- IM log 2 
< ! E EE loglog L(y) d 
—  log2Jyu ~ log2 katie Ma oglog L0) dy. 
-b<y< 
Since È , log log L(y) dy < œ, the previous expression, and hence the left- 
hand side of (1), tends to 0 as M — oo. Therefore, given z9€Z, we can get 


an M sufficiently large for (T) to hold, and, with that M, u(zy) « M, 
i.e., | f (zo)| « eM. Let, then, 


2 1 
m6) = int | Y aM) <a}, 
k=0 7 

As we have just seen, m(ó) is finite for ô> 0; it is obviously decreasing. 
And, if f(z) is analytic in 2 with |f(z) < L(3z) there, we have 
| f(Zo)| < m(dist(zo, 02)) for z;e 2. We are done. 


Remark. This beautiful proof is quite recent. The procedure of the 
scholium at the end of article 5 will yield the same result for sufficiently 
regular majorants L(y). 


We now consider the possibility of relaxing the condition 


b 
| loglog L(ydy < oo 
-b 


required in the above theorem. If, for some majorant L(y), the conclusion 
of the theorem holds, any set of polynomials P with |P(z)| < L(3z) for ze 
must form a normal family in Z. This observation enables us to give a 
simple proof of the fact that the requirement. 


b 
| loglog L(y)dy < oo 
b 


is essential in Levinson’s result, at least for majorants L(y) of sufficiently 
regular behaviour. 


Theorem. Let L(y) be continuous and > e for 0 « |y| <b, with L(y) ^ oo 
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for y0 and L(y) decreasing on (0, b). Suppose also that 


b 
f loglog L{y)dy = oo. 
0 


Then there is a sequence of polynomials P,(z) with, for 3z #0, 
|P,(z)| < const.L(3z) 

on the rectangle 
2 = (z ~1<Rz<1 and —b < Jz <b}, 

while at the same time 


1, ze2 and 3z » 0, 


P,(z) — 
^" (-1, ze2 and 3z <0. 


Thus the conclusion of Levinson’s theorem does not hold for the majorant 


Li). 


Remark. We only require L(y) to be monotone on one side of the origin, 
on the side over which the integral of loglog L(y) diverges. Levinson 
already had this result under the assumption of more regularity for L(y). 


Proof of theorem (Beurling, 1972— compare with the proof of the 
theorem on simultaneous polynomial approximation in article 4). The last 
sentence in the statement follows from the existence of a sequence of 
polynomials P, having the asserted properties. For, if the conclusion of 
Levinson's theorem held, the sequence {P,} would form a normal family in 
2 and there would hence be a function analytic in Z, equal to + 1 above the 
real axis, and to — 1 below it. This is absurd. 
Put 


Q) = 1, ze and Jz>0 
9, = 13.1 zeg and 3z <0, 


and let us argue by duality to obtain a sequence of polynomials P,(z) for 


which 
lez) — P,(2)| 
ps ( LOJ ) E 


Such P, will clearly satisfy the conclusion of our theorem. 

Note that, since L(y) ^ oo for y —0, the ratio o(z)/L(3z) is continuous 
on J if we define L(0) to be œ, which we do, for the rest of this proof. 
Therefore, if a sequence of polynomials P, fulfilling the above condition 
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does not exist, we can, by the Hahn—Banach theorem, find a finite complex- 
valued measure u on 2 with 


^— [s La ^ = 0 for n=0,1,2,. 
f j e(z) 
a Uz) 


The proof will be completed by showing that in fact (§) implies 


2) 4 
L 15; 249 = © 


Given any measure y satisfying (§), write 


whilst 


1 
dv(z) = 15519 


The measure v has very little mass near the real axis, and none at all on 
it. For each complex 4, the power series for e'^* converges uniformly for 
zeQ, so from (8) we get 


Il e? dy(z) = 0. 
2 


Write now 


9, = 9O{3z>0} (sic!) 


and 
= gní3z«0) (sic!). 
Then put 
®,(A) = {| e? dy(z), 
2, 
$ (4) = | f e"* dv(z; 
9g. 


since v has no mass on R, the previous relation becomes 
(th 9,0) + å) = 


We are going to show that in fact each of the left-hand terms in (tt) vanishes 
identically. 
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Consider ®©, (A). Since 2, is a bounded domain; 6, (A) is entire and of 
exponential type. It is also bounded on the real axis. Indeed, for A 0, 


I®,(A)| < {| e ^*|dwz)| < i |dv(z)], 
2, 9, 


and for À < 0 we can, on account of (tt), use the relation ®,(A) = — ®_(/) 
and make a similar estimate involving 2... These properties of 5, (4) and 
the theorem of Chapter III, $G.2, imply that o, (4) =0 provided that 


© Jogl®,(A 
($ | og|®,(A)| 


Try x 


We proceed to establish this relation. 
Write 


Ho) = log Ly), 0<y<b, 
^ dogL(b) y>b. 


Then H(y) is decreasing for y » 0 by hypothesis. For A 0, 


eiàz 
— H(32) - A3z 
IN LG 1552 9| < «fL. Idu(z)]. 


If, as in article 5, we put 


M(A) = inf (H) * yA), 
y>0 


|D,(4)| = 


we see by the previous relation that 
(88 | |®4(A)| € conste M9, | 1-0. 


Since H(y) is decreasing for y » 0 and > 1 there, and 


b b 
| log H(y)dy = | loglog L{y)dy = œ 
0 0 


by hypothesis, we have 


M(A 
| ra- 


according to the last theorem of article 2. This, together with (§§), gives us 
(x), and hence ®,(4)=0 

Referring again to (tt), we see that also b. (4) z 0. Specializing to 
A=0 (!), we obtain the two relations 


= 0, 
| E 1552497 o | | ze 155 2 
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from which, by subtraction, 


qz) " 
f z U32) du(z) X 0, 


what we had set out to show. The proof of our theorem is thus finished, 
and we are done. 

And thus ends this long (aye, too long!) seventh chapter of the present 
book. 


VIII 


Persistence of the form dx/(1 + x?) 


Up to now, integrals like 


© log|F 
| BIF gy 
-œ L+x 


have appeared so frequently in this book mainly on account of the specific 
form of the Poisson kernel for a half plane. If w(S, z) denotes the harmonic 
measure (at z) of SCR for the half plane {3z > 0], we simply have 


: 1 dt 
owi C +| 


Suppose now that we remove certain finite open intervals — perhaps 
infinitely mahy — from R, leaving a certain residual set E, and that E looks 
something like R when seen from far enough away. E should, in particular, 
have infinite extent on both sides of the origin and not be too sparse. 
Denote by 2 the (multiply connected — perhaps even infinitely connected) 
domain C ~ E, and by w,( ,z) the harmonic measure for 2. 


Figure 107 


It is a remarkable fact that a formula like the above one for @(S, i) subsists, 
to a certain extent, for w,( ,i), provided that the degradation suffered by R 
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in its reduction to E is not too great. We have, for instance, 
HARA SCH n 
, & prea Ti 
* DUE jag lt t 


for intervals J with |J ^ Ej > «> 0, where C,(a) depends on « as well as 
on the set E. In other words, dct, i) still acts (crudely) like the restriction 
of dx/(1 + x?) to E. It is this tendency of the form dx/(1 + x?) to persist 
when we reduce R to certain smaller sets E (and enlarge the upper half 
plane to 2 = C ~ E) that constitutes the theme of the present chapter. 

The persistence is well illustrated in the situation of weighted approxi- 
mation (whether by polynomials or by functions of exponential type) on 
the sets E. If a function W(x) > | is given on E, with W(x)—> oo as x — + oo 
in E (for weighted polynomial approximation on E this must of course 
take place faster than any power of x) we can look at approxi- 
mation on E (by polynomials or by functions of exponential type bounded 
on R) using the weight W. It turns out that precise formal analogues of 
many of the results established for weighted approximation on R in §§A, B 
and E of Chapter VI are valid here; the only change consists in the 
replacement of the integrals of the form 


| ? log M(t) 


-o Itt? ar 


occurring in Chapter VI by the corresponding expressions 


[sen at 
e l+t 


The integrand, involving dt/(1 + t?), remains unchanged. 

This chapter has three sections. The first is mainly devoted to the case 
where E has positive lower uniform density on R —a typical example is 
furnished by the set 


o 


E = |] [n-p, n+p] 
where 0 « p « 1. 

In $B, we study the limiting case of the example just mentioned which 
arises when p =0, i.e, when E= Z. There is of course no longer any 
harmonic measure for 9 = C ~ Z. It is therefore remarkable that something 
nevertheless remains true of the results established in §A. If P(z) is a 
polynomial such that 


oo 1 T 
So < 
È gyp! Po] < n 
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with y >0 sufficiently small (this restriction turns out to be crucial!), we 
still have, for zeC, 


|P(z)| < K(z m, 


where K(z, 5) depends only on z and 1, and not on P. The proof of this 
fact is very long, and hard to grasp as a whole. It uses specific properties 
of polynomials. Since 2 has no harmonic measure, a corresponding state- 
ment with log*|P(z)| replaced by a general continuous subharmonic 
function of at most logarithmic growth is false. 

We return in $C to the study of harmonic estimation in 2 when its 
boundary, E, does not reduce to a discrete set. Here, we assume that E 
contains all xeR of sufficiently large absolute value, that situation being 
general enough for applications. The purpose of §C is to connect up the 
behavior of a Phragmén-Lindel6éf function for 2 (i.e., one harmonic in 2 
and acting like |3z| there, with boundary value zero on E) to that of 
harmonic measure for 2. There is a quantitative relation between the 
former and the latter. Harmonic measure still acts (very crudely!) like the 
restriction of dt/(1 + t?) to E. This $ is independent of 8B to a large extent, 
but does use a fair amount of material from $A. Results obtained in it 
are needed for Chapter XI. 


A. The set E has positive lower uniform density 
During most of this $, we consider sets E of the special form 


U [an zu Sn» a, + onl, 


the intervals [a,—6,, a, + 6,] being disjoint. We will assume that there 
are four constants, A, B, 6 and A, with 


0<A<a,—a,_,<B, O0«ó«ó,«A, 


for all n. 
The following notation will be used throughout: 
E, = [an aa Sn» a, + 6,1, 
On = (a, T Ôn An+1 —On+1)s 
2 = C~E. 


Here is a picture of the setup we are studying: 
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2g 


Eg ad E, udis xe E, ect dis 
m -1 o 1 2 


Figure 108 g 


The above boxed conditions on the a, and 6, clearly imply the existence 
of two constants C, and C,>0 (each depending on the four numbers 
A, B, ó and A) such that: 


(i) if k Aland xe€,, xe, we have C,|k — I| x x — x'| <C,|k — I|; 
(ii) if k #/—1, l or 1 -- 1 and xeE,, x eE,, we have 
C,|k — 1| & Ix — x'| €& C;lk — Hl. 


The restriction on the pair (k,/) in (ii) is due to the fact that the lengths 
of the O, are not assumed to be bounded away from zero; their lengths are 
only bounded above. It is the lengths of the E, that are bounded above 
and away from zero. 

Heavy use will be made of properties (i) and (ii) during the following 
development. Clearly, if E is any set for which the above boxed condition 
holds (with given A, B, ó and A), so is each of its translates E + h (with 
the same constants A, B,ó and A). The properties (i) and (ii) are thus valid 
for each of those translates, with the same constants C, and C, as for E. 
For this reason there is no real loss of generality in supposing that 0&65, 
and we will frequently do so when that is convenient. 


1. Harmonic measure for 2 


The Dirichlet problem can be solved for the kind of domains 2 
we are considering and (at least, certainly!) for continuous boundary data 
on E given by functions tending to 0 as x —^ + oo in E. Let us, without 
going into too much detail, indicate how this fact can be verified. 

Take large values of R, and put 


Dp = 9n-í(—o,-R]u[R o)): 


Figure 109 
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Each of the regions 2p is finitely connected, and the Dirichlet problem 
can be solved in it. This is known; it is true because the straight segment 
boundary components (‘slits’) of Zz are practically as nice as Jordan curve 
boundary components. One can indeed map 24 conformally onto a region 
bounded by Jordan curves by using a succession of Joukowski trans- 
formations, one for each slit (including the infinite one through oo): 


NN > 
Figure 110 Wed 
The inverse to the conformal mapping thus obtained does take the Jordan 
curve boundary components back continuously onto the original slits, so 
the Dirichlet problem can be solved for Z5 if it can be solved for regions 
bounded by a finite number of Jordan curves. (This same idea will be 
used again at the end of article 2, in proving the symmetry of Green's 
function.) 

Once we are sure that the Dirichlet problem can be solved in each Dp 
we can, by examining how certain solutions behave for R — oo, convince 
ourselves that the Dirichlet problem for 2 is also solvable, at least for 
boundary data of the abovementioned kind. Details of this examination 
are left to the reader. 

Since 2 is regular for the Dirichlet problem, harmonic measure is 
available for it. We know from the rudiments of conformal mapping theory 
that a slit should be considered as having two sides, or edges. Given (say) 
an interval J © one of the boundary components E, of 2, we should 
distinguish between two intervals coinciding with J: J , (lying on the upper 
side of E,), and J_ (lying on the lower side of E,,): 


Figure 111 
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It makes sense, then, to talk about the two harmonic measures: 
QJ +, 2) 

(which tends to zero when z tends to an interior point of J_), and 
w,(J-, 2). 


In most of our work, however, separation of J into J, and J_ will serve 
no purpose. It will in fact be sufficient to work with the sum 


wal +, Z) + alJ -, 2). 


> This harmonic function tends to 1 when z tends from either side of the real 
axis to an interior point of J, and it is what we take as the harmonic measure 


alJ, z) 
of J. The harmonic measure w,(S, z) of any S S E is defined in the same way. 
Consider now any of the boundary components E, of E = 02, and write 
wz) = @9(E,, 2) 


for the harmonic measure of E,, as seen from zeZ. We are going to show 
that there is a constant C, depending on the four numbers A, B,ó and A 
associated with E, such that 


C 


e): TET 


for xe. 


(€,, recall, is the part of Z^ R lying between E, and E,, ,.) The proof is due 
to Carleson; one or two of its ideas go back to earlier work. We need two 
lemmas, the first of which could almost be given as an exercise. 


Lemma. Denote by Q,( .,z) harmonic measure for the domain 
Pı {32 >0$ UO, {Fz <0}. 


MJ A P eh EMG | ale 
Mh i í 


Figure 112 
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There is a constant K', depending only on the numbers B and ó associated with 
the set E, such that for xe€, and t€02, lying outside both of the segments E, 
and E,,, we have 


Ü 


K 
X — ——; dt. 
dO,(t, x) Gao dt 


Proof. By conformal mapping of 2, onto the unit disk. Calling m, the midpoint of 
O,, we apply to zeZ, the chain of mappings 


pgtzm 1 IG ) 
z—60 = —w --— —7-—1]. 
[UM 4 p 


We write w = o(z) and, if t is on 02,, denote (t) by œw. (In the latter case we must of 
course distinguish between points t lying on the upper side of 02, and those on its 
lower side — see the preceding remarks. On this distinction depends the choice of the 
branch of ,/ to be used in computing w = ¢(t).) 

For t on 0Z, outside both E, and E,,, we have 


1 1 
w = g(t) = 1 /(4-1), 


where t = 2(t — m,)/|©,| satisfies the inequality 


min({E,|,| Ex +11) e 4ó 


kl-122 == 
[UM B 


, 


in view of the relations | E,| = 26, > 26, |O,| <a,4, — a, < B. In terms of x, 


dt 


i 
pda -F(t 


aot = (oe, 
w| = —. 
Q—1/ c 


For t outside both E, and E,, ,, the expression on the right is 


é ae ys B (f+) 
4ó/B à ^ \46 e 


by the inequality for [1| — 1. 

Let xe@,. Then, remembering that dQ,(t,x) is the harmonic measure 
of two infinitesimal intervals [t, t -- dt] lying on 02,- one on the upper 
edge and one on the lower, we see that 


_ 11-le@oP 
z |9(x)— ol? 


dO, (t, x) Ido), 


with |dc| being given by the above formula. Since, for téE,UE,,,, 
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|t| - 1 > 46/B, the image, c, of t on the unit circumference must lie outside 
two arcs thereof entered at 1 and at — 1, and having lengths that depend 
on the ratio 46/B. We do not need to know the exact form of this 
dependence. 


Figure 113 


Hence, since — 1< (x) «1, it is clear from the picture that [o(x) — «| is 
2 a positive quantity depending on the lengths of the excluded arcs about 
1 and- Ll, and thence on the ratio 46/B. The factor (1 —|@(x)|?)/|@(x) — ol? 
in the above formula for dQ,(t,x) is thus bounded above by a number 
depending on 46/B when té E, U E, , , - Substituting into that formula the inequality 
for |dw| already found, we get 


Id*| 


dolt, x) < C= 
T 


for t€E, v E, +1, with a constant C depending on 46/B. In terms of t = m, + 4|0,|t, 
the right side is 


< Cle dt CB dt 
2 (t-m) © 2 (t-m)? 


Since xe, and t£0,, — |t—x| < 2It—m,: 


ee A . . sss 
x m t 
Ne 
€x 
Figure 114 
So finally, 
dt 
dQ, (t,x) < 2BC ——;, 
(t= x) 


Q.E.D. 


392 VIII A The set E has positive lower density 


Computational lemma (Carleson, 1982; see also Benedicks’ 1980 Arkiv 
paper). Let A,, 20 for k,leZ. Suppose there are constants K and 4, with 
0«4« 1, such that 


K 
S Ar. 
(*) E (—9 +1 
and 
(2 Y En <A for all k. 
l 


Then there is a number n>0O depending on K and 4 such that, for any 
sequence (yj) with O < y, < n and O < y, < 1((l? + 1), we have. 


Y Ayı € Asupy, forall k, 
l=- o0 l 


and 


Remark. The first of the asserted inequalities is manifest; it is the second 
thatis non-trivial. If the constant K is small enough, the second inequality is 
also clear; it is when K is not small that the latter is difficult to verify. 


Proof of lemma. As we have just remarked, the first inequality is obvious 
(by (*)); let us therefore see to the second, endeavoring first of all to prove it 
for large values of |k|, say |k| 2 some kọ. 

Assume, wlog, that k>0, and take some small number u, 0< p<}, 
about whose precise value we will decide later on. Write the sum 


as 


+ X + Y =14+ 14+ Ill, 
Ih < uk I> uk M —k| « uk 
I= K 2 uk 


say. Use of (*) together with the inequality 0 < y, < y (where 5 is as yet 
unspecified) gives us first of all 


K 
< ge ee NI " 
Peace rT 


We get III out of the way by combining (f) and the inequality 
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O<y,<1/(? +1), with the result that 


A 


lx 
(1— y? +1 


It is the middle sum, II, that gives us trouble. We break II up further as 
+ oM + 


I< — uk uk&l«kn k[2 «I€(1— uk i>(1+ wk 


The first of these sums is 


ES 1 K ek y | (| 2K 
Cou l(k-ly-1 ^ R241 Sm? ^ ukk 


The second is similarly 
1 K 1 8K 
< SPST RCH © GT Laat © ETS 
The third sum is 
«Y omer <a 
tei ax (k/2) +1 (k — 1)^ +1 pk(k^ + 4) 
and the fourth 
«Y aaa <a 
istal +1 (l-k)? +1 ` ukk? +1) 
All told, then, 


20K 


Me Ay 


Adding this last estimate to those already obtained for I and III, we get 
finally 


eo 2kugK 20K À 


P B (We x1) EF * (wei) 


The idea now is to first put y equal to a very small quantity yo, and then, 
assuming k is large, put u= 1/gl/?k; this will also be small for large 
enough k. For such large k, the previous inequality will reduce to 


co 292 K + 2091 K +4 
Apes sn ci Oe 
PULL S pga 


Choosing first 73/2 small enough and then taking ko so large that 1/n4/ko 
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is also small, we will make the right-hand side of this inequality 


1+4 1 
> 2 k*-1 


for |k| Z ky by putting u= 1/gl?|k|. When 5 «o and 0< y, <n we 
then have, a fortiori, 


b) Ail] de for |k| 2 ke. 


With such y,, however, the sum on the left is also < Ay. So, taking finally 


. 1 
= min[ no, ——— 
4 (n ii) 


makes the left side < ((1 + A)/2)(1/(k? + 1)) for |k| < ko as well, i.e., 


for all k, provided that 0 < y, < n and 0 < y; < I/( + 1). 
The lemma is proved. 


Theorem (Carleson, 1982; see also Benedicks' 1980 Arkiv paper). In the 
domain 2, the harmonic measure Wo(z) of the component Ey of 02 satisfies 


C 


SEES EET 


for xe€,, 
with a constant C depending only on the four numbers A, B, 6 and A associated 
with E = 092. 


Proof (Carleson). Call u, the maximum value of w(x) on €,; we are to 
show that 


C 


Hose 


For k= —1 and k=0 this is certainly true if we put C 22; we may 
therefore restrict our discussion to the values of k different from — 1 and 0. 
As in the first of the above lemmas, denote by 2, the domain 


{3z > 0} VO,U{3z <0} 


and by Q,( ,z) the harmonic measure for Z,. Q, is of course contained 
in 2: 


1 Harmonic measure for G=C~E 395 


Figure 115 


Oz) is thus harmonic in 2,; since it is clearly bounded there and 
continuous up to 0Z,, we may recover it from its values on 02, by the 
Poisson formula 


cz) = | @o(t)dQ,(t, z), ZED 
09, 


Since we are assuming that k 4 — 1, 0, we have (by definition of harmonic 
measure!) c(t) 2 0 for teE, 0 E,, ,. In fact, wo(t) is identically zero on 
all the E, save Ey, where c(t) = 1. The above formula hence becomes 


ez) = | dQ,(t, 2) + P» (t)dQ,(t, z), 
Eo 


LIP 
R being the disjoint union of the intervals ©, and E,. 


Let x, be the point in ©, where cx(x) assumes its maximum u, therein, 
and write 


Aw = | dQ,(t,x;). 
9 


Then, by the previous relation, 


uy, € QE, x,) + 2 Ay IM. 
Tk 


Here, the integrals 


| dO,(t, x) = Q,(E,, x,) 
Eo 


and 
| dQ,(tx,) = Au, — Isk, 
9, 


are taken over sets disjoint from E, and E,,,, whereas x,¢@,. We may 
therefore apply the first lemma to estimate dQ,(t,x,) in these integrals, 
getting 


dt 
Q,(E>, < K| —— 
(Eo, Xx) {a 
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and 
dt 
A,, < K' | ——5 
d alt — XY 


where K’ is a constant depending on the numbers B and 6 associated with 
E. By properties (i) and (ii), given at the beginning of this §, we have 


Is Kk, 


(t—x,)? 2 C?k? for teE, 
and 
(t—x,)? > CXk—-1? for teO, 
So, since |Eo| = 259 < 2A and |0,] < B, the preceding relations become 


K 


Q,(Eo, x,) < Pat 


and 


K 


(*) Arı S (kop? +1" 


Iz k; 


here, K is a constant depending on the four numbers A, B, ô and A. 
The numbers A, , also satisfy the inequality 


(x) Y Au x«A«1 
Uk 


with 2 depending only on the ratio 6/B. Indeed, 
» Ay, = 2 Q,(0,, Xx) 
(Fk fk 


is < Q,(02, ~ E, ^ E, , ,, x). Since |O,| < B and |E,| > 26, | E,,1| > 26, 
a simple change of variable shows that the latter quantity is less than the 
harmonic measure of the set 1 + 46/B « |t| < oo on the boundary of the 
domain C ~(— oo, — 1] ^ [1, oo), seen from some point in ( — 1, 1): 


Figure 116 


> 
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And that harmonic measure is clearly at most equal to some number å < 1 
depending on 46/B. 
Let us return to the inequality 


ur < QO,(Es, x,) + à A, M 


established above. By plugging into it the estimates just found, we get 


K 
— A, ju € = 
(t) Uy à k, “i ERE 


where the A,, are 20, and satisfy (*) and (£). This has been proved for 
k+ — 1 and 0, but it also holds (a fortiori!) for those values of k, provided 
that we take K > 2. Then our (unknown) maxima u, > 0 will satisfy (+) for 
all k; this we henceforth assume. 

The idea now is to invert the relations (t) in order to obtain bounds 
on the u,. It is convenient to define A,, for l= k by putting A, , — 0. Then, 
calling 


(TT) Uk = uy T 2, Aci» 


we can recover the u, from the v, by virtue of (ž). Write Aj] = A, 
then put 


and in general 
oo 
Api = YA SAS. 
jaro 
The numbers Aj? are >0 (since the A, , are), and from (ž), we have 
oo 

(§) Y ARD «M 

i2—o 
This makes it possible for us to invert (ff), getting 

u = v YAL + YAGI to + VALI o 

I I I 


the Neumann series on the right being absolutely convergent. Since the 
A( are >0 and 


K 
" < EFi 
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by (t) and (tt), the previous relation gives 


uo iod + s Akt 
S +d iP +15 


We proceed to examine the right-hand side of this inequality. 
We have 


S 1 f 1 - const. 
io (k—1? +1241 ^ k+l 


(look at the reproduction property of the Poisson kernel y/((x — t)? + y?) 
on which the hall of mirrors argument used in Chapter 6 is based!). Hence, 
by (x), there is a constant L with 


I? 
0 « AM € ——— ——, 
SS (k—Dn +1 
and the summand 


1 
AQ. 
» BB] 


on the right side of the above estimate for u, is 


const. I^ 
k? +1 


We have, however, to add up infinitely many of these summands. It is 


here that we must resort to the computational lemma. 
Call 


we certainly have v(? 2 0. According to the computational lemma, there 
is an 5 > 0 depending on 4 and the K in (*) such that 


i 1-4 1 
A apo 
Eg kJ 2 B1 
if 0 € y, € and y, < 1/(l? + 1). Fix such an y. By (8) we can certainly find 
an m such that 0 < v(" < y for all k. Fix such an m. As we have just seen, 
there is an M depending on m such that 
An) M 


(m — Bul, E ee ME 
= are ae coe le 
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and we may of course suppose that M > 1. Apply now the computational 
lemma with 
Yı = vi"JM; 


we get (after multiplying by M again - this trick works because n/M <n !), 


z * 1+2 M 
yt = 2, Ati" < 2 Pat 
We also have, of course, 
0 < 7 1) < An 
by (D. 
We may now use the computational lemma again with 
2 
a (m t 1). 
"^T DM -* 
note that here 
2nd 
0x X ———— ; 
=a gqunw T 


After multiplying back by (1 + 4)M/2, we find 


c 1-4V M 
4 = Yarn e( D) s 


In this fashion, we can continue indefinitely and prove that 


1+A\P M 
2 


s ( PFI 


for p = 1, 2, 3,.... Therefore, since 1 « 1, 


w 2M 
(n) 
PE STE Ed 


This, however, implies that 


eK Loy $0 
fe a P41 


n=1 1 
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with a certain constant C, since 


n 
"m const. L 


FO ke +1 


for each n. We have proved that wo(x) (which is at most u, on €) is 


for xEQ,. 


k? +1 Q.E.D 


Problem 15 
In this problem, the set E is as described at the beginning of the present 
§, with the boxed condition given there. 

(a) Let Up(z) be the harmonic measure (for 2) of the subset E^ [ — R/2, R/2] 
of 02, seen from zeZ. Show that there is a number « > 0 depending only 
on the four quantities A, B, ô and A associated with E, such that U p(z) <4 
for |z/ - R and |3z| €x «R. (Hint: First look at U,(z) for |z| 2 R and 
|3z| < 1; then use Harnack.) 

(b) Let V&(z) be the harmonic measure (for 2) of 


En{(— œ, — R/2] o [R/2, oo)), 


seen from zeZ. Show that there is a number f > 0 depending only on 

A, B,6 and A such that Vp(z) > f for |z| = R. (Hint: Use (a) and Harnack.) 
(c) For R > 0,call 2, = 20 {|z| < R} and let wa(z) be the harmonic measure 

of {|z| = R} for Dp, as seen from zeZg. Prove Benedicks' lemma, which 

says that 

Cc 

W,(0) < R 

with a constant C depending only on the four quantities A, B,Ó and A. 

(Hint: Compare the Vp(z) of (b) with cg(z) in Dp.) 


2. Green's function and a Phragmén-Lindelóf function for 2 


A Green's function is available for domains 2 of the kind 
considered here. Let us remind the reader who may not remember that, 
for given weZ, the Green's function G(z, w) is a positive function of z, 
harmonic in 2 save at w where it acts like 

1 
log ——_, 
Si-w 
which is bounded in 2 outside of disks of positive radius centered at w, and 
tends to zero when z tends to any point on the boundary E of 2. Existence 
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of G(z, w) for our domains 2 follows by standard general arguments, found 
in many books on complex variable theory. For the sake of completeness, 
we will show that G(z, w) is symmetric in z and w at the end of this article. 
The last part of the argument given there may easily be adapted so as to 
furnish an existence proof for G(z, w). 


Theorem. Let 2 — C ~E, where ECR has the properties given at the 
beginning of this §. Assume that 0 € O. Then there is a constant C, 
depending only on the four numbers A, B, ó and A associated with E, such 
that G(x,0)<C/(x?+1) for xeR~0, G(z,w) being the Green's 
function for 2. 


Proof. Draw a circle I with diameter running from the left endpoint of 
E, to the right endpoint of E,: 


gf dui 


[^ ARN RIEC i 


Figure 117 


Let us show first of all that there is a number «, depending only on ô, 
A and B, such that 


G(z,0) < a, zer. 


To see this, observe first of all that G(z, 0) < g(z,0), the Green’s function 
for (C ~ E,)U {00}. This follows by looking at the difference g(z,0) — G(z, 0) 
on E. The latter is harmonic and bounded in 2, since the logarithmic poles 
of g(z,0) and G(z,0) at 0 cancel each other out. It is thus enough to get 
an upper bound for g(z,0) on T, and that bound will also serve for G(z, 0) 
there. 

Translation along R to the midpoint of E, followed by scaling down, 
using the factor 2/|E,|, takes (C ~ E,)u {œ} conformally onto the 
standard domain & — (C ^ [— 1,1] u(oo]: 
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Figure 118 


In this reduction, 0 goes to a point p on the real axis, p< — 1, and the 

circle I goes to another, y, having [q,1] as its diameter, where 

q < p. g(z, 0) is of course equal to the Green's function for & with pole at p. 
We have 


pied [Uy B 
^ HE,2 ô 
and 
2|E, _ 26 
zi 2 2 — 
lal — ipl TN A 


Therefore the Green's function for & with pole at p is bounded above on 
y by some number « depending on B/ó and 26/A. (The nature of this 
dependence could be worked out by mapping 4 conformally onto 
(1 « |w| € œ}; we, however, do not need to know it.) This means that 
g(z,0) € « on T and finally G(z, 0) <a, zer. 

This being verified, we take the centre m of I and, with R equal to that 
circle's radius, map the exterior of I conformally onto the domain @ just 
considered by taking z to w=4{(z—m)/R+R/(z—m)}. That 
mapping takes I' to the slit E; =[— 1,1] and each of the components 
E, of 02, n#0, 1, onto segments E, on the real axis. The function 
g(z) 2 i((z —m)/R + R/(z — m)} thus takes 


9r = Ba{|z—m|>R} 


conformally onto a domain 


D = C~ VE: 


70 
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7E RA E ; 


Figure 119 


Define a harmonic function Q(w) for we?’ by putting 
Q(o(z) = Gz, 0) 


forzeZ,. Q(w) is evidently bounded in Z', and has boundary value zero on 
each of the components E;( = q(E,)) of 09’, save on E. Q(w) is, however, 
continuous up to the latter one, and on it 


O(w) < a, 


since E,=@(T) and G(z,0)<a on T. We therefore have 
Q(w) < aco (Ei, w) in Z', where wg( , w) denotes harmonic measure for Z'. 
The set 


E = (J'E, 


has, however, the properties specified for our sets E at the beginning of this 
§. Indeed, for real x, 


when |x| is large, with R lying between the two numbers 26 and B/2 + 2A. 
Hence, each of the intervals E;(n 40) is of the form [ap — 6), a, + ôn], 
where, for certain numbers A’, B’, y’ and A’ depending on the original A, B, ô 
and A, 


404 VIII A The set E has positive lower density 


0< A < aa < B 
and 
0< 7 < 6, « N. 


(Again, the exact form of the dependence does not concern us here.) We can 
therefore apply Carleson’s theorem from the previous article to the domain 9’, 
and find that 


D 


Mx EET 


ueR, 


with a constant C' depending on 4’, B', 6’ and A’ and hence, finally, on 
A, B, 6 and A. Thence, in view of the previous relation, 


" 


C 
Qu) < is for ueR, 


Le. 
aC 
1 + (969) 
for real x lying outside the circle I. Using the fact that 0&6, (whence 


[m| € B+ 2A ), the bounds on R given above, and the asymptotic formula 
for (x), we see that the right side of the preceding inequality is in turn 


C 
c 1 +x? 


G(x,0) < 


with a constant C depending only on A, B, ó and A. Thus 


C 
< — 
80650) 14x? 
for real x outside of Ey, Og and E,. But this also holds on E, and E, 
since G(x, 0) = 0 on those sets! So it holds for real x outside of Oo, which 
is what we had to prove. We are done. 


Problem 16 

Let ECR fulfill the conditions set forth at the beginning of this $, and 
assume that 0e O,. Let wgl ,z) be harmonic measure for 2 = C ~ E. Prove 
Benedicks' theorem, which says that there is a constant C depending only 
on the four numbers A, B, 6 and A associated with E, such that, for t in any 
component 


E, = La, P Òn a, + 5,] 
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of E, and n «0, 1, 
C dt 


og ONS por Ge Gah. 


(This is a most beautiful result, by the way!) (Hint: Let G be the Green’s 
function for Z. According to a classical elementary formula, if, for 
instance, we consider points t, lying on the upper edge of E,, we have 
dw,(t,,0 1 G(t + iy, 0 
dwalt +, 0) = —G,(t,,0) = lim AERIANA 

dt 2n Ay04 2nÁy 
since G(t,0) = 0. (Green introduced the functions bearing his name for 
this very reason!) Take the ellipse I given by the equation 


(x-a, y 


28 5 


and compare G(z, 0) with 


OD 


on I. Note that G(x,0) and U(x) both vanish on E,, that U(z) is harmonic 
in the region & between E, and T, and that G(z, 0) is at least subharmonic 
there (not necessarily harmonic because some of the E, with k #n may 
intrude into &).) 


= | 


U(z) = log 


The work in Chapter VI frequently involved entire functions of 
exponential type bounded on the real axis. If f(z) is such a function, of 
exponential type A say, and we know that 


If()) € 1, xeR, 
we can deduce that 


|f(2) « ef 


for all z. This follows by the third Phragmén- Lindelóf theorem of Chapter 
III, $C, whose proof depends on the availability of the function |3z], 
harmonic and >Q in each of the half planes {3z > 0), {3z <0}, and zero 
on the real axis. 

Suppose now that we are presented with such a function f(z), known 
to be bounded (with, however, an unknown bound) on R, such that, for 
some closed E € R, 


If) <1, xeE. 


If there is a function Y(z), harmonic in 2 = C ~ E, having boundary value 
zero on E and such that Y(z) > |3z|, zeZ, we can argue as in the proof of the 


406 VIII A The set E has positive lower density 


Phragmén- Lindelóf theorem just mentioned, and conclude that 
IA) < eff) 


for ze if f(z) is of exponential type A.* We are therefore interested in 
the existence of such functions Y(z) for given closed sets E € R. 

In order to avoid situations involving irregular boundary points for the 
Dirichlet problem, whose investigation has nothing to do with the material 
of the present book, we limit the following discussion to closed sets E 
which can be expressed as disjoint unions of segments on R not accumulating 
at any finite point. We do not, however, assume in that discussion that 
the sets E have the form specified at the beginning of this $. 


Definition. A Phragmén-Lindelóf function Y(z) for 22 C E is one 
harmonic in and continuous up to E, such that 


(i) Y(x)= 0, xeE 
(ii) Y(z) 2 |Szl, zeg, 
(iii) Y(iy) 2 |y] + o(Iyl) for y 2 t oo. 


It turns out that for given closed E € R of the form just described, the 
existence of Y (z) is governed by the behaviour of the Green's function G(z, w) 
for 2—C- E. Before going into this matter, let us mention a simple 
example (not without its own usefulness) which the reader should keep 
in mind. 


* 


In fact, boundedness of f on R is not necessary here. If | f(x)| <1, xeE, and 

| f(2)) € Cexp(A|z|), the function wz) = log| f(z)| — (A sec ô) Y(z) is 
subharmonic in 2 and bounded above on each of the lines x = +ytand - 
here, 0 < 6 < z/2. Since v(z) <const.|z| in 2, the second Phragmén- Lindelóf 
theorem of Chapter III $C shows that v is bounded above in the vertical 
sectors |x| < + ytan ô. Because v(x) <0 on E, the proof of that same theorem 
can be adapted without change to show that v is also bounded above in 
9níx» |y|tand} and 2o(x < — |y|tanó], even though the latter domains 
are not full sectors. Therefore v is bounded above in 2, so by the first theorem 
of 8C, Chapter III, v(z) <0 in 2. Hence | f(z)) &exp(Asecó-Y(z), ze2, 
and, making ó —0, we get | f (z)) < exp(AY(z)). 
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Here, E =(— œ, — 1]u[1, œ). In 22 C ~ E, we can put 
Yi) = SG? — 1), 


using the branch of the square root which is positive imaginary for 
ze(— 1,1). It is easy to check that this Y(z) is a Phragmén- Lindelóf 
function for 2. 


The Green's function G(z, w) for one of our domains 2 enjoys a symmetry 
property: 
G(z,w) = G(w,z), z,weg. 
The reader who does not remember how this is proved may find a proof, 
general enough to cover our situation, at the end of this article. It is 


convenient to define G(z, w) for all z and w in J (which here is just C!) 
by taking G(z, w) — 0 if either z or w belongs to 02. Then we have 


G(z,w) = G(w,z) for z, weZ. 


(N.B. G(z, w) as thus defined is not quite continuous from J x 2 to [0,00] 
(sic!). We can take sequences {z,} and {w,} of points in 2, both tending 
to limits on E = 02, but with |z, — w,| — 0 sufficiently rapidly to make 
G(z,, Wna) => oo.) 


The connection between G(z,w) and Y(z) (when the latter exists) can 
be made to depend on the elementary formula 


R 
lim | log 
Roo J-R 
which may be derived by contour integration. The reader is invited (nay, 
urged!) to do the computation. Here is the result. 


is 7 dr = n|3zl, 


Theorem. A Phragmén- Lindelóf function Y (z) exists for 2, a domain of 
the kind considered here, iff 


oo 
| G(z, t)dt < oo 
—0 

for some zeQ, G being the Green's function for that domain. If the integral 
just written converges for any such z, it converges for all ze, and then 


oo 


Yo = I i | Gle, at. 


— eo 


Remark. In his 1980 Arkiv paper, Benedicks has versions of this result 
for R"*? 
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Proof of theorem. The idea is very simple, and is expressed by the identity 


|Sz| + Ju G(z, t) dt 
a 


70 


1 f4 1 
= a (ioe + 1ogl2— t1 Gi n Ja 


"T Jj-A Itl 


an 
+ —| log 
TJA 


an obvious consequence of the formula just mentioned. Here, A >0 is 
arbitrary. 

Suppose, indeed, that the left-hand integral is convergent. That integral 
then equals a positive harmonic function in each of the half planes {3z > 0}, 
{3z <0}, and we can use Harnack to show that it is o(|y|) for z = iy and 
y + œ. Denoting the left side of our identity by Y(z), we thus see that 
Y (z) is harmonic in the upper and lower half planes and has property (iii). 
It is clear that Y(z) has the properties (i) and (ii). Only the harmonicity 
of Y(z) at points of ZAR remains to be verified. This, however, can be 
checked in the neighborhood of any such point by taking A > 0 sufficiently 
large and looking at the right side of our identity. The first right-hand 
term will be harmonic in Qqa(— A,A), because, for each t therein, the 
logarithmic pole of G(z,t) at t is cancelled by the term log|z — t|. The 
second term on the right is clearly harmonic for |z| « A, and the third 
harmonic in Z^ (— A, A). 

This explanation will probably satisfy the experienced analyst. The 
general mathematical reader may, however, well desire more justification, 
based if possible on general principles, so that he or she may avoid having 
to search through specialized books on potential theory. We proceed to 
furnish this justification. Its details make the following development 
somewhat long. 


Z 


2 
1-5 


1 
dt 4 — f G(z, t)dt, 
l> A 


Let us begin with a preliminary remark. Suppose we have any open subset 0 
of 2, and a compact F c J disjoint from ©. By the symmetry of G, G(z, w) = G(w, 2) 
is, for each fixed ze, continuous (as a function of w) on F, so, if p is any finite 
positive measure on F, the integral 


| G(z, w)du(w) 
F 


is obtainable as a limit of Riemann sums in the usual way. As a function of z, any 
one of those sums is positive and harmonic in ©. So the integral, being a pointwise 
limit of such functions (of z), is itself a positive and harmonic function of z in €. 
We will make repeated use of this observation. 
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Suppose, now, that ps G(z, t)dt « oo for some non-real z, say wlog that 
f G(i,t)dt < oo. 
-0 


For each N, the function 
N 
Hy(z) = f G(z, t)dt 
=p 


is positive and harmonic in both {3z > 0} and {3z < 0} according to the remark just 
made. Therefore, since G(z, t) 2 0, Hy+:(z) > Hy(z), and 
H(z) = lim H,(z) 


N>% 


is either harmonic (and finite!) in {3z > 0} or else everywhere infinite there. Because 
H(i) < oo, the first alternative holds, and H(z) is then also finite (and harmonic) in 
3z <0, since obviously 


G(z t) = G(z,t) 


for real t, E = 092 being on R. 

Consider now some real x ¢E. Take A max(|xg|,!l) The integrals 
f^ 4G (Xo, t)dt and t „Cli, t)dt are both finite, so we can show that (^ | G(xo, t)dt 
and pe G(i, t)dt are either both finite or else both infinite by comparing 


[ G(xo, t) dt 
I>A 


and 


f G(i, t) dt. 
i24 


In 2,-20(l|z| « AJ, the function f. ,G(zt)dt is the limit of the 
increasing sequence of functions 


| G(z, t)dt, 
AX|t]<N 


each of which is positive and harmonic in 2,. So f, ,G(z,t)dt is either 
harmonic (and finite) in 24, or else everywhere infinite there. It is thus finite for 
z=i if and only if it is finite for z— xg. We see that |“, G(xo,t)dt< oo 
iff (^. G(i, t) dt < oo, and, if this inequality holds, 


H(z) = F G(x, t) dt 


is finite for every ze. 
If H(z) is finite, let us show that 


H(y)-o(ly) for y too. 
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Pick any large N, and write 


(+) H(iy) = f G(iy, t)dt + f G(iy, t)dt. 
lls N It» N 


Since H(i) « oo we can, given any ¢>0, take N so large that fiaz n GG, t)dt < e. 
The function fus n G(z, t)dt is, by the previous discussion, positive and harmonic in 
{3z > 0). Therefore, by Harnack's theorem,* 


f G(iy, t)dt < j| G(,t)dt < ey 
P il> N 
for y > 1. This takes care of the second term on the right in (*). 

The first term from the right side of (*) remains; our claim is that it is bounded. This 
(and more) follows from a simple estimate which will be used several times in the 
proof. 

Take any component E, of E — 02, and put Dy — (C ~ Eọ)u {œ}. If Ep is of 
infinite length, replace it by any segment of length 2 thereon in this last expression. We 
have 2 € Bp, so, if g(z, w) is the Green's function for 29, 


G(z,w) < g(z,w),  zwe2 


(cf. beginning of the proof of first theorem in this article). We compute g(z, w) by first 
mapping 2, conformally onto the unit disk (|C| < 1), thinking of & as a new 
coordinate variable for Do: 


Figure 121 


Say, for instance, that E, is [ — 1, 1] so that we can use z = 4(¢ + 1/0). Then, if te 2, is 


* Actually, by the Poisson representation for {3z > 0} of functions positive 
and harmonic there. Using the ordinary form of Harnack's inequality gives 
us a factor of 2y instead of y on the right. That, of course, makes no 
difference in this discussion. 
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real, we can put t=4(t + 1/t), where — 1 « x <1, and, in terms of ( and t, 


(—1t 
the expression on the right being simply the Green's function for the unit disk. 
If N > 1, we have 


| G(z,t)dt < | g(z, t)dt, 
itis N I<|ti<N 


since G(z, t) and g(z, t) vanish for teE, = [ — 1,1]. For 1 < |t| < N, the parameter t 
satisfies Cy € |t| € 1, Cy » 0 being a number depending on N which we need not 
calculate. Also, for such t, 


1f/1—7? 
dt = —= dt. 
2\ c 


Therefore, 


1 1- 1-2 
(t) | G(z t)dt « Al to = Jar 
Itk<n 2Jeysiisi IESTI T 


Since C, > 0, the right side is clearly bounded for |¢| < 1; we see already that the first 
right-hand term of (*) is bounded, verifying our claim. 

As we have already shown, the second term on the right in (*) will be < eyfor y > 1 
if N is large enough. Combining this result with the preceding, we have, from (*), 


H(üy) < O(l)+ey, y»l 


so, since >Q is arbitrary, H(iy) = o(|y|), y —^ oo. Because H(z) = H(z), the same 
holds good for y 2 — oo. 

Having established this fact, let us return for a moment to (t). For each q, 
Cy <(t] « 1, 


log 


Starting from this relation, one can, by a straightforward argument, check that 
1-«£|l/1— c 

log z dt —0 

Cy <itl<t pt T 


as |C| — 1. (One may, for instance, break up the integral into two pieces.) 


Problem 17 (a) 


Carry out this verification 


This means, by (t), that 


| G(z, t) dt — 0 
{tl<n 
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when ze tends to any point of Ey. We could, however, have taken E, to be any of the 
components of E with finite length, or any segment of length 2 on one of the 
unbounded ones (if there are any); that would not have essentially changed the 
above argument.* Hence 


| G(z, t) dt 
<N 


tends to zero whenever z tends to any point on E = 09 (besides being bounded in 2). 
We can now prove that 


o 

H(z) = | G(z, t)dt — 0 
-œo 

whenever z tends to any point x, of E. Given such an Xo, take a circle y about 

xo So small that precisely one of the components of E (the one containing xo) 

cuts y, passing into its inside: 


e Dain 
IS Aa, 447 , 


Figure 122 


If x, is an endpoint of one of the components of E, our picture looks like this: 


rA OI d. 


Figure 123 


Call Z, the part of 2 lying inside y, and E, the part of E therein. 


* As long as Ey € (|t] < N}. If this is not so, we can increase N until the argument 
in the text applies. Since that only makes the integral in question larger, the one 
corresponding to the original value of N must (a fortiori!) have the asserted 
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Figure 124 


Fix any z, €2,. Then, there is a constant K, depending on z,, such that, for any 
function V(z), positive and harmonic in 2, and continuous on its closure, with 
V(x) 2 0 on E,, we have V(z) < KV(z,) for |z —xo| < 1 radius of y. 


Problem 17 (b) 


Prove the statement just made. 


This being granted, choose N so large that 


| G(z,,t)dt < e/K, 
Iz N 


€ being any number > 0. For each M >N, the function 


Vu(z) = | G(z, t)dt 
N<\tl<M 


is positive and harmonic in Z,, and certainly continuous up to yn@. Also, 
Vaz) «€ f w< m GG t) which, by the previous discussion, tends to zero whenever z 
tends to any point of E. V,(z) is therefore continuous up to E,, where it equals zero. 
By the above statement, we thus have 


Vulz) < KV) < «| Glz, t)dt < € 
Iz N 


for |z —xo| < 4 radius of y. This holds for all M >N, so making M > oo, we 
get finz GG. t)dt € e for |z —xo| < 4 radius of y. Hence, since 


H(z) = | G(z,t)dt + f G(z, t)dt, 
HSN >N 


and, as we already know, the first integral on the right tends to zero when z > Xo, we 
must have H(z) < 2e for z close enough to x9. This shows that H(z) ^ 0 whenever z 
tends to any point of E. 
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We now see by the preceding arguments that 
l 
Y(z) = |3z| + Se) 


enjoys the properties (i), (ii) and (iii) required of Phragmén- Lindelóf functions, and is 
also harmonic in both the lower and upper half planes, and continuous everywhere. 
Therefore, to complete the proof of the fact that Y(z) is a Phragmén—Lindelof 
function for 2, we need only verify that it is harmonic at the points of QAR. 

For this purpose, we bring in the formula 


1 A 
|Sz| = lim :[ log dt 


Ao -A 


z 
px 
t 


mentioned earlier. From it, and the definition of H(z), we get 


1 oo 
(x) Y(z) = |3z| + f G(z, t)dt 
1 (^ 1 
= :[ (la tonis - 1 te Jr 
J-a Itl 


1 f © -— z 
s baden 
The number A > 0 may be chosen at pleasure. 

Let xg€2 ^R; pick A larger than |x|. The function (7log|l — z?/r?|dt 
is certainly harmonic near xo; we have also seen previously that LN 489. 0dt 
is harmonic in 2o (|z| « A}, so, in particular, at xg. Again, f^ log (1/lt|)de is 
finite. Our task thus boils down to showing harmonicity of 


1 
dt + :[ G(z, t) dt. 
It 2 A 


A 
| (log|z — t| + G(z, ))) dt 


-A 
at Xo. 
Take a ô > Osuch that (x9 — 56, xg + 55) S 2. According to observations already 
made, 


| G(z, t) dt 
It xg» 


Iti« A 


is harmonic for |z — xo] < 6; so is (clearly) 


| log |z — t| dt. 
lIt- xol> ő 


It «A 


We therefore need only check the harmonicity of 


xotó 
| (log|z — t| + G(z, t) dt. 


Xo-ó 


2 Green's function and a Phragmén- Lindelóf function 415 


Here, we must use the symmetry of G(z, w). In order not to get bogged down in 
notation, let us assume that xy = a > O and that the segment [ — 2a, 6c] lies entirely in 
2. The general situation can always be reduced to this one by suitable translation. It 
will be enough to show that 


2a 
| (log|z — t| + G(z, t)) dt 
0 
is harmonic for |z — «| « a. 
For each fixed z, 
log|z — w| + G(z,w) = log|w— z| - G(w, z) 


is a certain harmonic function, h,(w), of we 2; this is where the symmetry of G comes 
in. (h,(w) is harmonic in w even at the point z, for addition of the term log|w — z| 
removes the logarithmic singularity of G(w, z) there.) Hence, if p < dist (w, E), 


1 2n 7 
hw) = xl h,(w + pe'?)d9. 
2r Jo 


This relation makes a trick available. In it, put w — t where 0 < t < 2a, and use 
p=tt 2a. 
We get 


1 (7 
h(t) = xl h(t + (t + 29e *)d9, 
2n Jo 
whence, 


2a 1 2a ("2r i 
f (log|z — t| + G(z,t))dt = xl | h(t+(t+ 2aje? d 9 dt. 
2nJo Jo 


0 


Figure 125 
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The double integral on the right can be expressed as one over the region 
= (I£—2a| « 4a] n {Itl > 2a} 
shown in the above picture. Indeed, the mapping 
(t, 9) —(G. n) 


given by €+ ig 2 (2t (t 2aje? takes (0 « t < 2a} x {0< 9< 2n) in one-one 
fashion onto S, and the Jacobian 


e(£, n) 
A(t, 9) 


works out to (t + 2a)(1 + cos 9) = č + 2a. 


Hence, 
1 (2 7 dé dy 
xl i h(t +(t+2a)e")d9dt = xll he 


so, by the previous relation, 


2a 
f (log|z — t| + G(z,t))dt 
0 


i L ff esta x E G0 j 
~ nls £422 rp 
Here, we have 


d d 2a [(*2* 
[S2 = aon eom. 
so 2a o Jo 


so both of the above double integrals must equal harmonic functions of z in the disk 
{|z — «| < a}, disjoint from S. (This follows for the second of those integrals by the 
remark at the very beginning of this proof.) We see that the left-hand expression is 
harmonic in z for z near xg — a. According, then, to (*) and the observations 
immediately following, the same is true for Y(z). 

We have finished proving that Y(z) is a Phragmén- Lindelóf function for 2 if the 
integral ft. G(z, t) dt is finite for any z therein. The second half of our theorem 
thus remains to be established. That is easier. 

In the second half, we assume that 2 has a Phragmén- Lindelóf function Y(z), and 
set out to show that 


f G(z,t)dt < oo 


70 


for each zeZ, G being that domain's Green's function. 
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Given any A > 0, consider the expression 


1 A 
Yiz) = |3z| + z | G(z, t) dt 


1 f^ 1 
| (lea + tosis — 11+ oi n )a 
-A 


n 
1 oo 
+ —| log 
TJA 


From the preceding arguments, we know that the first integral on the right is 
harmonic for ze2 — proof of this fact did not depend on the convergence of 


| i G(z, t) dt. 


7% 


tt 


2 


1-5 dt. 


What we have already done also tells us that Y ,(z) tends to zero when z tends to any 
point of E (again, whether (^. G(z,t)dt converges or not) and that, for any 


fixed A, 
A 
f G(z, t) dt 


-A 


is bounded in the complex plane. The expression 


oo 
[ log 
A 


is evidently subharmonic in the complex plane. 
The function Y ,(z) given by the above formula is thus subharmonic, and zero on E, 
and moreover, 


2 


Z 
ae dt 


Y,(z) = |3z|+ O(l), ze2. 


Our Phragmén-Lindelóf function Y(z) (presumed to exist!) is, however, harmonic 
and >|3z| in 2, and zero on E: The difference Y ,(z) — Y(z) is therefore subharmonic 
and bounded above in 2, and zero on E. We can conclude by the extended maximum 
principle (subharmonic version of first theorem in $ C, Chapter III) that 
Y (z) — Y(z) <0 for zeZ. In other words, 


1 A 
I3z| + f G(z,t)dt < Y(z) 
TJ-A 
Fixing zeZ and then making A — oo, we see that 


ae G(zt)dt < ¥(z)—|3z| < œ. 
n 


—o 
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This is what we wanted. The second half of the theorem is proved. 
We are done. 


We apply the result just proved to domains 2 of the special form 
described at the beginning of the present §, using the first theorem of this 
article. In that way we obtain the important 


Theorem (Benedicks). If E is a union of segments on R fulfilling the 
conditions given at the beginning of this § (involving the four constants A, B, ô 


and A), there is a Phragmén- Lindelóf function for the domain 2 = C ~ E. 


Proof. Assume wlog that 0 € 2, and call ©) the component of R~ E 
containing 0. By the first theorem of the present article, 


G(t,0) < 


140 


for te, and clearly 


G(t,0) < log* $ +00, te. 


Therefore (symmetry again!) 


F G(0,t)dt = F G(t,0)dt < oo. 


— 00 = 00 


Now refer to the preceding theorem. 

We are done. 

This result will be applied to the study of weighted approximation on sets 
E in the next article. We cannot, however, end this one without keeping our 
promise about proving symmetry of the Green's function. So, here we 
go: 


Theorem. In 2 =C ~E, 
G(z w) = G(w,z). 


Proof. Let us first treat the case where E consists of a finite number of intervals, of 
finite or infinite length. (If E contains two semi-infinite intervals at opposite ends of R, 
we consider them as forming one interval passing through oo.) 

We first proceed as at the beginning of article 1, and map 2 (or Du{ oo}, if oo£E) 
conformally onto a bounded domain, bounded by a finite number of analytic Jordan 
curves. This useful trick simplifies a lot of work; let us describe (in somewhat more 
detail than at the beginning of article 1) how it is done. 
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Suppose that E,,E,,..., Ey are the components of E. First map (Cu (o0]) ~ E, 
conformally onto the disk (|z| « 1}; in this mapping, E, (which gets split down its 
middle, with its two edges spread apart) goes onto {|z|= 1}, and E,,..., Ey are 
taken onto analytic Jordan arcs, A,,..., Ay respectively, lying inside the unit disk. 
(Actually, in our situation, where the E, lie on R, we can choose the mapping of 
(CU{a})~ E, onto ([z| « 1] so that R ~ E, is taken onto( — 1, 1). Then 4;,..., Ax 
will be segments on ( — 1, 1).) In this fashion, 2 is mapped conformally onto 


flap E ~ Az ~ A3 ~ ~ Ay: 


Now map (Cu(o0]) ^ A, conformally onto {|w| < 1}. In this transformation, 
{|z| = 1} goes onto a certain analytic Jordan curve €, lying inside the unit disk, A, 
(after having its two sides spread apart) goes onto {{w| = 1}, and, if N > 2, the arcs 
Ag,...,Ay go onto other analytic arcs 45,..., Ax, lying inside (|w| « 1). (45,..., Ay 
are indeed segments on ( — 1,1) in our present situation, if this second conformal 
mapping is properly chosen.) So far, composition of our two mappings yields a 
conformal transformation of 2 onto the region lying in (|w| < 1}, bounded by the 
unit circumference, the analytic Jordan curve @,, and the analytic Jordan arcs 

$e Ay (in the case where N > 2). 

It is evident how one may continue this process when N > 2. Do the same thing 
with A45 that was done with A5, and so forth, until all the boundary components are 
used up. The final result is a conformal mapping of 2 onto a region bounded by the 
unit circumference and N — 1 analytic Jordan curves situated within it. 

Under conformal mapping, Green's functions correspond to Green's functions. 
Therefore, in order to prove that G(z, w) = G(w, z), we may as well assume that G is the 
Green's function for a bounded domain Q like the one arrived at by the process just 
described, i.e., with 6Q consisting of a finite number of analytic Jordan curves. For 
such domains Q we can establish symmetry using methods going back to Green 
himself. (Green's original proof - the result is due to him, by the way - is a little 
different from the one we are about to give. Adapted to two dimensions, it amounts 
to the observation that 


G(z,w) = log + f log |¢ — w| dog, z) 
an 


|z—w| 
1 


|z—w| 


log 


+ f f log |& — e|deg(c, w) dwal, 2), 
N v RA 


where og(  , z) is the harmonic measure for Q. This argument can easily be made 
rigorous for our domains Q. The interested reader may want to consult Green's 
collected papers, reprinted by Chelsea in 1970.) 

If ¢ € 0Q and the function F is €, in a neighborhood of ¢, we denote by 


F(E) 
On, 


the directional derivative of F in the direction of the unit outward normal n, to GQ at C: 
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Figure 126 


If weQ is fixed, G(z, w) is harmonic as a function of zeQ (for z away from w) 
and continuous up to 6Q, where it equals zero. Analyticity of the components of 
ôN means that, given any £o € ôN, we can find a conformal mapping of a small disk 
centered at Čo which takes the part of 0€? lying in that disk to a segment o on the 
real axis. If we compose G(z, w) with this conformal mapping for zeQ near (5, 
we see, by Schwarz' reflection principle, that the composed function is actually 
harmonic in a neighborhood of c, and thence that G(z, w) is harmonic (in 2) in a 
neighborhood of o. G(z, w) is, in particular, a @,, function of z in the neighborhood 
of every point on 0Q. 

This regularity, together with the smoothness of the components of 0€), makes 
it possible for us to apply Green's theorem. Given z and weQ with z x w, take two 
small non-intersecting circles y, and y, lying in Q, about z and w respectively. 
Call Q' the domain obtained from Q by removing therefrom the small disks bounded 
by y, and y,,: 


Figure 127 
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Denote by grad the vector gradient with respect to (č, n), where ( = č + in, and by 
‘the dot product in R?. We have 


"T "m 
| Cay A Cap end Jac 
aw on on, 


i4 t 


= | (G(C, w) grad G(C, z) ~ GK, z) grad GK, w))-n;|dC |. 
e 


Since the vector-valued function 
G(C, w) grad G(C, z) — G(C. z) grad G(C, w) 


of ( is €, in and on 1, (€, on 0Q by what was said above), we can apply Green's 
theorem to the second of these integrals, and find that it equals 


I div (G(C, w) grad G(L, z) — G(¢, z) grad G(L, w)) de dn, 
" 


where div denotes divergence with respect to (č, n). However, by Green's identity, 


div (G(C, w) grad G(C, z) — G(C, z) grad G(C, w)) 
= G(,w)V*G(, z) — GK, 2) V^ G(, w), 


where V? = 0?/0£? + 02/0g?. Because z¢Q’ and wQ’, G((,z) and G(¢,w) are 
harmonic in 6, eQ’. Hence 


V'G(,z = VGC, w) = 0,  ceQ, 


and the above double integral vanishes identically. Therefore the first of the above 
line integrals around 6Q’ must be zero. 

Now 0Q' = 0Quy,uy,, and G(C, w) = G(CGz) 20 for ¢ e 0Q. That line integral 
therefore reduces to 


0G(C, oG(C, 
i « Kew x 3 Gaye "act 
Yz Yw Ne ôn, 


which must thus vanish. Near z, G(¢,z) equals log(1/|¢—z|) plus a harmonic 
function of C; with this in mind we see that the integral around y, is very nearly 
2nG(z, w) if the radius of y, is small. The integral around y„ is seen in the same 
way to be very nearly equal to — 2zG(w, z) when that circle has small radius, so, 
making the radii of both y, and y,, tend to zero, we find in the limit that 


2nG(z,w) — 21G(w,z) = 0, 


ie., G(z, w) = G(w,z) for z, weQ. This same symmetry must then hold for the Green's 
functions belonging to finitely connected domains 2 of the kind we are considering. 
How much must we admire George Green, self taught, who did such beautiful work 
isolated in provincial England at the beginning of the nineteenth century. One wonders 
what he might have done had he lived longer than he did. 
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Once the symmetry of Green's function for finitely connected domains 9 is known, 
we can establish that property in the general case by a limiting argument. By a 
slight modification of the following procedure, one can actually prove existence 
of the Green's function for infinitely connected domains 2 — C ~ E of the kind 
being considered here, and the reader is invited to see how such a proof would 
go. Let us, however, content ourselves with what we set out to do. 

Put Ej - En[— R, R] and take Zp 2 (Cu(oo]) ^ Eg. With our sets E, Ep 
consists of a finite number of intervals, so 2, is finitely connected, and, by what 
we have just shown, G p(z, w) = Gg(w, z) for the Green's function Gg belonging to 
Dr. (Provided, of course, that R is large enough to make |Eg| 0, so that Dp has 
a Green's function! This we henceforth assume.) We have Dp 2 2, whence, for 
zwe, 


G(z,w) € Ga(z,w). 
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If we can show that 
Gg(z, w) =F G(z, w) 


for z, w e 2 as R > œ, we will obviously have G(z, w) = G(w, z). 
To verify this convergence, observe that 


Gg(z,w) < Gg(z, w) 


forz and win 2px (hencecertainlyforz, weZ !)when R' > R, because then Dz. € Dr. 
The limit 


G(z,w) = lim Gg(z, w) 
Ro 
thus certainly exists for zo we2, and is > 0. If we can prove that G(z, w) = Gz, w), 
we will be done. 

Fix any we2. Outside any small circle about w lying in 2, G(z,w) is the 
limit of a decreasing sequence of positive harmonic functions of z, and is 
therefore itself harmonic in that variable. Let xy&e E. Take R » |xo|; then, since 
0 < Gz, w) < Ga(z, w) for ze2 and Gg(z, w) —0 as z > xo, we have 


G(w)—0 = forz— xo. 


If we fix any large R, we have, for zeZ, 


0 < G(zw) < Ga(zw) = log 


+ O(1). 


Iz - wl 


Therefore, since 


G(z, w) = log 


+ O(t), 


Iz - wl 
we have 
G(z,w) € G(z,w)+O(1),  ze2. 


However, this last inequality can be turned around. Indeed, for ze and every 
sufficiently large R, 


G,(z, w) 2 G(z, w), 
from which we get 
G(z,w) > G(nw,  ze2 


on making R> oo. 

We see finally that 0 < G(z,w)—G(z,w) < O(1) for ze2 (at least when 
z x: wy; the difference in question is, moreover, harmonic in z (for ze, z # w) and 
tends, according to what we have shown above, to zero when z tends to any point 
of E = 02. Hence 


6(w)—G(zw)-2 0,  ze2, 
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ie., 
G,(z, w) =e G(z, w) 


for ze2 when R — œ, which is what we needed to establish the symmetry of G(z, w). 
We are done. 


3. Weighted approximation on the sets E 


Let E be a closed set on R, having infinite extent in both directions 
and consisting of (at most) countably many closed intervals not accumu- 
lating at any finite point. Suppose that we are given a function W(x) > 1, 
defined and continuous on E, such that W(x) — oo for x — + oo in E. Then, 
in analogy with Chapter VI, we make the 


Definition. €, (E) is the set of functions g defined and continuous on E, 
such that 


S for x— +o in E. 
And we put 
» (x) 
lOllw.e = SP W(x) 


for pef y(E). 
For A > 0, we denote by €,(A, E) the || ||,,z-closure in @y(E) of the 
collection of finite sums of the form 
x C,ei^*, 


—A&XA«A 


Also, if, for every n> 0, 


n 
wor as x— too in E, 


we denote by €,(0, E) the || ||, g-closure in € (E) of the set of polynomials. 


We are interested in obtaining criteria for equality of the @y(A, E), 
A > Q, (and of €,,(0, E)) with €, (E). One can, of course, reduce our present 
situation to the one considered in Chapter VI by putting W(x)= oo on 
R ~ E and working with the space @(R). The equality in question is then 
governed by Akhiezer’s theorems found in §§B and E of Chapter VI, 
according to the remark in §B.1 of that chapter (see also the corollary at 
the end of $E.2 therein). In this way, one arrives at results in which the 
set E does not figure explicitly. Our aim, however, already mentioned at 
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the beginning of the present chapter, is to show how the form 


| * log W,(x) 


dx, 
-o 1+x? 


occurring in Akhiezer’s first theorem, can, in the present situation, be 
replaced by 


log W. 
[5 wl) a. 
pg lox 


when dealing with certain kinds of sets E. That is the subject of the 
following discussion. Our results will depend strongly on those of the 
preceding two articles. 


Lemma. Let A >Q, and suppose that there is a finite M such that 


log|S(x)| 
vn [es SUM 


for all finite sums S(x) of the form 
a;e^* 
—AXAÀXA 
with |S |y, g <1. Then there is a finite M' such that 


log * |S(x)] ; 
(§) foa < M 


for such S with ||S|lw.e <1. 


Proof. Given a sum S(x) of the specified form with ||S |lw,z < 1, we wish 
to show that (§) holds for some M’ independent of S. Let us assume, to 
begin with, that the exponents A figuring in the sum S(x) are in arithmetic 
progression, more precisely, that 


N 
S(x) = PROS 


where h — A/N, N being some large integer. There is then another sum 
N 1 
T(x) = Y a" 
n--N 


(which is thus also of the form È .., .; .,C;e"* ) such that 


1+ S(x)S(x) = T(x)T(x) for xeR. 


This we can see by an elementary argument, going back to Fejér and 
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Riesz. For xeR, we have 


2N 
14SQ()$6) = Y e^ 


with certain coefficients y,. Write, for the moment, 


eix = G 
then 
1+ S(x)S(x) = RO), 
where 
2N 
RO = Y w^" 
n=-2N 


is a certain rational function of (. We have R(C) > 1 for |¢| = 1, so, by the 


Schwarz reflection principle, 


R(UC) = RO. 


Therefore, if «, 0 < |æ] < 1, is a zero of R(C), so is 1/8, and the latter has 
the same multiplicity as a. Also, if — m denotes the least integer n for 
which y, #0, we must have y, = 0 for n >m (sic!), as follows on comparing 


the orders of magnitude of R(¢) for ( — 0 and for ( — œ. 
The polynomial ("R(C) is thus of degree 2m, and of the form 


const. Il (C — (t -x) 
k=1 Ak 


Thence, 


RQ = C ficca r4). 
ui t 


and C > Q since R(() > 1 for |¢| = 1. Going back to the real variable x, we 


see that 
1+S()S@) = CT] e" -ae — à) 
k=1 
where 


T(x) = Cte iNhx Il (ei^* = a) 
k=1 


is of the form 


T(x)T(x), 
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N n 
Y ape”, 


n= -N 


since m < 2N. 

Once this is known, it is easy to deduce (§) for sums S(x) of the special 
form just considered with || S ||, c < 1. Take any such S; we have another 
sum T(x) of the same kind with 1 + |S(x)|? =|T(x)|? on R. Since W(x) 2 1 
on E, the condition ||S ||, c <1 implies that || T |y, c S « J2, i.e., 


I T//2\lw.e «1 
For this reason, T(x)/,/2 satisfies (*), by hypothesis. Hence 


fela < cds [ea 
E 


14x? 1+ x? 


But log| T(x)| = log J/(1 + |S(x)|?) 2 log * |S(x)|. Therefore 


log* |S(x)| 
an a Mn Nt der x A 
f, par dx < M +nlog/2 


and we have obtained (§). 
We must still consider the case where the exponents 4 in the finite sum 
Y a^ = S(x) 
-ASAgA 
are not in arithmetic progression, the condition || S ||,y, ; < 1 being, however, 
satisfied. Here, we may associate to each 4 figuring in the expression just 
written a rational multiple A' of A, with |4' — À| exceedingly small. Since 
W(x) — oo for x > + oo in E, the sum 
S'(x) ES y. a,e** 
-A<A<A 
will then be as close as we like in | |lw.g-norm to S(x) (depending 
on the closeness of the individual 4’ to their corresponding 4) In 
this way, we can get a sequence of sums S,(x) of the form in question, 
each one having its exponents in arithmetic progression, such that 
IS llw, <1 and S,(x) > S(x) u.c.c. on R. By what we have already 
shown, f,(log* |S,(x)|/(1 + x?)) dx < M + zlog /2 for each n. Therefore 


log" |S@)I 4 
—— ——,-dx < M+nlog,/2 
f, 14x? zlog V 


by Fatou's lemma. We are done. 


For the sets E described at the beginning of the present $ we can 


428 VIII A The set E has positive lower density 


establish analogues, involving integrals over E, of the Akhiezer and Pollard 
theorems given in Chapter VI, $8E.2 and E.4. These are included in the 
following theorem which, in one direction, assumes as little as possible 
and concludes that @y(A, E) c €,(E) properly. In the other, it assumes 
the proper inclusion and asserts as much as possible. 
For zeC, denote by W, p(z) the supremum of |S(z)| for the finite sums 
Sz) = Y ac” 
-ASASA 

with ||Sllw.e<1. (If we agree that W(x)& oo on R~E, W, ,(z) and 
€ (A, E) reduce respectively to the function W ,(z) and the space @y(A) 
already considered in Chapter VI, §§E.2ff.) 


Theorem. Let E be one of the sets described at the beginning of this §, the 
conditions involving the four numbers A, B,Ó and A being fulfilled. If, for 
some C >Q, the supremum of 


logis) a, 
E 1 +x? 


for all finite sums 


S(x) = a,e** 
-CASC 
with | Sly. £ <1 is finite, then € (C, E) c @y(E) properly. 
If, conversely, that proper inclusion holds, then 


| log We, g(x) 
E 


13x dx « oo. 


Proof. All the work here is in the establishment of the first part of the 
statement. 

Define W(x) on all of R by putting it equal to oo on R~ E. This makes 
it possible for us to apply results about €,(C) from Chapter VI, 
$E, in the present situation. According to the Pollard theorem of 
Chapter VI, $E.4, and the remark thereto, we will have €,(C) x @(R) as 
soon as W,(i) < oo; in other words, € (C, E) # €,,(E) provided that 


Weli) < oo. 


We proceed to show this inequality, using the results of articles 1 and 2. 
According to the lemma, our hypothesis for the first part of the theorem 
implies that 


log * | S(x)| 
* ^ 
M pum dx < M' < o 
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for all sums S(x) of the stipulated form with ||Silw.e< 1. 
We have 


E = Ù Lan — Ôn, a, + Ôn], 


where 
0«A4-«4,,,—a, < B, 
0< ô< ô <A. 


Given any finite sum 
Sz) = Y ae” 


-C«xÀ«C 


with ||S ||, z <1, let us put 


6/2 
vez) = Al log* |S(z + t)|dt 
- 6/2 


(using the ô associated to E by the above inequalities). The function vs(z) 
is then continuous and subharmonic in the complex plane. Obviously, 


|S(z)| € const.e 
(the constant may be enormous, but we don't care!), so 
(t) vz) < O(1)+ CISzl, zeC. 

Put now 


o 5, 6 
E = m On | 
mp QUINT J 


On the component 


u à, Ôn 
E, = [a-3 s 


of E' we have 


vs(x) < ; L log* |S(t)| dt, 
where (as usual) 

E, = [a, ôns an+ On). 
Denoting the right side of the previous relation by v,, we have 
(88) vx) < v,, xeE, 


The set E' (like E) is one of the kind specified at the beginning of the 
present $ the numbers A, B, 6/2 and A/2 are associated to it. The 
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|» results of the previous two articles are therefore valid for E' and the domain 
@' =C ~ E'. We can, in particular, apply Carleson's theorem from article 1. 
Assume, wlog, that 


] ô ô 
0 EO = (a. «5. s -) 


Then, if we denote by w;,(z) the harmonic measure of E, in 2' (as seen from z), 
that theorem tells us that 
Li < c = ns: 
(0) 1+n? 
with a constant K depending on A, B, 6/2 and A/2. By Harnack’s theorem, 
there is thus a function K(z), continuous in Z', such that 
K(z) 


oz) < TEn? 


ze2' 


(see discussion near the beginning of $B.1, Chapter VII). 
Using properties (1) and (ii) from the beginning of this $ we see that the 
quantities v, introduced above satisfy 


v, log* |S(t)] 
< ———;- at, 
itn S |: 1+0? 


a being a certain constant depending only on the set E. Combined with 
the previous estimate, this yields 


log* |S(o)| 


ep dt, ze, 


v0, (z) < aK(z) | 
En 


so, for the sum 


oo 


P(z) = Y ww. 


we have 
(tt) P(z) < aM’K(z), ze d", 


by virtue of (2). 

Because |S(x)| is bounded on R, the v, (which are > 0, by the way) are 
bounded. The series used to define P(z) is therefore u.c.c. convergent, so 
that function is continuous up to E' — 02' as well as being positive and 
harmonic in Z'. On the component E, of E', P(x) takes the constant value 
v,. Hence the function 


vs(z) — P(z) 
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is subharmonic in 9’ and continuous up to E', where it is < 0 by (§§). It is, 
moreover, < O(1) + C|Sz| by (t). 

Now according to Benedicks’ theorem (article 2), a Phragmén-Lindelof 
function Y(z) is available for 2’. The function 


vs(z) — P(z) — CY(z) 


is subharmonic and bounded above in Z' and continuous up to E' = 09’ 
where it is <0. It is thence <0 throughout 9’ by the extended maximum 
principle (Chapter III, $C). Referring to (tt), we see that 


(f) vs(z) < aM’K(z)+CY(z), ze@’. 


Let p=min(4, 5/2). Since log* |S(z)| is subharmonic, we have 


1 
log*|S()] < —; f log* |S(z)|dx dy. 
Tp \z-il<p 


E 0 E 


Figure 128 
The integral on the right is 
1 1+p (d/2 ó 1*p 
X —;, log* |S(x - ip|dxdy = zl vs(iy)dy. 
np? is ie np? Ji-p 5 
Plugging (1) into the last expression, we obtain 
ô ltp 
log* |S(i)| < =| (aM’K(iy) + CY(iy)) dy. 
mp 1-p 
This, then, is valid for any finite sum S(z) of the form 


iàz 


ae 
-C«xÀ«C 
with | S], < 1. 
The right side of the inequality just found is a finite quantity, dependent 
on M' and C, and on the set E (through a, K(iy) and Y (iy) ); it is, however, 
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completely independent of the particular sum S(z) under consideration. 
Therefore Wç £(i), the supremum of |S(i)| for such sums S with [S || y c < 1, 
is finite. This is what we needed to show in order to infer the proper 
inclusion of € (C, E) in €, (E). The first part of our theorem is thus proved. 

There remains the second part. That, however, is not new! Putting, as 
before, W(x) equal to oo on R ~ E, which makes €,,(C, E) coincide with 
the subspace €,(C) of €,,(R) considered in Chapter VI, $E, we have, 
in the notation of that §, 

M 
~~» 1+x? 

if @y(C) x €,(R), according to Akhiezer’s theorem (Chapter VI, §E.2). 
Our function Wc g(x) is simply W(x). Hence, since E € R (!), 


| log We, x(x) 
E 


Lex dx « oo 


when @y(C, E) # €,(E). 
The theorem is completely proved. We are done. 


Remark. 1f we do not assume anything about the continuity of a weight 
W(x) 2 1 defined on E, it is still possible to characterize the equality of 
€,(C, E) with €,(E) by an analogue of Mergelian’s second theorem 
involving an integral over E. The establishment of such a result proceeds 
very much along the lines of the proof just finished, and is left to the reader. 


Problem 18 

Let E be a closed set on R of the kind specified at the beginning of this 
$. Show that there are two constants a, b, depending on E, such 
that, for any entire function f(z) of exponential type < C, bounded on 


R, we have 

oo l 1 2 l 2 

| og(1 * |./ (x)] ) ix <aC + oÍ og(1 +| f(x) Jaz 
e 14x? E 14x? 


(Hint: One may apply the third and fourth theorems from Chapter III, 
$G.3, and reason as in the above proof. Another procedure is to 
use the proof of the lemma in §E.1 of Chapter VI so as to first 
approximate f (z) by finite sums S(z) of the form considered above, having 
exponents in arithmetic progression.) 


If W(x), continuous and > 1 on E, is such that 


X . 
wo? for x— tœ in E 
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and n= 1,2,3,..., we denote by Wo ,(z) the supremum of |P(z)| for all 
polynomials P with ||P |lw,£ <1. 


Theorem. Let E € R be a set of the kind specified at the beginning of this 
8, and let W(x), continuous and 21 on E, tend to œ faster than any 
power of x as x ^ + oo in E. 

If, for polynomials P(z) with ||P||y.z < 1, the integrals 


| Soa 
qu. 9X 
E l+x 


are bounded above, then € w(0, E) is properly contained in € (E). 
If € w(0, E) is properly contained in @ y(E), then 


f log Wo x(x) 
E 


fae dx « oo. 


Proof. The second part reduces (as at the end of the preceding demonstra- 
tion) to a known result of Akhiezer (in this case from §B.1, Chapter 
VI) on putting W(x) 2 oo on R~ E. Hence only the first part requires 
discussion here. 

According to Pollard's theorem (Chapter VI, §B.3), proper inclusion 
of @,,(0, E) in @y(E) will certainly follow if the integrals 


F log(1 + IPI) iy 


s 14x? 


are bounded above for P ranging over the polynomials with || P || y, c < 1. 
It is therefore enough to show this, under the assumption that 
log| P(x)| 
ra, NER < M, , 
I 4 dx say 
for any polynomial P with ||P |lw,£ < 1. 
We may, first of all, argue as in the proof ofthe above lemma to conclude 
that our assumption implies a seemingly stronger property: we have 
log(1 + |P(x)|? 
Í aoc Anal CE < 2M + nlog2 
E 1+x 
for the polynomials P with ||Pllw z< £1. The proof will therefore be 
complete if we can verify that 


co) 2 1 1 2 
poet FIFO ) ax Ed og( EO) ) ax 
as 1+x E 1+x 


v 
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for polynomials P, b being a certain constant depending on the set E. 
This we do, using the result of problem 18. 
Take any polynomial P, of degree N, say. With an arbitrary y >0, put 


| fsinnz\ ,, 
fa) = (E) P(z); 


falz) is then entire, of exponential type Nn, and bounded on R. By problem 
18, we thus have 


F log (1 + | f,(*)1?) 


dx. 
ud 14x? 


log (1 2 
dx < aNq + pf sts un 
E 1+x 


Here, | f,(x)| <|P(x)| on R and f,(x) — P(x) as n>0, so the desired 
inequality follows on making 7-0. We are done. 


4. What happens when the set E is sparse 


The sets E described at the beginning of this § have the 
property that 


JEQI|/[I| 2 c > 0 


for all intervals 1 on R of length exceeding some L. In other words, their 
lower uniform density is positive. One suspects that the continual occurrence 
of the form dx/(1 + x?) in the integrals over E figuring in the preceding 
article is somehow connected with this positivity. As a first step towards 
finding out whether our hunch has any basis in fact, let us try to see what 
happens to the form dx/(1 -- x?) when E becomes sparse. We do this in 
the special case where 


E = |J) [a,—6, a, +ô] 
n= -= 0 
with a, = |n|? sgn n and p > 1. This example was worked out by Benedicks 
(see his preprint), and all the material in the present article is due to him. 
In order that there may be no doubt, we point out that the sets E now 
under consideration are no longer of the sort described at the beginning of 
the present §. 


Lemma. Let S be the square 
{(x, y): -a<x<aand —a<y<da}, 


and denote by H the union of its two horizontal sides, and by V the union of 
its two vertical sides. Then, if —a < x <a, 


ws(H, x) < ws(H, 0) 
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and 
as(V, x) 2 ws(V, 0), 
where, as usual, ws( ,z) denotes harmonic measure for S. 


Proof (Benedicks) Let, wiog, 0<x «a and consider the harmonic 
function 


A(z) = ws(H, z) = Os(H,z + Xo) 
defined in the rectangle 


T = {(x,y): —a<x<a-— xand —a<y<a}, 


Figure 129 


It is clear by symmetry that, for zes, w(H,z)=,(H,2Z), and also 
w(H,x +iy)=a(H,—xtiy). Therefore A(—ixg-iy)-0 on the 
vertical bisector of T (see figure). Again, on T's right vertical side, 

A(a— xg iy = Ws(H,a— xg t iy) — os(H,a + iy) 
os(H,a— xg iy > 0 


li 


(and similarly, on the opposite side of T, 
A(—a-ciy = —w;(H,—a + xo iy) < 0). 


It is clear on the other hand that A(z)=0 on the top and bottom sides 
of T (1 — 1 — 0). By the principle of maximum we thus have A(z) 2 0 in 
the right half of T; in particular, 


A(0) = «s(H,0)— ws(H,xo) 2 0, 


and œws(H, xo) < œs(H,0), proving the first inequality asserted by the 
lemma. 
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The second inequality follows from the first one because 
o(H,z)+@(V,z) = 1 
in S and clearly w,(V, 0) = ws(H,0). We are done. 
Lemma (Benedicks). Let E € R be any ‘reasonable’ closed set ( for instance, 


a finite union of closed intervals), let S be the square of the preceding lemma, 
and put 


Q = Sn-E. 


If H denotes the union of the two horizontal sides of S and V that of the 
vertical ones, we have 


O9(V,0) < cg(H,0) 


for the harmonic measure wal ,z) associated with the domain Q. 


Figure 130 


Proof. By a formula derived near the end of $B.1, Chapter VII, for zeQ, 


@(H, z) = Os(H, z) > [ ost Daoa 
E 


@(V,z) = cs(V,z) — [ os. dod. 
E 


From the previous lemma, 
@s(H,6) < ws(H,0) = as(V,0) < cg(V,&) 


for real € lying in S; in particular, for če E. Substituting this relation into 
the preceding ones and then making z = 0, we get wo(V,0) < w.(H, 0). 
QED. 
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Corollary. In the above configuration, 
(08,0) € 2m (H,9). 
Proof. Clear. 


Lemma. Let p> 1 and put 


E = |) [nP sgan- ô, |nl"sgnn 6], 


n-o 


ó 7 0 being taken small enough so that the intervals figuring in the union 
do not intersect. With xo >0, let S,, be the square 


Xo 2*8. X0 Xo 
[gx 2^ Sexe 
and Q,,, the domain 


S, ~ E. 


For large xo, the harmonic measure œo, ( — ,z) associated with Q.,, satisfies 


log xo 


Wo, (0S, Xo) < const. xir 


Proof (Benedicks). By use of a test function and application of the 
preceding corollary. 


Note: £ is not shown to scale 


Figure 131 
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The function z!/? (taken as positive on the positive real axis) is analytic 
for Rz > 0; so, therefore, is 
sin mz?! 


In Rz > 0, this function vanishes only at the midpoints n” of the intervals 
making up E, and, at x =n’, 
d(sinzx'?) - (-1y a 
dx a p? E 


This means that, if we take xg >Q large and put C, = 1/x(f - 1P, we have 
[sin zx'/^| 2 kCoó for x outside E on the interval (x9/2, 3x9/2), k 0 
being a constant depending on p, but independent of x, and ô. Recalling 
the behaviour of the Joukowski transformation 


w — w+.,/(w?—1), 
we see that for a suitable definition of vA the function 
sin zz!" sin? nz» 
dep C i car i) 
is positive and harmonic in Q,,. 


For this reason, when xERNQ,,, 


v(x) 2 inf wc) Gg. (H, x), 
teH 


v(z) = log 


H denoting the union of the two horizontal sides of 0S,,. However, 
v(( > const.xi/? for (eH 
as is easily seen (almost without computation, if one refers to the above 


diagram). Also, 


2 
v(x) < log 165 = (1— 1/p)logxg + O(1), xeRoQ0,. 
0 


Therefore 


log x 
wg (H,x) < const. 79. xERNQ,,. 
xo Xo 
Since x, lies at the centre of the square $,,, the corollary to the previous 
lemma gives 


Mg, (08, xo) < 20g, (H, xo). 


Combining this and the preceding relations, we obtain the desired result. 
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Theorem (Benedicks). Let G be the Green’s function for the domain 


2 = C~E = C~ |) [Inl"sgnn—Ó, [nl"sgnn +ô], 
where p > 1 and 6 > Q is small enough so that the intervals in the union do not 
intersect. 
Then, for real x of large modulus, 


log |x| 


G(x,i) < Cryer nie? 


with a constant C depending on p and 6. 


Proof. G(z,i) is certainly bounded above- by M say- in the sector 
(0 <|3z| < Rz}. Given x, > 0, the square $,, considered in the previous 
lemma lies in that sector, so G(C,i) « M on 0S,,. G(z,i) is, moreover, 
harmonic in Q,, S 2 and zero on E, whence G(x,, i) < Mc. (Sx xo). By 
the last lemma we therefore have ° 


log|xo| 
xolt? 


(*) G(xo,i) € const. 


for large xo > 0. 

Benedicks' idea is to now use Poisson's formula for the half plane, so 
as to improve (*) by iteration. Take any fixed « with 0 « a « 1/p. Then 
(*) certainly implies (by symmetry of E) that 


c t. 
G(x,i) < on xeR, 


S xt? 
G(x,i) being at any rate bounded on the real axis. The function G(z, i) is 
in fact bounded and harmonic in 3z < 0, so 


|z- t|? 


G(z,i) = an Ra G(t, i) dt, Sz «0. 


Plugging in the previous relation, we get 


G(z,i) < const. [ ly 2 y«0. 


-Sx-0 ry. xr 
Let, wlog, x 7 0. Then, the integral just written can be broken up as 

1, + fuss Since (7 (lyl/((x — 0? + y?))dt = 7, the second of these 

terms is obviously O(x~*) for large x. The first, on the other hand, is 


4 
ly m 


< const.— 
B x? +4y? 


> 
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so, all in all, 
G(z,i) < const.|x|~* 


for0>y>—|x|, |x| being large. 

The inequality just found remains true, however, for 0 < y < |x|, in spite 
of the logarithmic singularity that G(z,i) has at i. This follows from the 
fact that 0 < a < 1/p < 1 and the relation 


zt+i 
z—i 


G(z, i) — G(Zi) = log 


To verify the latter, just subtract the right side from the left. The difference 
is harmonic in 3z >0 and bounded there (the logarithmic poles at i cancel 
each other out). It is also clearly zero on R, so hence zero for 3z > 0. For 
large |z|, logl(z + i)/(z — i) = O(1/|z|), and we see that 


G(z,i) < const.|x| * for 0<|y| «x 


since this inequality is true for 0 > y > — |x|. 
Suppose that x, > 0 is large; we can use the previous lemma again. By 
what has just been shown, 


G(f,i) < const.|xg| ^ KTN 
Arguing as at the beginning of this proof, we get 


i - log|x 
G(x9, i) < const|xo|"*eg (0$, xo) < const. d 1a 
i 1Xol*Ixol 
Hence, since 0 < «< 1/p, we have 


const. 


G(xi) < —;,——, 
051) S 21 


xeR. 

The exponent a in the inequality we started with has been improved to 2a. 
If now 2a < 1, we may start from the inequality just obtained and repeat 

the above argument, ending with the relation 


const. 


G(x,i) € —;——, 
(59 < i 


xeR. 


The process may evidently be continued so as to yield successively the 
estimates 


const. 


G yl < ac me V 
œd) < Fi 


xeR, 


with n —3,4,..., as long as (n — 1)a < 1. Choosing a, 0 « a « 1/p, to not 
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be of the form 1/m, m=1,2,3,..., we arrive at an estimate 


const. 
* G(x,i) € ——., xeR, 
@ Gai) < L7 
where na is the first integral multiple of « strictly > 1. 
Because the exponent na in (£) is > 1, we have 


| G(t,i)dt < oo. 


70 


As before, for y « 0, we can write 


17 iy 1 Iyl 
G(zi) = — G(t, i) dt — G(t, i) dt. 
(z, i) ;[ ae (idt + NE (t, i) d 
For |t|<|x|/2, |yl/Iz t|? < 1/Ix|, so the first term on the right is 
<const./|x| in view of the preceding relation. The second is 
< const./|x|"* = o(1/|x|) by (£). Thence, for |x| large, 


const. 
G(zi < ——, <0. 
) Ixi y 
Using the relation 
Gic) co s sts 
i-z 
as above, we find that in fact 
. t. 
G(zi) < ae for |z| large. 


Take this relation and apply the preceding lemma one more time. For 
large xo, we have 


G(¢,i) < const./x, on O$,,. 
Therefore 


const. const.log xo 
Mg, (08, xo) < Cpu a 


G(xo,i) < 


This is what we wanted to prove. 
We are done. 


Corollary. A Phragmén- Lindelóf function Y (z) exists for the domain 


C~ |J) [Inl?^sgnn —ó, |nl"sgnn + ô]. 


n= -o 
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Proof. By the theorem, we certainly have 


| G(x, i)dx < oo. 


— o0 


The result then follows by the second theorem of article 2. 


Remark. Although the theorem tells us that, on the real axis, 


log|x| 


G(x, i) < Sonko TFTP 


when |x| is large, the inequality 


|x| 
valid for |z| large, obtained near the end of the theorem’s proof, cannot 


be improved in the sector 0 < |y| < |x]. 
Indeed, since G(t,i) 2 0 we have, for large |x|, 


^ s |x| , 
G(x — i|xl, i) = [Baten 


4 Ixi/2 4 œ 
2 = ,l ~ ———— ,i)dt. 
xul G(t,i)dt i3aixi NC i)dt 


- |xi/2 
A better bound on G(z i) can be obtained if |y| is much smaller than 
|x|. The following result is used in the next exercise. 
Lemma. For large |x], 


log|x| 


G(z,i) < const. "iri 


0«|y| «xp 717. 


Proof. Taking wlog x >0, consider first the case where y «0. By the 
theorem, 


1|” yl : 
G(z, 1) = Jj napar oe 
? ly log" [t| + 1 
< const [^ Oe an 


As usual, we break up the right-hand integral into 


x/2 
Saja lr x/2 


The first term is < const.|y|/x? (because 1+1/p>1 !), and this is 


4 What happens when E is sparse 443 


< const./x! * "P for |y| & x! "^, The second term is clearly 


const.log x 
= 1+i/p 


x 
This handles the case of negative y. 
For 0< y < x! ^'^, use the relation 


z+i 


z—i 


G(z,i) — G(5i) = log 


already applied in the proof of the theorem. Note that the right hand side is 


1+(i/2)\ _ 32 a 
stloe( 1242) zi of) 


for large |z|. For 0 < 3z < |x|! ^ ^, this is 


< const. PEG z 


The lemma thus follows because it is true for negative y. 


In the following problem the reader is asked to work out the analogue, 
for our present sets E, of Benedicks’ beautiful result about the ones with 
positive lower uniform density (Problem 16). 


Problem 19 


If t is on the component [n? — 6, n? + 6] of 


2 = C~ |] flkl^sgnk—ó, |kl’sgnk + 6], 


- 00 


show that 
dos(t, i) const — 1 
dt ` geltieg (8? —(r— ny) 


where wo({ ,z) denotes harmonic measure for 2. Here, the constant 
depends only on p> 1 and 6>0. 


Remark. The result is due to Benedicks. We see that the factor log|t| in 
the estimate for G(t, i) furnished by the above theorem disappears when 
we evaluate harmonic measure. 


Hint for the problem: One proceeds as in the solution of Problem 16, 
here comparing G(z, i) with 


t ey) 


U(z) = log 
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on the ellipse I, with foci at n? + ô and semi-minor-axis equal to n? ^ !ó: 


Figure 132 


By Problem 19, we have, for the harmonic measure of the component 
E, = [In|l?sgnn —ó, |n|l?sgnn + ô] 
of E = 02, 


4 const. 
(E,, i) < 


MESE 


Using this estimate, one can establish a result corresponding to the first 
part of the first theorem in article 3. 


Theorem. Let W(x) 2 1 be continuous on 
E = \ [Inl"sgnn — 6, |nl"sgnn + ô], 


and suppose that W(x) — œ for x —^ + oo in E. If, for some C >Q, the 
supremum of 


log|S(t)] 
rr dt 
E PIT 
for S ranging over all finite sums of the form 
St) = Y a" 
-C&À«C 


with |S llw, g < 1 is finite, then €, (E, C) # €*(E). 
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Proof. We have the above boxed estimate for the harmonic measure (in 
2 = C ~ E) of the components of E, and a previous corollary gives us a 
Phragmén-Lindelóf function Y(z) for 2. Using these facts, one proceeds 
exactly as in the proof of the first theorem of article 3. 


Remark. The sparsity of the set E involved here has caused the form 
dt/(1 + t?) occurring in the result of article 3 to be replaced by 
dt/(1 + |t]! * 1P). 


Remark. The statement of the above theorem goes in only one direction, 
unlike that of the corresponding one in article 3. There, since we were 
dealing with the restriction of the form dt/(1 + t?) to E, we were able to 
obtain a converse by simply appealing to Akhiezer’s theorem from §E.2 
of Chapter VI. In the present situation we can't do that, because we are 
dealing with dt/(1 + |t|! * ^) instead of dt/(1 + t°), and 1/p < 1. It would 
be interesting to see whether (as seems likely) the converse is true here. 

In case W(x) — oo faster than any power of |x| as x > + œ in E, we 
can formulate a result like the above one for polynomial approximation 
on E in the weight W. The statement of it is exactly like that of the first 
part of the second theorem in article 3, save that the integrals 


[ logi Po) dx 
pg l+x 
figuring there are here replaced by 
log| P(x)| m 
" 1 + |x|? +1/p * 


The proof runs much like that of the result in article 3. Details are left to the 
reader. 


B. The set E reduces to the integers 
Consider the set 
E, = U [n—- p, n+p], 
where 0€ p<}. If p 0, the results of §§A.1-A.3 apply to E, and 


there is, in particular, a constant b, such that the inequality 


F log(1 + | POI?) 4 P a log(1 + | PCI?) 


dx, 
PER 14x? 14x? 


used in proving the second theorem of $A.3, holds for polynomials P. 
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For this reason, given any M, the set of polynomials P such that 


» 
| log IPOD a <M 
2 1+x 


forms a normal family in the complex plane. 

Suppose now that p = 0. Then E, = Z, and the proof in §A of the above 
inequality involving b,, available when p > 0, cannot be made to work so as 
to yield a relation of the form 


foe) 2 oo 2 
log(1 IEG) ) ax «c log(1 + | P(n)]*) 
m 1+x 1+n? 


aM 


That proof depends on the properties of harmonic measure for 2, = C ~ E, 
worked out in §A.1 (for p > 0); there is, however, no harmonic measure for 
2D =C ~ Z. This makes it seem very unlikely that the set of polynomials P 
satisfying 


+ 
log" | P(n)| <M 
1+ nr? 


qued 


for arbitrary given M would form a normal family in the complex plane, and 
it is in fact easy to construct a counter example to such a claim. 
Take simply 


N x? 
Py(x) = (1 — xmm [T (17 
k=1 k 


for N 22, with [p] denoting the greatest integer < p as usual. Then it is 
not hard to verify that 


x log* |Py(n)| 
SE NE 28 
(*) 2 EF 20 forN>8 


At the same time, 


Py(i) 2 2MM —, oo. 


Problem 20 
Prove (x). 

TE - ae N 9 log(m-1) 
(Bin... 8 |Py(n)| < Fea SS 


2 
n=N+1 n 
N 


o ] 
t b» =| È log 
n=N+1 Lk 


=1 


-1 


li 


After replacing the sums on the right by suitable integrals and doing 


n 
m 
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some calculation, one obtains the upper bound 

2 Ex +1\d 
pee eer as 
log N 1 $—1/46 


Here, the integral can be worked out by contour integration.) 


This example, however, does not invalidate the analogue (with obvious 
statement) of Akhiezer's theorem for weighted polynomial approximation 
on Z. In order to disprove such a conjecture, one would (at least) need 
similar examples with the number 20 standing on the right side of (*) 
replaced by arbitrarily small quantities >0. No matter how one tries to 
construct such examples, something always seems to go wrong. It seems 
impossible to diminish the number in (*) to less than a certain strictly 
positive quantity without forcing boundedness of the |Py(i)|. One comes 
in such fashion to believe in the existence of a number C » 0 such that 
the set of polynomials P with 

= log* |P(n) 


«C 
£ icm ^ 


does form a normal family in the complex plane. 

This partial extension of the result from $A.3 to the limiting case 
E, — Z turns out to be valid. With its help one can establish the complete 
analogue of Akhiezer's theorem for weighted polynomial approximation 
on Z; its interest is not, however, limited to that application. The extension 
is easily reduced to a special version ofit for polynomials P ofthe particular 


form 
P(x) = ne -5) 


k k 


with real roots x, > 0, and most of the real work is involved in the treatment 
of this case, taking up all but the last two of the following articles. The 
investigation is straightforward but very laborious; although I have tried 
hard to simplify it, I have not succeeded too well. 

The difficulties are what they are, and there is no point in stewing over 
them. It is better to just take hold of the traces and forge ahead. 


1. Using certain sums as upper bounds for integrals 
corresponding to them 


Our situation from now up to almost the end of the present § is as 
follows: we have a polynomial P(z) of the special form 


z? 
P(e) = (1-3). 


k k 
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where the x, are >O (in other words, P(z) is even, with all of its zeros 
real, and P(0) = 1), and we are given an upper bound for the sum 


2 log*|P(m)| 
Pa ee 1+m C 


or, what amounts to the same thing here, for 
$ L log* |P(m)| 
1 m? g f 


From this information we desire to obtain a bound on |P(z)| for each 
complex z. 

The first idea that comes to mind is to try to use our knowledge about 
the preceding sum in order to control the integral 


d log* |P@)| , 
25 dx 


X; 


we have indeed seen in Chapter VI, §B.1, how to deduce an upper 
bound on |P(z)| from one for this integral. This plan, although probably 
too simple to be carried out as it stands, does suggest a start on the study 
of our problem. For certain intervals I c (0, oo), 


[ log|PO) jx 
I 


x2 


is comparable with 


log*|P(m)| 
meInZ m? 
We have 
d? log| P(x)| x? +x} 
ar er < O 


so log|P(x)| is concave (downward) on any real interval free of the zeros 
+x, of P. This means that, if a <b and P has no zeros on [a, b], 


b 
f log|P(x)|dx < (b — a)log|P(m)| 


for the midpoint m of [a, b]: 
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log | P(x)| 


Figure 133 


Of course f2log| P(x)|dx is not the integral we are dealing with 
here. If, however, a>0 is large and b — a not too big, the presence of 
the factor 1/x? in front of log|P(x)| does not make much difference. A 


similar formula still holds, except that m is no longer exactly the midpoint 
of [a, b]. 


Lemma. Let 0<a<m<pb, and suppose that P has no zeros on 
[a, b). Then 


^log|P(x)| > dx 
f — A < tegi Pimp | EE 


provided that 


Proof. Let M denote the slope of the graph of log|P(x)| vs. x at x =m. 
Then, since log| P(x)| is concave on [a, b], we have there 


log| P(x)|_ < log|P(m)| + M(x — m) 


(see the previous figure). Hence 


^log| P(x s dm 
I BPO ay « tegi Pm | z + « [2-5 )e 


x 
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The second term on the right is 


Mlog? -— »(2-5). 


and this is zero if the boxed condition on m is satisfied. Done. 


We will be interested in situations where the number m figuring in the 
above boxed relation is a positive integer, and where one ofthe two numbers 
a, b (a <m <b) is to be found, the other being given. Regarding these, 
we have two estimates. 


Lemma. If m 27 and m—1xa m, the number b 2 m such that 


gee 
0857 a 


ERU 
b 


is < m+2. 


Proof. Write p= a/b; then Oc pl, and the relation to be satisfied 
becomes log(1/p) =(m/a)(1 — p). If a — m, this is obviously satisfied for 
p=1,ie., m = b; otherwise 0 < p < 1, and we have 


ibe 
m 5, 
a 1-p 


Now 
1 
log. = I-pcri - pf +30- p+, 


so the preceding relation implies that 


7 2 1+4(1—p), 
a 
i.e., 
m—a 
1—p < X 
p<2 2 
and 
3a — 2m 
> s 
a 
Therefore 
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and 


(2m — a)(m — a) m+1 
—m < —— ———— < —. 
i a RES = m—3 


Here the right-hand side is <2 for m 27. We are done. 


Lemma. If m>2 and m<b<m+1, the number a <m such that 


Proof. Put p=a/b as in proving the preceding lemma; here, it is also 


convenient to write 


18 


y = 
Then 0 < p < 1 and 0 < y < 1. In terms of y and p, our equation becomes 
1 y 
log- = = — y. 
g p r y 
When y « 1, we must also have p < 1, and then 


_ Plog(1/p) 
1-p ` 
This yields, for 0 « p « 1, 


dy  log(i/jp-(1—5) — 


dp (1 — pf 
Hence, since the value y = 1 corresponds to p = 1, we have, for 0 « y « 1, 


i1—p) < 1—y 


iriü-p-riü-p!--- 2. 


p 2 1-—2(1-y). 
It was given that m = b =m + 1, so 


1 EE eel 1 
m b ^ ml 


(the middle term here is a monotone function of b). Therefore, by the 


452 VIII B The set E reduces to the integers 


previous relation, 


qued 
pog m+1’ 
and finally, 
2m 
= pb 2 2 m——— —2 
a p pm ni >m 


We are done. 


Theorem. Let 6<a< b. There is a number b*, b < b* <b + 3, such that 


2 log*|P 
Í e 9l, <5 og | (m) 


2 
a«m«b* m 


provided that P has no zeros on [a, b*]. The sum on the right is taken over 
the integers m with a<m<b*. 


Definition. During the rest of this $, we will say that b* is 


well disposed with respect to a. 


Proof. By repeated application of the first two of the above lemmas. 
Let the integer m, be such that m, — 1 <a < m;; then m, 2 7, so, by 
the second lemma, we can find a number a}, m, <a, <m, +2, with 
lg? = "om 
a a a, 
We have a, <a + 3, so, since b >a, a, <b+3. 
By the first lemma, if P(x) is free of zeros on [a, a,], 


^! log| P(x “dx 
f e Jax < logiPny f ae 


a 


Here, a, — a € 3 and m,/a € 2, so 
rS Tp 
25 2* 
a x m; 


Therefore, 


a1 + 
{ loglPOD gy < Slog Pon) 
a x m; 
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If now a, >b, we simply put b*=a, and the theorem is proved. 
Otherwise, a, < b and we take the integer m, such that m; — 1 < a, < m;. 
Since a, » m, m, >m, and we can find an aj, m, «a, <m, +2, with 


We have a, <a, - 3 « b +3, and, by the first lemma, 
a logi PO) 
x? 


a1 


PE log* |P(m;)| 


m 


dx < log|P(m;)| rs 


just as in the preceding step, provided that P has no zeros on [a,, a;]. 

If a, > b, we put b* =a). If not, we continue as above, getting numbers 
4427 d5, 047 a4, and so forth, a, , € a, + 3, until we first reach an a, with 
a, 2 b. We will then have a, < b + 3, and we put b* = a,. There are integers 
m, Mm, <m, < «m, with a, -, «m, « a,, k=3,...,l, and, as in the 
previous steps, 


[ logiPG)l,. < Slog*|P(m)| 


2 T 2 
[2 x m, 


for k —3,...,1, as long as P has no zeros on [a,. ,, a]. 
Write a, =a. Then, if P has no zeros on [a, b*] = [ao, aj], 


> log|P * log|P9] 4 
| og| acl di S log|P(x)| 


a x k=1 x? 
ETAT < Y 5log* |P(m)| 
k=1 me a<m<b* m? 
meZ 


We are done. 


In the result just proved, a is kept fixed and we move from b to a point 
b* well disposed with respect to a, lying between b and b+ 3. One can 
obtain the same effect keeping b fixed and moving downward from a. 


Theorem. Let 10 € a « b. There is ana*, a—3 < a* <a, such that b is well 
disposed with respect to a*, i.e., 
log* |P(m)| 


* log| P. 


a* x a*«m«b m 


provided that P(x) has no zeros on [a*, b]. 

The proof uses the first and third of the above lemmas, and is otherwise 
very much like the one of the previous theorem. Its details are left to the 
reader. 
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2. Construction of certain intervals containing the zeros of P(x) 


We have seen in the preceding article how certain intervals 
I € (0, oo) can be obtained for which 


i los POI gy < 5 y log" LP) 

I x mel m 
as long as they are free of zeros of P. Our next step is to split up (0, oo) into 
two kinds of intervals: zero-free ones of the sort just mentioned and then 
some residual ones which, together, contain all the positive zeros of P(x). 
The latter are closely related to some intervals used earlier by Vladimir 
Bernstein (not the S. Bernstein after whom the weighted polynomial 
approximation problem is named) in his study of Dirichlet series, and it 
is to their construction we now turn. 

> Asis customary, we denote by n(t) the number of zeros x, of P(x) in the 
interval [0, t] for £2 0 (counting multiplicities as in Chapter IIT). When 
t « 0, we take n(t) = 0. The function n(t) is thus integer-valued and increasing. 
It is zero for all t > 0 sufficiently close to 0 (because the x, > 0), and constant 
for sufficiently large t (P being a polynomial). 

The graph of n(t) vs. t consists of some horizontal portions separated 
by jumps. At each jump, n(t) increases by an integral multiple of unity. In 
this quantization must lie the essential difference between the behaviour 
of subharmonic functions of the special form log| P(x)| with P a polynomial, 
and that of general ones having at most logarithmic growth at oo, for 
which there holds no valid analogue of the theorem to be established in 
this §. (Just look at the subharmonic functions nlog|P,(z)|, where 
n 7 0 is arbitrarily small and the Py are the polynomials considered in 
Problem 20.) During the present article we will see precisely how the 
quantization affects matters. 

For the following work we fill in the vertical portions of the graph of 
n(t) vs. t. In other words, if n(t) has a jump discontinuity at tọ, we consider 
the vertical segment joining (tg, n(tg —)) to (to, n(tg +)) as forming part 
of that graph. 

Our constructions are arranged in three stages. 


First stage. Construction of the Bernstein intervals 
We begin by taking an arbitrary small number p > 0 (requiring, say, 
that p « 1/20). Once chosen, p is kept fixed during most of the discussion 
of this and the following articles. 
Denote by © the set of points tọeR with the property that a straight 
line of slope p through (to, n(to)) cuts or touches the graph of n(t) vs. t only 
once. © is open and its complement in R consists of a finite number of 
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closed intervals Bo, B,, Bz,... called the Bernstein intervals for slope p 
associated with the polynomial P(x). (Together, the B, make up what V. 
Bernstein called a neighborhood set for the positive zeros of P — see page 
259 of his book on Dirichlet series. His construction of the B, is different 
from the one given here.) It is best to show the formation of the B, by a 
diagram: 


V—— B, —— — — t 


Figure 134 


We see that all the positive zeros of P (points of discontinuity of n(t)) 
are contained in the union of the B,. Also, taking any B, and denoting 
it by [a,b]: 


The part of the graph of n(t) vs. t corresponding to the values of t in B, lies 
between the two parallel lines of slope p through the points (a, n(a)) and 


(b, n(b)). 
For a closed interval I = [a, $], say, let us write n(I) for n(f +) — n(x — ). 
The statement just made then implies that 
n(B,)/p|B,| < 1 


for each Bernstein interval. An inequality in the opposite sense is less 
apparent. 


Lemma (Bernstein). For each of the B,, 
n(B,)/p|B,| 2 1/2. 


Proof. Yt is geometrically evident that a line of slope p which cuts (or 
touches) the graph of n(t) vs. t more than once must come into contact 
with some vertical portion of it — let the reader make a diagram. 
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Take any interval B,, denote it by [a,b], and denote the portion of the 
graph of n(t) vs. t corresponding to the values a € t < b by G. We indicate 
by Land M the lines of slope p through the points (a, n(a)) and (b, n(b)) 
respectively. According to our definition, any line N of slope p between 
Land M must cut (or touch) the graph of n(t) vs. t at least twice, and 
hence come into contact with some vertical portion of that graph. 
Otherwise such a line N, which surely cuts G, would intersect the graph 
only ence, at some point with abscissa toe(a,b); ty would then belong to 
€ and thus not to B,. The line N must in fact come into contact with a 
vertical portion of G, for, as a glance at the preceding figure shows, it can 
never touch any part of the graph that does not lie over [a, b]. 

In order to prove the lemma, it is therefore enough to show that if 


n(B,)/p|B,| < 1/2. 


there must be some line N of slope p, lying between L and M, that does not 
come into contact with any vertical portion of G. 

Let V be the union of the vertical portions of G, and for X eV, denote 
by II(X) the downward projection, along a line with slope p, of the point 
X onto the horizontal line through (a, n(a)). 


er ere e miei exu moe 


“iw > ut 


k 
Figure 135 


In this figure, | B,| = PS and n(B,) = Qs. The result, II(V), of applying II 
to all the points of V is a certain closed subset of the segment PR, and, 
if we use | | to denote linear Lebesgue measure, it is clear that 


ITI(V)| < |V\/p. 


We have p:RS=QS, so, if m) = QS < ip|B, = 4p-PS, 
p R$ < ip-PS,andthereforePR > 4PS > QS/p = |V|/p. With the 
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preceding relation, this yields 
III(V)| < PR. 
There is thus a point Y on PR not belonging to the projection II(V). If, 


then, N is the line of slope p through Y, N cannot come into contact with 
V. This line N lies between L and M, so we are done. 


Second stage. Modification of the Bernstein intervals 
The Bernstein intervals B, just constructed include all the 
positive zeros of P(x), and 


H < n(B,) « L 
2 p|B, | 
We are going to modify them so as to obtain new closed intervals I, € (0, oo) 


containing all the positive zeros of P(x), positioned so as to make 


log|P(x)| log* | P(m)| 
n ace la < ius ti 
f x dx « 5 2 n 
for each of the interval components I of 
(0, oo) M U I,. 
k 


(Note that B, need not even be contained in [0, oo).) For the calculations 
which come later on, it is also very useful to have all the ratios n(I,)/|I;| 
the same, and we carry out the construction so as to ensure this. 

Specifically, the intervals I,, which we will write as [o,, f,] with 
k=0,1,2,... and 0 < g&o < fo «a, « f, « ---, are to have the following 
properties: 


(i) All the positive zeros of P(x) are contained in the union of the I, 

(ii) n(1/pM,| — 3, k=0,1,2,..., 
(ii) For a9 € t € Bo, 
p 

n(fo) — n(t) < 1-3p P» - 9 
and, for o, St € B, with k z 1, 

n(t) - na) < TET 

nB) -nl < — (8-0 

t [-3p"t ? 


(recall that we are assuming 0 < p < $), 
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(iv) For k 21, «, is well disposed with respect to f,., (see the 
preceding article). 


Denote the Bernstein intervals B,, k — 0,1,2,..., by [a,, bx], arranging 
the indices so as to have b,.., « a,. We begin by constructing Ip. Take 
«o as the smallest positive zero of P(x); « is the first point of discontinuity 
of n(t) and ay < «y < bg. We have 

n([o, bo ]) n(Bo) = n(Bo) > 1 


plbo— ao)  plbo—«o) ^ pIBol ^ 2 


by the lemma from the preceding (first) stage. For t > bo, let J, be the 
interval [xo, 1]. As we have just seen, 


n(J,)/p\J,| > 1/2 


for c — by. When qt increases from b, to a, (assuming that there is a 
Bernstein interval B,; there need not be!) the numerator of the left-hand 
ratio remains equal to n(B,), while the denominator increases. The ratio 
itself therefore decreases when t goes from b, to a,, and either gets down 
to 1 in (bo, a,), or else remains >4 there. (In case there is no Bernstein 
interval B, we may take a, — oo, and then the first possibility is realized.) 

Suppose that we do have n(J,)/p|J,| =4 for some t, by « t « a,. Then 
we put flo equal to that value of t, and property (ii) certainly holds for 
Io = [xo, Bo]. Property (iii) does also. Indeed, by construction of the B,, 
the line of slope p through (Bo, n(fig)) cuts the graph of n(t) vs. t only 
once, so the portion of the graph corresponding to values of t < By lies 
entirely to the left of that line (look at the first of the diagrams in this 
article). That is, 


n(Bo)—n(t) < p(fo — t), t< fo, 
whence, a fortiori, 


n(Bo)—n(t) < — 


1—3p o - 9 t € fo 


(since 0 < p < 1/20, 0<1—3p<1). 

It may happen, however, that n(J,)/p|J,| remains >4 for bọ <t <a. 
Then that ratio is still >4 for t = b,. This is true because n(B,)/p|B,|>4 
(lemma from the preceding stage), and 


n([x9,b,]) = n(a; —) — n(xo —) + n(B,), 
while 


by —G = a,—a5 * |Bil. 


2 Inclusion of zeros of P(x) in special intervals J, 459 


Thus, in our present case, n(J,)/p|J,| is 23 for t = b, and again decreases 
as t moves from b, towards a, > b,. (If there is no interval B; we may 
take a; = oo.) If, for some te[b,, a), we have n(J,)/p|J,|=4, we take fi; 
equal to that value of t, and property (ii) holds for I; = [x9, fio]. Also, 
for Boe[b,, az), the part of the graph of n(t) vs. t corresponding to the 
values t « fj, lies on or entirely to the left of the line of slope p through 
(Bo, n(Bo)), as in the situation already discussed. Therefore, 
n(fig) — n(t) < (p/(1 — 3p)) (Bo — t) for t < By as before, and property (iii) 
holds for Ig. 

In case n(Jj)/p|J,| still remains >4 for b,<t<a,, we will have 
n(J)/p|J,| 23 for t=b, by an argument like the one used above, and 
we look for fj, in the interval [b,, a4). The process continues in this way, 
and we either get a fl; lying between two successive intervals B,, By. , 
(perhaps coinciding with the right endpoint of B,), or else pass through 
the half open interval separating the last two of the B, without ever 
bringing the ratio n(J,)/p|J,| down to 4. If this second eventuality occurs, 
suppose that B, = [a;, bj] is the last B,; then n(J,)/p|J,| 2 1 for t= b, by 
the reasoning already used. Here, n(J,) remains equal to n([0, b,]) for t > b, 
while |J,| increases without limit, so a value fly of tz b, will make 
n(J,)/p|J,| 23. There is then only one interval J,, namely, Io = [æo Bo], 
and our construction is finished, because properties (i) and (ii) obviously 
hold, while (iii) does by the above reasoning and (iv) is vacuously true. 

In the event that the process gives us a B, lying between two successive 
Bernstein intervals, we have to construct I, = [o,, f]. In these circum- 
stances we must first choose a, so as to have it well disposed with respect 
to Bo, ensuring property (iv) for k = 1. 


It is here that we make crucial use of the property that each 


jump in n(t) has height > 1. 


Assume that b, fi «a,,,. We have p(fig—«$9)-—2n(19) 22 with 
0 « p «Js therefore fo >40 and there is by the first theorem of the 
preceding article a number a,, a4,,, €0, € Q4, +3, which is well 
disposed with respect to Bp. 

Now a, may well lie to the right of a,, ,. It is nevertheless true that 
n(x) = n(a, 4, —), and moreover 


n(t) — n(a,) < rpe for tz o. 


The following diagram shows how these properties follow from two facts: 
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that n(t) increases by at least 1 at each jump, and that 1/p > 3: 


slope 7 p/(1—3p) "Nd 
gore 


Bo Gee % Ay +3 


By +i ———————— 


Figure 136 


For this choice of o,, properties (i)- (iv) will hold, provided that f, «; and 
so forth are correctly determined. 

We go on to specify f,. This is very much like the determination of 
Bo. Since 


n(b,,,)—n(u;) = n(b,, i) —n(a41—) = n(B,,1), 


we certainly have 


n([o,, b,.1]) n(B,, i) > n(B,, i) > 1 


p(b,., — %1) p(b,,. , — 01) e: PIBy sal d 

by the lemma from the preceding stage. For t> b,,,, denote by J; the 
interval [«,, t]; then n(J‘)/p|J‘| is > 4 for t — b,,, and diminishes as t 
increases along [b,.,, ax+2). (If there is no B,,; we take a,,, = oo.) We 
may evidently proceed just as above to get a t > b,,,, lying either in a 
half open interval separating two successive Bernstein intervals or else 
beyond all of the latter, such that n(J;)/p|J;| =4. That value of t is taken 
as B,. The part of the graph of n(t) vs. t corresponding to values of t < f, 
lies, as before, on or to the left of the line through (f,, n(B,)) with slope 
p. Hence, a fortiori, 


n(fi) —n(t) < (8, — t) for t € f,. 


M P 
1—3p 
We see that properties (ii) and (iii) hold for Ip) and I, =[@,, f]. 

If Ij I, does not already include all of the B,, f, must lie between 
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two of them, and we may proceed to find an «, in the way that a, was 
found above. Then we can construct an J,. Since there are only a finite 
number of B,, the process will eventually stop, and we will end with a 
finite number of intervals I, = [a,, f,] having properties (ii)-(iv). Property 
(i) will then also hold, since, when we finish, the union of the 7, includes 
that of the B, 

Here is a picture showing the relation of the intervals I, to the graph 
of n(t) vs. t: 


0 œ Bo 0 Bi e B2 
Nay A V ae Naas n— 
Figure 137 


Let us check the statement made before starting the construction of the 
I,, to the effect that 
log* |P 
| logi Fx) ie oy te [P(r 
I 


x mel m 


for each of the interval components I of the complement 
(0, oo) id U I, 
k 


Since, for k » 0, o, is well disposed with respect to B,_,, this is certainly 
true for the components I of the form (f, .,, o,), k > 1 (if there are any!), 
by the first theorem of the preceding article. This is also true, and trivially 
so, for I = (0, %), because 
2 
[5 aud 
x 


2 
k 


|P(x)| = II 


for 0 < x < ae, all the positive zeros x, of P(x) being > «. Finally, if I, 
is the last of the I,, our relation is true for I = (fj, oo). This follows because 
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we can obviously get arbitrarily large numbers A> f, which are well 
disposed with respect to f. We then have 


4 log| P(x)| log* |P(m)| 
| — dx < 5 SEE ae 
bi x Bi<m<A m 


for each such A by the first theorem of the preceding article, and need 
only make A tend to oo. 


Third stage. Replacement of the first few intervals I, by a single one if 

n(t)/t is not always < p/(1— 3p) 

Recall that the problem we are studying is as follows: we are 
presented with an unknown even polynomial P(z) having only real roots 
and such that P(0) = 1, and told that 
& log* E ) 


32 
1 
is small. We are asked to obtain, for zeC, a bound on |P(z)| depending on 
that sum, but independent of P. 
As a control on the size of | P(z)| we will use the quantity 
nit) 


sup — 
Sup t 


A computation like the one at the end of §B, Chapter ITI, shows indeed that 


t 
log|P(z)| < meee: 
t>0 t 


We are therefore interested in obtaining an upper bound on sup, > o(n(t)/t) 
from a suitable (small) one for 


& log* an J 
lk 
1 
Our procedure is to work backwards, assuming that sup,» o(n(t)/t) is not 


small and thence deriving a strictly positive lower bound for the sum. We 
begin with the following simple 


Lemma. If sup,.o(n(t)/t) > p/(1—3p) we have |Mgl/fo 2 $ for the 
interval Ig = [&o, Bo] arrived at in the previous stage of our construction. 


Proof. Let us examine carefully the initial portion of the last diagram 
given above: 
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Figure 138 


We see that, for t > 0, 
n(t) p Du 


EN < max irm 


1—3p' 2a 


whether or not the first term in curly brackets is less than the second. 
Here, 


Pllol _ P. Mol/fo 

2x, — 2 1- |Lol/fo' 
and this is « p « p/(1—3p) (making the above maximum equal to 
p/(1 — 3p)) if [Tol/Bo < $. Done. 


Our construction of the intervals J, involved the parameter p. We now 
bring in another quantity, n, which will continue to intervene during most 
of the articles of this §. For the time being, we require only that 0 <y <4 
and take the value of ņ as fixed during the work that follows. From time 
to time we will obtain various intermediate results whose validity will 
depend on n’s having been chosen sufficiently small to begin with. A final 
decision about n’s size will be made when we put together those results. 

In accordance with the above indication of our procedure, we assume 
henceforth that 


150 t 1— 3p ] 
By the lemma we then certainly have 
Mol/fo > n, 


since we are taking 0 < n <4. This being the case, we replace the first few 
intervals J, by a single one, according to the following construction. 
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Let w(x) be the continuous and piecewise linear function defined on 
[0, oo) which has slope 1 on each of the intervals I, and slope zero elsewhere, 
and vanishes at the origin: 


0 To h m t 
Figure 139 


The ratio oXt)/t is continuous and tends to zero as t— oo since there are 
only a finite number of I,. Clearly, w(t)/t < 1, so, if t belongs to the interior 


of an I, 
d/a(t)\ 1 a(t) : 
$ (28) - 3 pv 
i.e., oX(t)/t is strictly increasing on each I,. 
We have 


(Bo)/Bo = Hol/Bo > ^, 
so, in view of what has just been said, there must be a largest value of 
t (> Bo) for which 

o(t)t = n 
and that value cannot lie in the interior, or be a left endpoint, of any of 
the intervals I,. Denote by d that value of t. Then, since d > Bo, there 
must be a last interval I, — call it I,, — lying entirely to the left of d. If L,, 
is also the last of the intervals I, we write 

dy = d, 
(1 — 4, 
and denote the interval [co, do] by Jo. In this case all the positive zeros 
of P(x) (discontinuities of n(t)) lie to the left of do. 

It may be, however, that I, is not the last of the I; then there is an interval 


Co 


Inet = [4551 m+) 
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and we must have d< &m+; according to the above observation. Since 
d > Bo > 2/p > 40 (remember that we are taking 0« p<), we 
can apply the second theorem of article 1 to conclude that there is a do, 


d—3 < dọ <S d, 
such that & „+, is well disposed with respect to dọ. We then put 
Co = do— nd 


and denote by J, the interval [cọ, dy]. The intervals 1,44, 14,45, - 
are also relabeled as follows: 


Im+i = Jis 
In+2 = Jz 


and we write Om41=Ci1, Bm+1=41, %m+2=Co, Bm+2=d2, and so 
forth, so as to have the uniform notation 


J, mE [cs d,]. k=0,1,2,... 


In the present case, Bm <d < &m+1 (sic!) so, referring to the previous 
(second) stage of our construction, we see that the part of the graph of 
n(t) vs. t corresponding to values of t < d lies entirely to the left of, or on, 
the line of slope p (sic!) through (d, n(d)). By an argument very much like 
the one near the end of the second stage, based on the fact that n(t) 
increases by at least 1 at each of its jumps, this implies that do, although 
it may lie to the left of d, still lies to the right of all the zeros of P(x) in 
Io,...,I,,, and that 


n(do) — n(t) < (dg—t)  fort&d,. 


P2 
1 —3p 
(The diagram used here is obtained by rotating through 180? the one from 
the argument just referred to.) 

We have, in the first place, cy > (1—15)d —3 > 0, because y « 2 and 
d > Bo > 40. 

In the second place, 


\Jol/dg > |Jol/d = m. 
by choice of d. Also, 
Ud, Wol md 4n 


do d-3 d-3 37’ 


since d > 40. 
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Finally, 
n(d 1 
pJo 2 


Indeed, both d, and d lie strictly between all the discontinuities of n(t) in 
Io, Iis ..., I, and those in 1,,,, 1,45, ... (or to the right of the last I, 
if our construction yields only one interval Jo), so 


m 1 m 
n(do) = 2400 = 5,2, PI 


by property (ii) of the I,. And 
È ILI = od) = nd = Ug 


by the choice of d and the definition of Jy. Thus n(do) — 3p|Jo|, as 
claimed. 
Denote by J the union of the J,, and put for the moment 


Ot) = |[0,t]oJ|. 


The function @(t) is similar to w(t), considered above, and differs from 
the latter only in that it increases (with constant slope 1) on each of the 
J, instead of doing so on the I,. The ratio &(t)/t is therefore increasing 
on each J, (see above), so in particular 


for teJo = [co, do]. This inequality remains (trivially) true for 0 < t < co, 
since Gt) = 0 there. It also remains true for do < t < d, for @(t) is constant 
on that interval. And finally, 


At) = w(t) for t>d, 
so Õ(t)/t = at)/t < n for such t by choice of d. Thus, we surely have 


20 < 2n for t>0. 


The quantity on the left is, however, equal to |Jol/do > n for t= do. 

The purpose of the constructions in this article has been to arrive at the 
intervals J,, and the remaining work of this § concerned with even 
polynomials having real zeros deals exclusively with them. The preceding 
discussions amount to a proof of the following 
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Theorem. Let p, 0 « p « 35, and n, 0< <4, be given, and suppose that 


Then there is a finite collection of intervals J, = [c,, d,], kz0, lying in 
(0, oo), such that 


(i) all the discontinuities of n(t) lie in (0, d,) 0| J,, Ju; 


n(do) n(J;) 1 
= = or k>1 
TP 2. 


(if there are intervals J, with k > 1); 


(ii) 


(iii) for 0 <t < do, 


p 
1—3p 


n(do) — n(t) < (do — t), 


whilst, for c, € t € d, when k z 1, 


n(t) — n(c,) < iz — €) 

and 

nd) —n(t) < —L— (d, — t); 
1 —3p 


(iv) fork 2 1, c, is well disposed with respect to d, .. , (if there are J, with 
kz 1) 


(v) for t 2 0, 


1 
t 


[0, r] o U J 


k20 


< 2y, 


and the quantity on the left is >n for t — dg. 


Remark 1. The J, with k z 1 (if there are any) are just certain of the I, 
from the second stage. So, for k > 1, the above property (ii) is just property 
(ii) for the J,. 


Remark 2. By property (iv) and the theorems of article 1, we have 


Ck 1 + 
| F Oli de 5 log* |P(m)| 


2 
dp x d, -i«m«c, m 


for each of the intervals (d,_,, cą) with k > 1 (if there are any). And, if J, 
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is the last of the J,, 
œ” log| P. log * |P. 
{ BLP a. cs y TOE IPI 
di x di«m«o m 


See the end of the second stage of the preceding construction. 
Here is a picture of the graph of n(t) vs. t, showing the intervals J;: 


slope = p/(1—3p) 


0 Co dg 0 ci di Q0 
———, ay 
Figure 140 
3. Replacement of the distribution n(t) by a continuous one 


Having chosen p, 0< p< 1/20, and 5, 0< <4, we continue 
with our program, assuming that 


our aim being to obtain a lower bound for 


v log* ad 


2 


1 


Our assumption makes it possible, by the work of the preceding article, 
to get the intervals 


Ji = [cr d] c (0, oo), k=0,1,..., 


related to the (unknown) increasing function n(t) in the manner described 
by the theorem at the end of that article. 
Let J, be the last of those J,; during this article we will denote the union 


(do, c1) u(di, c5) o ++ U(d4)-1, CU, o0) 


by © — see the preceding diagram. (Note that this is not the same set © as 
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the one used at the beginning of article 2!) Our idea is to estimate 
log* |P(m)| 


ae 


meo m 
from below, this quantity being certainly smaller than the one we are 
interested in. According to Remark 2 following the theorem about the J,, 
we have 
E 
Y log*|P(m| . 1 | log| P(x) 5. 


2 7 2 
meo m 5 Jo 


x 


What we want, then, is a lower bound for the integral on the right. This 
is the form that our initial simplistic plan of ‘replacing’ sums by integrals 
finally assumes. 
[re] 
= | log 
o 


In terms of n(t), 
log| P(x)| = 2 log 
so the object of our interest is the expression 
1 [re] 
= lo 
5 | © | 0 s 
Here, n(t) is constant on each component of €, and increases only on that 
set’s complement. 

We are now able to render our problem more tractable by replacing 
n(t) with another increasing function y(t) of much more simple and regular 
behaviour, continuous and piecewise linear on R and constant on each 
of the intervals complementary to the J,. The slope y'(t) will take only 


two values, 0 and p/(1 — 3p), and, on each J,, y(t) will increase by p|J,|/2. 
What we have to do is find such a y(t) which makes 


aa 
5 OJ0 d 


smaller than the expression written above, yet still (we hope) strictly positive. 
Part of our requirement on u(t) is that u(t) = n(t) for t€, so we will have 


2 
x 
Ic 

t 


dn(t), 


x2 
1-5 
Xk 


x? dx 
1— P dnt). 


x? dx 
1 =a du(t) z 


oo 2 oo 2 
| log|1 —~ du(t) — | log|1 —— |dn(t) 
0 t o t 
do x? 
- | log b d(u(t) — n(t)) 
o 
dk x? 
+ ¥ | log p d(u(t) — n(t)). 
kzl J Ck 


We are interested in values of x in (?, and for them, each of the above 
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terms can be integrated by parts. Since y(t) — n(t) 2 0 for t near O and 
H(do)=n(do), u(c,) - n(c) and p(d,)=n(d,) for kz1, we obtain in 
this way the expression 


MN 2x? (t)— - PO a +F ^ 2x? p(t)—n(t) dt 


2 2 2025-422 
o X —t Koide X —t t 


Therefore 


{ » 1 
2dx we n(t) os 
PP: xi 


2dx POZO a 
2, Ck ox xa? 


and we desire to find a function y(t) fitting our requirements, for which 
each of the terms on the right comes out negative. 
Put 


dx 
F(t) = JE TE 


for t0. We certainly have F(t) > 0 for 0 « t < dọ, so the first right-hand 
term, which equals 


f ° Fn =n) 4, 
0 


t 


2 d 
-lau -n 


is <0 if u(t) < n(t) on [0, do]. Referring to the diagram at the end of the 
previous article, we see that this will happen if, for Ox t < dọ, u(t) has 
the form shown here: 


0 Co 8 dg 0 d 
Figure 141 9 
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For k > 1, we need to define y(t) on [c,, d,] in a manner compatible 
with our requirements, so as to make 


r ro nO qi 


Here, © includes intervals of the form 


(cx 3 ó, c.) 
and 
(d,, d, + ô) 


where 6 > 0, so, when te(c,, d), F(t) ^ — oo for t ^ c, and F(t) — oo for 
t —^ d,. Moreover, for such t, 


, dx 
F'(t) = a | ote > 0, 


so there is precisely one point t,€(c,,d,) where F(t) vanishes, and F(t) < 0 
for c, < t < tp, while F(t) » 0 for t, <t « d,. We see that in order to make 


il po 40 n0 nO ae < 0, 


it is enough to define p(t) so as to make 


u(t) > n(t) for c, Kt «t, 
and 
H(t) < n(t) for t, &t& d,. 


The following diagram shows how to do this: 


slope 7 p/(1—3p) 


Figure 142 
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We carry out this construction on each of the J,. When we are done 
we will have a function p(t), defined for t > 0, with the following properties: 


(i) u(t) is piecewise linear and increasing, and constant on each 
interval component of 


(0, 00) ~ U Jy 


k20 
(ii) on each of the intervals J,, u(t) increases by p|J,|/2; 


(iii) on Jo, u(t) has slope zero for co « t < ôo and slope p/(1 — 3p) for 
bg <t < do, where (do — ôo)/(do — co) = (1 — 3p)/2; 


(iv) on each J,, k z 1, p(t) has slope zero for y, « t « ó, and slope 
p/1—3p) in the intervals (ck, y,) and (6,, dą), where 
Ck € y, < ó, < d, and 
Me—~ Cet dy—Ó. _ LP 
d, — €, = 


(v) | [ieli -% 1— s auo < ii iM log} 1 
€ Jo 


Here is a drawing of the graph of u(t) vs. t which the reader will do 
well to look at from time to time while reading the following articles: 


dx 
^ lanto xi . 


09 co 8 do Q aN 9, di Q T ôd? Q 


\—Jo \—J, — —J41—/ 
Figure 143 


In what follows, we will in fact be working with integrals not over @, but 
over the setQ = (0, cj)u € = (0,00) «| ),; 04; (see the diagram). Since 
our function y(t) is zero for t € co, we certainly have 


| log|1 — 
0 


2 
z|dut < 0 
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for 0 <t < cg. Hence, by property (v), 


L log|1 — 
aJo 


for our polynomial P. And, as we have seen at the beginning of this article, 
the right-hand integral is in turn 


< 5) 


1 


2 dx log| P(x 
E de(t) 7 < [eet 


x 


v log* 2 


What we have here is a 
Theorem. Let 0 < p < 1/20 and O <n « 2, and suppose that 


n() p 
MUR. P hop 


Then there are intervals J, c (0,00), k20, fulfilling the conditions 
enumerated in the theorem of the preceding article, and a piecewise linear 
increasing function p(t), related to those J, in the manner just described, 
such that 


n logi -= 
0JO 


for the polynomial P(x). 
Here, 


“lan < sge 


= (0,0)~ Li. 


k20 


Our problem has thus boiled down to the purely analytical one of finding 
a positive lower bound for 


NECI 
ayo 


when y(t) has the very special form shown in the above diagram. Note 
that here |Jo|/dg > n according to the theorem of the preceding article. 


x? dx 
Zer dua 


4. Some formulas 


The problem, formulated at the end of the last article, to which 
we have succeeded in reducing our original one seems at first glance to 
be rather easy — one feels that one can just sit down and compute 


NT 
JO 


x? dx 
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This, however, is far from being the case, and quite formidable difficulties 
still stand in our way. The trouble is that the intervals J, to which p is 
related may be exceedingly numerous, and we have no control over their 
positions relative to each other, nor on their relative lengths. To handle 
our task, we are going to need all the formulas we can muster. 


Lemma. Let v(t) be increasing on [0, œ), with v(0) 2 O and v(t) = O(t) for 
t — 0 and for t — oo. Then, for xeR, 
«(2 
t 


m x+t 
f log}1— 

0 —t 
Proof. Both sides are even functions of x and zero for x = 0, so we may 
as well assume that x >0. If v(t) has a (jump) discontinuity at x, both 
sides are clearly equal to — oo, so we may suppose v(t) continuous at x. 


We have 
f log (£) - hr Pigg tan 
R t ot -t 


2 
—|dv() = zii log — 


x+t 
x-t 


— [5 a log — “| v(thde 
Using the identity 
1 x+t 1, |x+t| 1 z 
a m — -log!1 — —., 
IE log x—t d r! x—t Pid p 


we integrate the second term on the right by parts, obtaining for it the value 


x 2 
Bei ros -Hoo 
x o Nt 


taking into account the given behaviour of v(t) near 0. Hence 


| log «(2 - 2vto og? — 3) log] - 
o t x X Jo 


In the same way, we get 


M a(®) 
2v(x)log2 1 if 1 
TE ow ruht 


Adding these last two relations gives us the lemma. 


x+t 


1 
-= 1 
+ 5 log 


x+t 


2 
= "3 dw(t). 


x+t 
x—t 


2 
— al dv(t). 
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Corollary. Let v(t) be increasing and bounded on [0, oo), and zero for all 
t sufficiently close to 0. Let w(x) be increasing on [0, oo), constant for all 
sufficiently large x, and continuous at 0. Then 


[, [ log|1 dx — oe) 


* lái uj oe 


ae 


Proof. By the lemma, the left-hand side equals 


Wee 


t x 
Our condition on v makes 


v(t) dx 
t jx 
PN convergent, so we can change the order of integration. For t > 0, 
x-4t|dx 


[wes 


—t 


xTU d 


v(t) \ dox(x) 
t xoc 


xt+t 


gta 


assumes a constant value (equal to 1?/2 as shown by contour integration — 
see Problem 20), so, since in our present circumstances 


[sa 
o t 
the previous double integral vanishes, and the corollary follows.* 


In our application of these results we will take 


MES 1—3p 


H(t), 


u(t) being the function constructed in the previous article. This function 
v(t) increases with constant slope 1 on each of the intervals [6,, d,], k > 0, 
and [c,, Y], k = 1, and is constant on each of the intervals complementary 
to those. Therefore, if 


Q = (0,0)~ U [ce Yel ~ U [5,, d] 


k21 k20 


* The two sides of the relation established may both be infinite, e.g., when v(t) 
and c(t) have some coinciding jumps. But the meaning of the two iterated 
integrals in question is always unambiguous; in the second one, for instance, 
the outer integral of the negative part of the inner one converges. 
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(note that this set & includes our Q), we have 


EL log|1 
à Jo 
7 xl. J. "n 


The corollary shows that this expression (which we can think of as a first 
approximation to 


1j log|1 
avo 


x? dx 
== dut) zz ) 
is equal to 


v(t) dv(x) 
era pJ x 


This double integral can be given a symmetric form thanks to the 


x? dx 
= du(t)-; 


E di po v dx — D 


ur td 


Lemma. Let v(t) be continuous, increasing, and piecewise continuously 
differentiable on [0,00]. Suppose, moreover, that v(0) = 0, that v(t) is constant 
for t sufficiently large, and, finally*, that (d/dt)(v(t)/t) remains bounded when 


t — 0+. Then, 
2 
(Oa. - -FvO 


NEL C 


Proof. Our assumptions on v make reversal of the order of integrations 
in the left-hand expression legitimate, so it is equal to 


[sitem 
z E+ 1v dé) yO 
- [ptem 


log | ——— = 
| a esit 2 
(which may be verified by contour integration), we have 


B č + 1 |v(tà) dé 8 
NL S O 


for t —0, and integration by parts of the outer integral in the previous 


xt 


Since 
č+1|dě n? 


* This last condition can be relaxed. See problem 28(b), p. 569. 
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expression yields the value 
v(t) OE Jar 


ee v(t) d £41 
7 VO - I oyf log a: 


Under the conditions of our hypothesis, the differentiation with respect 
to t can be carried out under the inner integral sign. The last expression 


thus becomes 
se) dé ar 
tě Jc 


m v(t) 
Sa VOY — [x "O f" iog 
x+t|x d (v(x) dx 
t TI E x a 


v(t) 
= - voy -{"* " L 


In other words 
y 


cis 
wr = [pes 


The second term on the right obviously equals the left-hand side, so the 
lemma follows. 


=. 


x+t 


t+x 


Corollary. Let v(t) be increasing, continuous, and piecewise linear on [0, oo), 
constant for all a large t and zero for t near 0. Then 


[ | isel i= dx — de 
o Jo x? 


Ed T reise) 
o Jo t x 


Proof. By the previous corollary, the left-hand expression equals 


ES 


In the present circumstances, v'(0) exists and equals zero. Therefore by 


the lemma 
ape Aa = 0, 
t x 


Ls 


and the previous expression is equal to 


"esten 
"RP t x Jf 


lav (t) 


x+t 
—t 


x+t 


x+t 


x+t 
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Problem 21 


Prove the last lemma using contour integration. (Hint: For 3z> 0, 
consider the analytic function 


ci M) 
* Jo z—t t 


and examine the boundary values of RF(z) and 3F(z) on the real axis. 
Then look at fr ((F(z))?/z) dz for a suitable contour T.) 


5. The energy integral 


The expression, quadratic in d(v(t)/t), arrived at near the end of 
the previous article, namely, 


f, LESE) 


has a simple physical Pd Let us assume that a flat metal plate 
of infinite extent, perpendicular to the z-plane, intersects the latter along 
the y-axis. This plate we suppose grounded. Let electric charge be 
continuously distributed on a very large thin sheet, made of non- 
conducting material, and intersecting the z-plane perpendicularly along 
the positive x-axis. Suppose the charge density on that sheet to be constant 
along lines perpendicular to the z-plane, and that the total charge contained 
in any rectangle of height 2 thereon, bounded by two such lines intersecting 
the x-axis at x and at x + Ax, is equal to the net change of v(t)/t along 
[x, x + Ax]. This set-up will produce an electric field in the region lying 
to the right of the grounded metal plate; near the z-plane, the potential 
function for that field is equal, very nearly, to 


u(z) — [tos (£) 
d t 


The quantity 


Je) = ree) 


is then proportional to the total energy of the electric field generated by 
our distribution of electric charge (and inversely proportional to the height 
of the charged sheet). We therefore expect it to be positive, even though 
charges of both sign be present at different places on the non-conducting 
sheet, ie., when d(v(t)/t)/dt is not of constant sign. 

Under quite general circumstances, the positivity of the quadratic form 
in question turns out to be valid, and plays a crucial róle in the 
computations of the succeeding articles. In the present one, we derive two 
formulas, either of which makes that property evident. 


z+t 
z—t 


xt+t 
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The first formula is familiar from physics, and goes back to Gauss. It 
is convenient to write 


Lemma. Let p(t) be continuous on [0, oo), piecewise €, there (say), and 
differentiable at 0. Suppose furthermore that p(t) is uniformly Lip 1 on 
[0, oo) and tp(t) constant for sufficiently large t. 

If we write 


u(z) = I log 
0 


we have 


z+t 
£t apt 
z—t 


vo fo x+t 1 f2 f> 
f i log apt doco m ji f {(u,(2))? 


+ (u,(z))?} dx dy. 


Remark 1. Note that we do not require that p(t) vanish for t near zero, 
although p(t) = v(t)/t has this property when v(t) is the function introduced 
in the previous article. 


Remark 2. The factor 1/z occurs on the right, and not 1/27 which one 
might expect from physics, because the right-hand integral is taken over 
the first quadrant instead of over the whole right half plane (where the 
‘electric field’ is present). The right-hand expression is of course the 
Dirichlet integral of u over the first quadrant. 


Remark 3. The function u(z) is harmonic in each separate quadrant of the z- 
plane. Since 


is the Green’s function for the right half plane, u(z) is frequently referred 
to as the Green potential of the charge distribution dp(t) (for that half plane). 


Proof of lemma. For y > 0, we have 


5. y y 
= [eire iere) 


and, when x >Q is not a point of discontinuity for o'(t), the right side 
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tends to — zp'(x) as y —^0 + by the usual (elementary) approximate identity 
property of the Poisson kernel. Thus, 


u(x +i0) = —mnp'(x) 


[ps 


At the same time, u(iy) — 0 for y >Q, so the left-hand double integral 
from the previous relation is equal to 


m Í ° u(x)u,(x + i0)dx — 1 f * u(iy)u,(iy) dy. 
A Jo T Jo 


an 


Et Lastoapea = — > I; u(x)u,(x + i0) dx. 


We have here a line integral around the boundary of the first quadrant. 
Applying Green's theorem to it in cook-book fashion, we get the value 


HN i e (uz)uyz)) + = S ue) ds dy, 


which reduces immediately to 


1 oo oo 
| f ((u,(z))? + (u,(2))?)dx dy 
o JO 


(proving the lemma), since u is harmonic in the first quadrant, making 
uV?u = 0 there. 


We have, however, to justify our use of Green's theorem. The way to do that 
here is to adapt to our present situation the common ‘non-rigorous’ derivation 
of the theorem (using squares) found in books on engineering mathematics. Letting 
£2, denote the square with vertices at 0, A, A+iA and iA, we verify in that 
way without difficulty (and without any being created by the discontinuities of 
p(x) = —uy(x T i0)z ), that 


f (uu,dy — uu,dx) = f (u2 + u2) dx dy.* 
2, 2, 
The line integral on the left equals 
A 
-[ u(x)u,(x 4-i0)dx + f (uu, dy — uu,dx), 
0 T4 
where I, denotes the right side and top of 2 ,: 


* The simplest procedure is to take h > 0 and write the corresponding relation 
involving u(z + ih) in place of u(z), whose truth is certain here. Then one can 
make h — 0. Cf the discussion on pp. 506-7. 
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Figure 144 


We will be done if we show that 
f (uu,dy — uu,dx) — 0 for A— œ. 
Pa 
For this purpose, one may break up u(z) as 


M 
| log 
0 


M being chosen large enough so as to have p(t) 2 C/t on (M, oo). Calling the first 
of these integrals u,(z), we easily find, for |z| > M (by expanding the logarithm in 
powers of t/z), that 


Tt 


Z 
z—t 


m +t 
dp(t) + f log tilap 


Izl 
and that the first partial derivatives of u,(z) are O(1/|z|?). 
Denote by u.(z) the second of the above integrals, which, by choice of M, is 
actually equal to 


The substitution t =|z|t enables us to see after very little calculation that this 
expression is in modulus 


log|z| 


X const. 
izi 


for large |z|. 
To investigate the partial derivatives of u,(z) in the open first quadrant, we take 
the function 


99 z+t\dt 
F(z) = log| —— }—, 
n . (1:5 
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analytic in that region, and note that by the Cauchy-Riemann equations, 


ulz) Dui) 


= ECP 
ax ay e 


there. Here, 


" -[ dt E dt 
OF Jy FeO” Juen 


The first term on the right is obviously O(1/|z|) in modulus when Rz and 3z > 0. 
The second works out to 


rc i 1 A 1 ja 1 m =”) 
EOE EO M = — + — lo ; 
MN zt 22(z—2) zM 7? : M 


using a suitable determination of the logarithm. This is evidently O(1/|z|) for large 
Izi, so | F'(z)) = O(1/|z|) for z with large modulus in the first quadrant. The same 
is thus true for the first partial derivatives of u,(z). 

Combining the estimates just made on u,(z) and u,(z), we find for u = u, + u, that 


logiz| 
izi 


|u(z)| < const. 


Ju,{z)| € const.— 


luz) < const. — 


|z i 
when Rz > 0, 3z > 0, |z| being large. Therefore 


$ (uu,dy — uu,dx) = o( 8“) 


for large A, md the line integral tends to zero as A — oo. This is what was needed 
to finish the proof of the lemma. We are done. 


Corollary. If p(t) is real and satisfies the hypothesis of the lemma, 


[ft 


Proof. Clear. 


dp(t)dp(x) > 


Notation. We write 


E(dp(t), do(t)) = MEC Et lato dots 
0 0 x—t 
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for real measures p and c on [0, oo) without point mass at the origin making 
both of the integrals 


L L log|~ - dp(t) dpt»), a in log|~ 


absolutely convergent. (Vanishing of p((01) and o({0}) is required because 
log|(x + t)/(x — t)| cannot be defined at (0, 0) so as to be continuous there.) 


do(t) do(x) 


Note that, in the case of functions p(t) and o(t) satisfying the hypothesis 
of the above lemma, the integrals just written do converge absolutely. In 
terms of E(dp(t), do(t)), we can state the very important 


Corollary. If p(t) and c(t), defined and real valued on [0,0), 
both satisfy the hypothesis of the lemma, 


|E(dp(t), do(t))| < (Eldeli), dp(t))):./(E(de(t), do(t))). 


Proof. Use the preceding corollary and proceed as in the usual derivation 
of Schwarz’ inequality. 


Remark. The result remains valid as long as p and o, with 
p({0}) =o({0})=0, are such that the abovementioned absolute 
convergence holds. We will see that at the end of the present article. 


Scholium and warning. The results just given should not mislead the reader 
into believing that the energy integral corresponding to the ordinary 
logarithmic potential is necessarily positive. Example: 


n n 1 2n 3 
P ESEPIS = $+ = — 4r? ! 
f f log; 8 — 3gie| 1949 ll 2nlogódo n° log2 


It is strongly recommended that the reader find out exactly where the 
argument used in the proof of the lemma goes wrong, when one attempts to 
adapt it to the potential 


2n 1 
u(z) = f log zoz 


For ‘nice’ real measures u of compact support, it is true that 


(ont 


provided that {,du(z)=0. The reader should verify this fact by applying a 
suitable version of Green's theorem to the potential {, log (1/|z — w|) du(w). 


a aulw): 2 


The formula for E(dp(t),dp(t)) furnished by the above lemma exhibits 
that quantity's positivity. The same service is rendered by an analogous 
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relation involving the values of p(t) on [0, oo). Such representations go 
back to Jesse Douglas; we are going to use one based on a beautiful 
identity of Beurling. In order to encourage the reader's participation, we 
set as a problem the derivation of Beurling's result. 


Problem 22 


(a Let m be a real measure on R. Suppose that h>O and that 
f fuus dmG) dmn) converges absolutely. Show that 


| (m(x + h= max = | Í (h—|& —n|)* dm(E)dm(n). 
(Hint: Trick: 

x+h (xth 
(m(x + h) — m(x)? = | f dm(¢)dm(n). ) 


(b) Let K(x) be even and positive, €, and convex for x > 0, and such that 
K(x) 20 for x — oo. Show that, for x #0, 


K(x) = [o - |x|)* K"(h)dh. 
0 


K(x) 


Figure 145 


(Hint: First observe that K'(x) must also —0 for x — oo.) 
(c) If K(x) is as in (b) and m is a real measure on R with 


ae f°, K(lé — nl) dm(£) dm(z) absolutely convergent, that integral is 
equal to 


| ° | [m(x + h) — m(x)]?K"(h) dh dx 
—-o40 


1 o oo 
- aj k [m(y) — m(x)]?K"(|x — y|) dy dx. 
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(Hint: The assumed absolute convergence guarantees that m fulfills, for 
each h > 0, the condition required in part (a). The order of integration in 


D F K"(h\(m(x + h) — m(x))? dh dx 


0 


70 


may be reversed, yielding, by part (a), an iterated triple integral. Here, that 
triple integral is absolutely convergent and we may conclude by the help of 
part (b).) 


Lemma. Let the real measure p on [0, oo), without point mass at the origin, 
be such that 


(oo 


is absolutely convergent. Then 


ti dp(t) dp(x) 


In [ log — “| dott) dpí(x) 


p(x) — ply) V x? + y? 
pdt ipee 


Proof. The left-hand double integral is of the form 


[Ae 
1-4) 


so we can reduce that integral to one figuring in Problem 22(c) by making 
the substitutions x —e*, t =e", p(x) - m(£), p(t) = m(n), and 


coth (25 3! 


K(h), besides being obviously even and positive, tends to zero for h — oo. 
Also 


where 


ict 


k(t) = log 1 


X(*) = K(¢—n) = log 


h 
K'(h) = tanh 5 — sooth, 
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and 


1 h 1 h 
K'(h) = qsech? + qcosech’ 5 > 0, 


so K(h) is convex for h>0. The application of Beurling’s formula from 
problem 22(c) is therefore legitimate, and yields 


S 


L L K(|č — n|)dm(n)dm(¢) 


7 | dl t)dp(x) 


if? fe 
B 1 f K”(|č — nI) Em(č) — m^ dé dn 


(note that the first of these integrals, and hence the second, is absolutely 
convergent by hypothesis). 


Here, 
F č-n č—n 
2 2 
eal ra 5 Ezt) teo ae (£z 5 


K'(|£—nl) = 
f sme( 55 " ) cosh? (£53) 


| cosh(f—:5) _ TE e?* + e? 
— sinh(L—m (e? — ey? 


so the third of the above expressions reduces to 


* 75 +e” /m(é) — m(n) 
E. erepta e*— "a ) PEU 


2 ES 2 
-[. L id Es poo cm dxdt. 
(x ^ t) x-t 
We are done. 


Remark. This certainly implies that the first of the above corollaries is true 
for any real measure p with p((0]) =0 rendering absolutely convergent the 
double integral used to define E(dp(t), dp(t)). The second corollary is then 
also true for such real measures p and o. 


The formula provided by this second lemma is one of the main 
ingredients in our treatment of the question discussed in the present $. 
It is the basis for the important calculation carried out in the next article. 


6 Lower estimate for fafo log| 1 — (x?/t?)|dy(t) dx/x? 487 


1 w x? dx 
6. A lower estimate for | | logji ——jdu(t) EI 
ajo 


We return to where we left off near the end of article 4, focusing our 
attention on the quantity 


f fioel 
à Jo 


where y(t) is the function constructed in article 3 and 


Q = (0 o) ~ (x u(x)»0]. 


x? dx 
— 3 |du(t) x 


Before going any further, the reader should refer to the graph of y(t) 
found near the end of article 3. As explained in article 4, we prefer to 
work not with y(t), but with 


1 —3p 


v(t) — H(t); 


the graph of v(t) looks just like that of y(t), save that its slanting por- 
tions all have slope 1, and not p/(1 — 3p). Those slanting portions lie over 
certain intervals [c,, yk], k21, [ó, d,] k20, contained in the 
J,— [cy dą], and 


à = (0,0) U [onde] ~ U od. 


kz0 kz1 


This set & is obtained from the one Q shown on the graph of y(t) by 
adjoining to the latter the intervals (co, 09) € Jo and (y, 6,)SJ,, k>1. 
By the corollary at the end of article 4, 


INST 
JO 

a P 

i ml, din MUT Wem 
"E. cL 

i 1—3p 0 


dem 
t x 
and this is just 


is (242) 


E( , )beingthe bilinear form defined and studied in the previous article. 
This identification is a key step in our work. It, and the results of article 


x? dx 
— 5 du(t) = 
x 


t? 


dx — rus 


xt+t 
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5, enable us to see that 


NET 
àJo 


is at least positive (until now, we were not even sure of this). The second 
lemma of article 5 actually makes it possible for us to estimate that integral 
from below in terms of a sum, 


y ( -a + "3 (432). 
k21 Yk k20 d, 


like one which occurred previously in Chapter VII, §A.2. In our 
estimate, that sum is affected with a certain coefficient. 
On account of the theorem of article 3, we are really interested in 


NT 
0 Jo 


rather than the quantity considered here. It will turn out later on that the 

passage from integration over © to that over Q involves a serious loss, in 

whose evaluation the sum just written again figures. For this reason we 

have to take care to get a large enough numerical value for the coefficient 

mentioned above. That circumstance requires us to be somewhat fussy in 

the computation made to derive the following result. From now on, in 
p order to make the notation more uniform, we will write 


x? dx 
1— z du(t) -z 


x? dx 
1- ra dal) ~z 


Yo = Co. 


Theorem. If v(t) =((1 — 3p)/p)u(t) with the function u(t) from article 3, and 
the parameter 5 > 0 used in the construction of the J, (see the theorem, end 
of article 2) is sufficiently small, we have 


t t 
> dwar (ec (6) 
k>0 Yk d, 


Here, K is a purely numerical constant, independent of p or the configuration 
of the J,. 


Remark. Later on, we will need the numerical value 


3—log2 = 0.80685... 
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Proof of theorem. By the second lemma of article 5 and brute force. The 
lemma gives 


eC) aC) 
t t 
cane 
x +y? 
4d ig y ) £e 


1 x y 
ARN x—y PEON: 


wow wo 
N Ny ww we 
Ck Vk Tk ôk ôk d, x 
——S I 
Figure 146 


On each interval J, = [c,, d,] we take 


Ve = cy 2. — 6) 
ôk = d,— 2(d, — ôr) 


(see figure). Since 


Yk — Ck + d, — Ôk XJ 1—3p < 1 


d, — Ck 2 


(properties (iii), (iv) of the description near the end of article 3) we have 
yi < ó,. Therefore, for each k, 


J. (=) dx dy 
f PEE) un 
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We estimate the second of the integrals on the right — the other one is 
handled similarly. 


We begin by writing 
v(x) v(x) \2 

dk fad . — y 

| | EME yee 

& J&, x—y 

CRON 
dk fdk ôk (dx dy (5x 
LIC LCS em 
ôk JÓx ôk J OK ôk J dy x—y 


Of the three double integrals on the right, the first is easiest to evaluate. 
Things being bad enough as they are, let us lighten the notation by dropping, 
for the moment, the subscript k, putting 

ó' for 4, 

6 for 6, 
and 

d for d, 
Since v(x) 2 1 foró, 2ó «x «d- dp 


ee 
x 


Using this, we easily find that 


TE eo - (2 Cz) 
| | icy ix ( ô ) d l 
In terms of 
J = U (Gy) d) 
and idi 
J= U Jo 


k20 


we have clearly 
v(t) = I0, oJ] < |[0, t]oJl, t>0. 


The right-hand quantity is, however, < 2st by construction of the J, 
(property (v) in the theorem at the end of article 2) Therefore 
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v(0))ó = w(0,/ó, < 2n, and the integral just evaluated is 


Ss ufd- 9 
> (1-2) (5:3). 


We pass now to the second of the three double integrals in question, 
continuing to omit the subscript k. To simplify the work, we make the 
changes of variable 


x=d+5, y=6-t, 
and denote d — ô = ô — ó' by A. Then 


xx) v) W(6)+s (6) \P 
pp E il (eu 2) ds di, 
X—y st 


since wy) = v(d) for ó' < y < 6 (see the above figure). The expression on the 
right simplifies to 


A ("^ v(ó) 
f [i (is (t3 5) ao) gut 


which in turn is 


wd) 1 [4 s 
zl Lens) 2 xl rs nd 


4nd? 
EZ 


> 5 E log 2)- 
(we have again used the fact that v(6)/ó < 2n). We have 
v(d) > v(d) — v(ô) = d — 6 =A, so, since v(d)/d < 2n, 


ô = d—^ > (1—2n)d 
and 
ó = d—2A > (1— 4n)d. 


By the computation just made we thus have 


[p comica P 


4n d—óWV 
z (1-182- Mas —i-x )(S) ; 


For the third of our three double integrals we have exactly the same 
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estimate. Hence, restoring now the subscript k, 


v(y) \2 


E d,— à, MV 
Jj: [. [eu "d dxdy > a - 21,2 is ( s) 
k 


as long as y > 0 is sufficiently small. 
In the same ps one finds that 


-- 1 
FAS) s S 
xdy > (3—21og2 — Kn) 7 
k 


for small enough y >0, K being a certain numerical constant. Adding 
this to the previous relation gives us a lower estimate for 


mm i 
NACE x—y SM 


adding these estimates and referring again to the relation at the beginning of 
this proof, we obtain the theorem. Q.ED 


From the initial discussion of this article, we see that the theorem has the 
following 


Corollary. Let u(t) be the function constructed in article 3 and & be the 
complement, in (0, oo), of the set on which p(t) is increasing. Then, if the 
parameter n > 0 used in constructing the J, is sufficiently small, 


L log 1 - E ay 
à Jo x 
p Yk— €x V. d, — ôr d 
> ———(-log2 - Kn) (=) dh ; 
1—3p * MÈ Yk d, 


Here K is a numerical constant, independent of p or of the particular 
configuration of the J, 


In the following work, our guiding idea will be to show that 
fafo logi 1 — x?/?|du(t)(dx/x^) is not too much less than the left-hand 
integral in the above relation, in terms of the sum on the right. 


7. Effect of taking x to be constant on each of the intervals J, 
We continue to write 


Q = (0,0) ~J, 
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where J = |J,,,J, with J, = [c, d,], and 


© = (0,0)~J, 
with 

J= U ((e, 7.) 4 (Ôr, dy) ) 

kz0 
being the set on which y(t) is increasing. The comparison of 
fafg logi! —x?/t|du(t)(dx/x?), object of our interest, with 
JaJ@ log} 1 — x?/t?|du(t)(dx/x?) is simplified by using two approximations 
to those quantities. 
As in the previous article, we work in terms of 


etidm 
p 


(t) 


instead of u(t). Put 


Then, by the corollary to the first lemma in article 4, 


| fio dS = =] ux) 
n Jo x J 


NIS dije mcn E 
Jo x J 


Our approximation consists in the replacement of 


x? 
iE 


and 


2 
1-— 


2 


x 
t 


| PY by Yl u(x)dx 
J 


x k20%k J Jx 


dx 1/(* dk 
[oF li zal]. * l. Jens 


To estimate the difference between the left-hand and right-hand quantities 
we use the positivity of the bilinear form E( , ), proved in article 5. 


and of 
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Theorem. If the parameter 5» used in the construction of the J, is 
sufficiently small. 


[wat — p u(x)dx 
J 


x kz0 Ck J Ji 


[4 - za( + [woes 


are both 


TOO) 


where C is a purely numerical constant, independent of p « d, or the 
configuration of the J,. 


and 


Remark. Here, 
(oo) - [au 
t t J x 
according to the corollary at the end of article 4. 


Proof. Let us treat the second difference; the first is handled similarly. Take 


Soe Ges ike 1 


1 
(x) = x d, ó, < x € dy, k>0; 


0 elsewhere. 


(Recall that yo = co, so (cg, yo) 1s empty.) The second of the expressions 
in question is then just the absolute value of 
t 
tla“ ‘eo (x)dx, 


fe u(x)p(x)dx = L N- 
0 


ie. of E(d(v(t)/t), e(t)dt), in the notation of article 5. By the second 
corollary in that article and the remark at the end of it, 


(Cer) « Yl?) (2) 


x J/(E(v(t)dt, o(t) dt). 


x+t 
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The function @(x) is eae zero outside of the J,, and, on J, 
d,—x — lel 


O's OW)’ = = oa 


with |J,|/d, <2n as in the proof of the theorem of article 6. Therefore, 


t|dt 


0 « [ log >= ọ(t)dt < "| log — a= nn, 
and 
E(o(t)dt, o(t)dt) = of I log — -| o(t)at p(x) ax 
Jul? 
<n x < n?n Y —. 
md Jk a : iso Erdy 


We have c, = d,—|J,| > (1—2n)d, (see above), and, according to 
property (iv) from the list near the end of article 3, 


2 
l,l = dj—-e, = Ta 3p (te) + (4 - 99. 


Since we are assuming (throughout this §) that p < 75, this makes 


2 40\? 2 2 
M^ < 2 17 (y — c9? + (d, — à), 
yielding, by the preceding relation, 
(Jl? < 12 (s BA 3! m (55 2 
Cd, 1 — 2n Yk d, 
Substitute this inequality into the previous estimate and then apply the 


theorem from the preceding article. One obtains 


E(o(t)dt, o(t)dt) 


6z?q v(t) v(t) 
< -ma-log Kj) («().0(%)) 


Using this in the above inequality for | E(d(v(t)/t), (t) dt)|, we immediately 
arrive at the desired bound on the difference in question. We are done. 


8. An auxiliary harmonic function 


We desire to use the lower bound furnished by the theorem of 
article 6 for 


Los - (47) (2) 
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in order to obtain one for {,u(x)(dx/x), the quantity of interest to us. Our 
plan is to pass from 


dx ] f peo is 
je. E20] em 


and from 


es jds to f ai). 
k>0 d, ck J x 

according to the result of the preceding article (whose notation we maintain 

here), this will entail only small losses (relative to {ju(x)(dx/x) ), if n » 0 

is small. This procedure still requires us, however, to get from the first 

sum to the second. 

The simplest idea that comes to mind is to just compare corresponding 
terms of the two sums. That, however, would not be quite right, for in 
D» * u(x) dx, the integration takes place over a set with larger Lebesgue 
measure than in ([7: + 5) )u(x) dx. In order to correct for this discrepancy, 
one should take an appropriate multiple of the second integral and then 
match the result against the first. The factor to be used here is obviously 


D ND 
1 —3p' 
since (article 3), 


yy — €, + dy — Oy em 1—3p 


d, — €, 2 


We are looking, then, at 


dk 
X u(x)dx — ex an ) (x)dx 
: I u(x)dx - iH z( K «[ NN 


From now on, it will be convenient to write 


Ais » 1 and very close to 1 if p>0 is small. It is also useful to split up 
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each interval (y,, 5,) into two pieces, associating the left-hand one with 
(Ck, y) and the other with (6,, d,), and doing this in such a way that each 
piece has 4 times the length of the interval to which it is associated. This 
is of course possible because 


ó,— Ve us 1+3p 
yk — € +d, — Ôk 1—3p 


we thus take g, e(y,, Ôx) with 
gy = Yt A — Cx) 
(and hence also g, = ó, — A(d, — ó,) ), and look at each of the two differences 
9k Yk Ök dk 
Í u(x)dx — af u(x)dx, f u(x)dx — af u(x) dx 
Yk Ck 9k Ök 


separately, what we want to show is that neither comes out too negative, 
for we are trying to obtain a positive lower bound on fou) (dx/x). 


Ck Yk Er 9, d, x 
PESE Jen Md SM cer MN 
Figure 147 


It is a fact that the two differences just written can be estimated in terms 


of E(d(v(¢)/t), d(v(t)/1)). 


Problem 23 
(a) Show that for our function 


u(z) = y log (9). 
^ t 


one has 


O) PON) 1 (9 [2 (uw) 
mess E erem 


This is Jesse Douglas’ formula - I hope the coefficient on the right is 
correct. (Hint: Here, u(x) — —(1/x)f; log|1 — x?/t?|dv(t) belongs to 
L,(— 00,00) (it is odd on R), so we can use Fourier-Plancherel 
transforms. In terms of 


z+t 
—t 


a(A) = F e't u(t)dt 


= 0 


we have 


DES i x 
u(x +iy) = > | e Mea A)dA 


-0 
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for y > 0 (the left side being just the Poisson harmonic extension of the 
function u(x) to 3z > 0), and 
= o0 -ikh — 1 
NUM |) ee T 
h 2n J- h 
(All the right-hand integrals are to be understood in the l.i.m. sense.) Use 
Plancherel’s theorem to express 


oo — 2 j 
Í (mem) dx and f [(u,(2))? + (u^ ]dx 


700 
in terms of integrals involving |a(A)|, then integrate h from — oo to oo and 
y from 0 to oo, and compare the results. Refer finally to the first lemma of 
article 5.) 


(b) Show that 


9k Yk 
f u(x)dx — af u(x)dx 


Tk 


[Adan is. Ere ) 
« (E) e [P (0929) sas) 


and obtain a similar estimate for 


ôk dy 
| u(x)dx — 1 u(x)dx. 


9k ôk 


(Hint: Trick: 


k Yk Yk [ 9k 
jl u(x)dx — af u(x)dx = i | | [u(y) — u(x)]dydx. ) 
Ck Yk 


Yk ck Vk — Ck 


(c) Use the result of article 6 with those of (a) and (b) to estimate 


1 ôk Yk dk 
DA al u(x)dx — «I + | jas) 
kso dk Yk ck ôk 


in terms of E(d(v(t)/t), d(v(t)/t)). 


By working the problem, one finds that the difference considered in 
part (c) is in absolute value < C fju(x)(dx/x) for a certain numerical constant 
C. The trouble is, however, that the value of C obtained in this way comes 
out quite a bit larger than 1, so that the result cannot be used to yield a 
positive lower bound on f ,u(x)(dx/x), 4 being near 1. Too much is lost in 
following the simple reasoning of part (b); we need a more refined argument 
that will bring the value of C down below 1. 

Any such refinement that works seems to involve bringing in (by use 
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of Green’s theorem, for instance) certain double integrals taken over 
portions of the first quadrant, in which the partial derivatives of u occur. 
Let us see how this comes about, considering the difference 


[ Pitas — A | Tod 


Yk Ck 


The latter can be rewritten as 


(1 + A)Ak 
| u(c, + x)s,(x) dx, 
0 


where A, — y, — c,, and 


E —A, 0<x<A,, 
o 1, A,«x «(1-7 2)A. 


Suppose that we can find a function V(z) = V,(z), harmonic in the half-strip 
S, = {2:0<Rz<(1+A)A, and 3z>0} 
and having the following boundary behaviour: 
V(x +10) = — s(x), 0<x<(1+A)A, 
(V,(x + i0) will be discontinuous at x = A,), 
Vy = 0,  y»0 
Viy +(1+4)A) = 0,  y>0. 


0 A, (tnd x 


Figure 148 
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Then the previous integral becomes 
| (—u(c, + z)V,(z)dx + u(c, + z)V,(z)dy), 
aS, 


OS, being oriented in the usual counterclockwise sense. Application of 
Green’s theorem, if legitimate (which is easily shown to be the case here, 
as we shall see in due time), converts the line integral to 


Ii (uy(cy + z)V,(z) + u(cy *- z) V. (z))dxdy 
Sk 


+ {| u(c, + 2)[V,,(z) + V,,(z)] dx dy. 
Sk 


The harmonicity of V in S, will make the second integral vanish, and finally 
the difference under consideration will be equal to the first one. Referring to 
the first lemma of article 5, we see that the successful use of this procedure in 
order to get what we want necessitates our actually obtaining such a 
harmonic function V = V, and then computing (at least) its Dirichlet integral 


{| (V + V2)dx dy. 
Sk 


We will in fact need to know a little more than that. Let us proceed with the 
necessary calculations. 


Our harmonic function V,(z) (assuming, of course, that there is one) will 
depend on two parameters, A, and A = (1 + 3p)/(1 — 3p). The dependence on 
the first of these is nothing but a kind of homogeneity. Let v(z, A) be the 
function V(z) corresponding to the special value z/(1 + 4) of A,, using the 
value of 4 figuring in V,(z); v(z, A) is, in other words, to be harmonic in 
the half-strip 


S = (z 0«9z «n and 3z» 0) 


with v,(z, 4) =0 on the vertical sides of S and 


T 
A, ere Es 
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Figure 149 


On the half-strip S, of width (1 + 2)A, shown previously, the function 


ET + A) A (nz (1 + A) A, A) 


is harmonic, and its partial derivatives clearly satisfy the boundary 
conditions on those of V,(z) stipulated above. We may therefore take 


Vz) = La + AJA, v(mz/(1 + A)A,, 4); 


this permits us to do all our calculations with the standard function v. 
Note that we will have, by simple change of variables, 


2 
IRES dxdy € (E325 ff ee taray 
av,\* P LDAN? 
ILLUS) | al d (=) [{ teea Paxan, 


and 


while 


oV, 
dy 


| | dxdy = (7 | | |v, (2, 4)ldx dy. 


Lemma. Given À Z1, we can find a function v(z, À) harmonic in S whose 
partial derivatives satisfy the boundary conditions specified above. If € > 0 is 
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given, we have, for all à > 1 sufficiently close to 1, 


al [(,, 2)* P dxdy < (ien) 
s 3 5 


and 
I |v,(z, 2)dxdy < C, 
s 


C being a numerical constant, whose value we do not bother to calculate. 


Remark. In the next article we will need the numerical approximation 


Proof of lemma. The method followed here (plain old ‘separation of 
variables’ from engineering mathematics) was suggested to me by Cedric 
Schubert. We look for a function v represented in the form 


v(z, 4) = Y A, (A)e“” cos nx 
1 


The series on the right, if convergent, will represent a function harmonic in S 
(each of its terms is harmonic!), and, for y > 0, 


v(z,4) = —Y nA,()e "'sinnx 
1 


will vanish for x = 0 and x = m, for the exponentially decreasing factors e ^" 
will make the series absolutely convergent. 
For y — 0, by Abel's theorem, 


v(x +i0, 4) = — Y nA,()cosnx 
1 


at each x for which the series on the right is convergent. Let us choose the 
A,(A) so as to make the right side the Fourier cosine series of the function 
n 
À, 0cx« 1x2 
s(x, 4) = 
T 


ui «x«mL 
14044 : 


We know from the very rudiments of Fourier series theory that this is 
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accomplished by taking 
2 n 
—nA,() = aj s(x, A)cos nx dx, 
T Jo 


and that the resulting cosine series does converge to s(x,A) for 
O0 «x « n/(1 + 4) and for z/(1 -- 4) « x « x. We can therefore get in this 
way a function v(z 4) meeting all of our requirements. 

Let us continue as long as we can without resorting to explicit 
computations. For fixed y > 0, Parseval’s formula yields 


| "(yz dx = = (Len, 
1 


[U 


and, in like manner, 

NS i) »(z,1]?dx = FE n(A) Aple». 
Integrating both sides of this last relation with respect to y, we find that 
k [ea -vyz Df dxdy = 2:nLAQ) - AUT 

By Parseval's formula, we have, however, 


Pete - Ao. = 2 [iD -sts nex 
1 o 


and it is evident that the right-hand integral tends to zero as 4 1. Hence, 
by the preceding relation, 


L NC A) —v,(z,1)]?dxdy — 0 
o Jo 


for A> 1. 
Now clearly 


I(v,(z, 2)* —(v,(z, )*1 < 196,4) — oz. D); 


the result just obtained therefore implies that 


| | [(v,(z, 4))*]? dxdy — | | [(v,(z, 1))* ]? dxdy 
0 0 0 0 
as A 1. We see in the same fashion that 
| | (v.c, P dxdy = Ty n(A,Q, 
0 [U 4 1 


which — (z/4)]Y P n(A,(1)? as 4 1. 
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For our purpose, it thus suffices to make the calculations for the limiting 
case A= 1. Here, 


4sinz n 


— nA,( - AI -f _ eos a = 2 
nn 


ES WA 2 4 1 1 
oma n(1)) = (reet ) 


whence, if A > 1 is sufficiently close to 1, 


«D [es es dd < (14304354 +6). 


so 


Again 
1, 0«x«7, 
v(x +10, 1) = 
-l, c«x«m 
so by symmetry, for y > 0, 
n i n . n 
of 5h rip, 1) = (Senes 1) > 0, 0<h<;>. 


Hence, 


[, [toe 1)* dxdy = rr (v,(z, 1)? dx dy 
o Jo o Jo 


E | j f "ee, DP dxdy = ZË n( (0 
2Jo Jo 8*1 


d 1 1 
btt 
Therefore, by the above observation, 


«| [tei (3)* dxdy < (regt +e) 


for 4 > 1 close enough to 1. 
We are left with the integral [> f,lv,(z, A|dx dy. This, by Schwarz’ 
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inequality, is 


< k (s [ee ares) 

0 0 
oo n? o0 4 

f (S beware) dy 

0-21 

f L (S Ere may 

0 24 
eo oo n? oo 

"i e" dy Evae may) 
o o 21 

2 (S uuo XJ (A wy) 

T pre rí al )< J2 un n ë 


We have already seen that the sum inside the radical in the last of these 
terms tends to a definite (finite) limit as 4 1. So 


f | |v,(z, A)|dx dy 
0 JO 


is certainly bounded for 1>1 near 1. The lemma is proved. 


y 


[AY 


Referring to the remarks made just before the lemma and to the boxed 
numerical estimate immediately following its statement, we obtain, regard- 
ing our original functions V,, the following 


Corollary, Given À 2 1 there is, for each k, a function V,(z) (depending on A), 
harmonic in S, = (z: 0 « Rz « (1-- 4A, and 3z » 0j, with 0V,(z)/Ox = 0 
on the vertical sides of S, and, on the latter's base, 0V,/Oy taking the boundary 
values A and — 1 along (0, A,) and (A,, (1 + A)A,) respectively. 

If à z:1 is close enough to 1, we have. 


|l (5s 3i dxdy < 0.44(1 + APA, 
av, 
Ji (Ft) li dxdy < 0.22(1 + A AP, 


IRE 


& being a certain numerical constant. 


and 


—*|dxdy < a(1-- AP Aj, 
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9. Lower estimate for (5^ log|1 — x?/t?|du(t)(dx/x”) 


We return to the termwise comparison of 


xc x )d d —— 
«Je and a Da me 
kso dk Jex E Eod, 


which, as we saw in the first half of the preceding article, leads to the task of 
estimating 


9k Yk 
| u(x)dx — af u(x) dx 


ôk dk 
| u(x)dx — af u(x)dx 
9k ôk 


from below. The notation of the previous two articles is maintained here. 
Following the idea of the last article, we use the harmonic function V,(z) 
described there to express the first of the above differences as a line integral 


and 


OV, OV, 
I — u(c, + Z) Aas + u(c, +z) 2c ay) 


around the vertical half-strip 5S, whose base is the segment 
[0, (1+ A)A,] = [0, (1 + A(y, —c,)] of the real axis. By use of Green's 
theorem, this line integral is converted to 


{| (e+ He + uly ia Ae a dy, 
Sk x 


thanks to the harmonicity of V,(z) in Są. The justification of the present 
application of Green’s theorem proceeds as follows. 


We have 


(1 +A) (rk 7 ex) 
| u(c, + x)(V,),(x + 10) dx 
0 


C +A- ck) . 
= lim | u(c, + x + ih)(V,),(x + ih) dx 
h>0 JO 


because u(z) is continuous up to the real axis, and, as one verifies by referring to the 
computations with v and v, near the end of the previous article, 


(1: A) — ci) 
| [(V),(x + ih) — (V,),(x + i0)]? dx — 0 


o 


for h— 0. 
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However, for h >0 and 0 < x « (1 + A)(y, — c4), 


* 9 6V,(z) i : 
| 2 (we, + 2249s, = —u(c,+x+ih)(V,),(x + ih), 
h Oy ôy 


since 


log |z| 
|u(c, + z)| < const. Pu zeS,, 


by an estimate used in proving the first lemma of article 5, and V,(z), together with its 
partial derivatives, tends (exponentially) to zero as z oo in S, (see the calculations 
at end of the previous article). 

Again, since OV,(z)/0x = 0 on the vertical sides of S,, 


O +AT ek) g ôV, 
f — (we +z) 2) dx = 0, y»0. 
0 ôx Ox 


By integrating y in this formula from h to oo and x in the previous one from 0 
to (1 + A)(y, — cx), and then adding the results, we express 


(1+ A) — ei) 
— | u(c, + x + ih)(V,),(x + ih) dx 
0 

as the sum of two iterated integrals. For h>0, both of the latter are absolutely 
convergent, and the order of integration in one of them may be reversed. Doing this 
and remembering that V? V, =0 in S,, we see that the sum in question boils down 


to 
© (fi + Ak = ex) OV, OV, 
e +z) i) + u,(c, z) £9 as dy. 
h Jo ôx ôy 


Making h 2 0 in this expression finally gives us the corresponding double integral 
over S, (whose absolute convergence readily follows from the first lemma in article 5 
and the work at the end of the previous one by Schwarz' inequality). 

This, together with our initial observation, shows that the double integral over S, 
is equal to 


a * 20-69 
— | u(c, + x)(V,),(x + 10) dx, 
0 


a quantity clearly identical with the above line integral around 0S,.* In this way, 
we see that our use of Green’s theorem is legitimate. 


The line integral is, as we recall (and as we see by glancing at the 
preceding expression), the same as 


i u(x)dx — 4 I u(x) dx. 


Yk k 


* and actually coinciding with the original expression on p. 499 (the second one 
displayed there) from which the line integral was elaborated 
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That difference is therefore equal to 


IT. (u (cy + 2) ort) + u,(c, +z) Ae) a dy. 


What we want is a lower bound for the difference, and that means we have to 
find one for this double integral. 

Our intention is to express such a lower bound as a certain portion of 
E(d(v(t)/t), d(v(t)/t)), the hope being that when all these portions are added 
(and also all the ones corresponding to the differences 


ôk dk 
f u(x)dx — af u(x)dx ), 


9k ôk 


we will end with a multiple of E(d(v(t)/t), d(v(t)/t)) that is not too large. In 
view, then, of the first lemma of article 5, we are interested in getting a lower 
bound in terms of 


iff [ues +z))? + (u,(cx *- 2)? ] dxdy. 
Sk 


The present situation allows for very little leeway, and we have to be quite 
careful. 


We start by writing 


ik indue AC dx dy 
— pi ——— | dxdy 
se \ Ox 
«Kl (lo)? dy) 
T JJs. 


According to the corollary at the end of the last article, the right side is in 


turn 
> —(0.44)*(1 + Ay, — c) Gil (ux(c, + z) axdy 


provided that A = (1 + 3p)/(1 — 3p) is close enough to 1 (recall that the A, of 
the previous article equals y, — cx). 
For the estimation of 


OV,(z) 
If. uy(cy + z) ay dx dy, 
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we split up S, into two pieces, 


Sf = [res Kaso) 
and 

S; = Se~ Sg. 
We have 


{| u,(c, + 540) dxdy 
sf Oy 
> eff. ru) 
sf ay 
x JG (u,(c, + 2)? dxdy)) 
p st 


which, by the corollary of the preceding article, is 


2 —(022)(1- A)(y,— SX . (u,(c, + z) dx a) 
Sk 


509 


for A close enough to 1. In this last expression, the integral involving u, may, 


if we wish, be replaced by one over S,, yielding a worse result. 


We are left with 


{| u,(c, + aO ax dy, 
Sy y 


in which 0V,(z)Oy < 0. To handle this integral, we recall that 


u(z) — M 
0 


z+t v(t) 

e dl 4. 

ES) 
which makes 


ze y _ y v(t) 
pir i [ar ay |e t ) 


with the quantity in brackets obviously negative for x, y and t >Q. Since 


v(t)/t € 24 by our construction of the intervals Ją, we have 


(t) d) de dt 


= z — 2g —, 


t t? t 
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and therefore, for x and y » 0, 


) i y S y dt 
"lo Wx-9 ay! œ+) +y jt 


"E ba t y 
1 = —— dt 
im | t? +8? (x—0? + y? 


IN 


uy(z) 


= 2g lii s = 2n)—-——. 
850 X^ +(y +ô) x F 
(We have simply used the Poisson representation for the function 


R(1/(z + ió)), harmonic in 3z > 0.) Thus, 
2 
u,(c,+z) < m, ZES, 
Ck 
whence 


oV,(z) 2n mf R 
dx 
jl. a dy 


For 4 close to 1, the right side is 


j (1 +A — Y? 
Ck 


oW) 


> —2na 


by the corollary from the previous article, « being a numerical constant. 
Combining the three estimates just obtained, we find with the help of 
Schwarz’ inequality that 


Ir («« (cy +2) mo, TET Oax dy 
> — (0.44)*(1 «aa (if (u.(c, + z))? axdy) 
Sk 
— (02291 + 20, — c) J (i | f (le, + 27 dx) 
Sk 


(+A Ok — c, 


— 2nan 
Ck 


2 — (0.6663(1-- J)(y, — c) 


x | E | | (u.c, + 2))? + (use 2)? )dxdy ) 
Sk 


(1+ A" = cv)? 


— 2nan A 
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provided that À is close enough to 1. The double integral on the left is 
nothing but a complicated expression for the first of the two differences with 
which we are concerned - that was, indeed, our reason for bringing the 
function V,(z) into this work. Hence the relation just proved can be 
rewritten 


| d u(x)dx — 4 | is u(x) dx 


yk €k 


1 © | Jk 
2 — (0.66)%(1 + 2)(y, — c) J E | | ((ux(z))? + (uy(z))?) dx 2 
[U Ck 


(1 AP(y, — e 
an ——————— ——— 
Cy 
The difference ibe u(x) dx — Af "s u(x)dx can also be estimated by the 
method of this and the preceding articles. One finds in exactly the same way 
as above that 


| i u(x)dx — 4 | i u(x) dx 


9k ôk 


— 2n 


1 oo fdk 
2- osaa « A - à) | (i i | (esf) e) ) 


9k 
204 s 
— onay Lt de = 64) 
gk 
for 4 close enough to 1. The following diagram shows the regions over 


which the double integrals involved in this and the previous inequalities are 
taken: 


Figure 150 
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We now add the two relations just obtained. After dividing by d, and 
using Schwarz’ inequality again together with the fact that 


€, € X € gy < Ôk < d, < (4d 2n)e,, 
we get, recalling that 4 = (1 + 3p)/(1 — 3p), 


1 dk d 2 1 Yk dk d 
HN u(x)dx — ic i + [p x 
2 Wwa) [dê 
2 — (0.66) (1+ G ‘) «(5 y) 
1— 3p 2) Yk d, 
1 oo fdk 
x "i | (u2 + u2)dx 2 
n 0 Ck 
8zo(1 + 21) (=) (55) 
— 7 n + 
(1 — 3p) Yk d, 
for A close enough to 1, in other words, for p> 0 close enough to zero. 
We have now carried out the program explained in the first half of 
article 8 and at the beginning of the present one. Summing the preceding 


relation over k and using Schwarz’ inequality once more, we obtain, for 
small p > 0, 


enn irga 
—| u(x)dx — ——) — + u(x) dx 
oud . i 1 —3p Dn ck ök i 
2 Y- eV d, — 5, V 
> — (0.66)2(1 + 25) —— (==) oy (pe ee 
>, — (0.66)*( nT 3p 2 7 di 
1 oo 
«xf | d euDéxdy ) 
TkzoJo JJk 
Small + 2n) (e=) (3:5) 
= -=r +(—+-—} }. 
(I-35» "à s d, 
To the right-hand expression we apply the theorem of article 6 together 


with its remark and the first lemma of article 5. In this way, we find that the 
right side is 


2 066 Y vt) | ,( v) 
dim zx) a 2e af" )a( t )) 
- se (9) (70 
: tI CX 


for small enough positive values of 7 and p, K and K' being certain 
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numerical constants independent of p and of the configuration of the J;. 
According to the theorem of article 7, the left-hand difference in the 
above relation is within 


3—3p v(t) v(t) 
is ene) a) 


of 


for small enough 5 > 0, where C is a numerical constant independent of p or 
the configuration of the J,. So, since 


[o - (PP) 


(see remark to the theorem of article 7), what we have boils down, for small 
enough p and n > 0, to 


du. 2 0.66 
[495 > l- I(G3)- o Jn) 
t t 


with numerical constants A and B independent of p and the configuration of 
the J,. Here, 


0.66 = 
Js) = 0.90837, 


so, the coefficient on the right is 


2 
1—3p 


(0.0917 — An — Bn). 


ka 


Not much at all, but still enough! 


We have finally arrived at the point where a value for the parameter 7 
must be chosen. This quantity, independent of p, was introduced during 
the third stage of the long construction in article 2, where it was necessary 
to take 0 « <4. Aside from that requirement, we were free to assign 
any value we liked to it. Let us now choose, once and for all, a numerical 
value >0 for n, small enough to ensure that all the estimates of articles 6, 
7 and the present one hold good, and that besides 


0.0917 — Ag — B/q > 1/20. 
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That value is henceforth fixed. This matter having been settled, the relation 
finally obtained above reduces to 


dx 1 v(t) v(t) 
Jos 7 arle) 


To get a lower bound on the right-hand member, we use again the 
inequality 


t t 
t 2 
> (0.80— Kr) Y; (=) + (=>) ) 
k20 Yk d, 


(valid for our fixed value of 7!), furnished by the theorem of article 6. In 
article 2, the intervals J, were constructed so as to make 
dg — Co = | Jo! > ndo (see property (v) in the description near the end of that 
article), and in the construction of the function p(t) we had 

do = ĉo 1— 3p 


do —Co 2 


(property (iii) of the specification near the end of article 3). Therefore 


do — ĉo 1 — 3p 
> $ 
do pd 


which, substituted into the previous inequality, yields 


v(t) v(t) 1 —3pV 


We substitute this into the relation written above, and get 


with a certain purely numerical constant c. (We see that it is finally just 
the ratio |Jo|/do associated with the first of the intervals J, that enters 
into these last calculations. If only we had been able to avoid consideration 
of the other J, in the above work!) In terms of the function 
y(t) = (p/(1 — 3p))v(t) constructed in article 3, we have, as at the beginning 
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of article 7, 


NES 
QJO0 


By the preceding boxed formula and the work of article 3 we therefore have 
the 


x? dx p dx 
1 UE dut); - 5l, u(x) EL 


Theorem. If p 2 0 is small enough and if, for our original polynomial P(x), 
the zero counting function n(t) satisfies 
n(t) p 


sup — > x 
«n 1 —3p 


then, for the function u(t) constructed in article 3, we have 


NES 
QJO0 


€ being a numerical constant independent of P(x). Here, 


Q = (0,0) U Je 


kz0 


x? dx 
1-4 dut); 2 pe, 


where the J, are the intervals constructed in article 2. 


In this way the task described at the very end of article 3 has been carried 
out, and the main work of the present § completed. 


Remark. One reason why the present article's estimations have had to be 
so delicate is the smallness of the lower bound on 


(2) (7) 


obtained in article 6. If we could be sure that this quantity was considerably 
me a much simpler procedure could be used to get from fju(x)(dx/x) 
to {,u(x)(dx/x); the one of problem 23 (article 8) for instance. 

It is s that E(d(v(t)/t), d(v(t)/t)) is quite a bit larger than the lower 
bound we have found for it. One can write 


CEC) - aos 


If the intervals J, are very far apart from each other (so that the cross terms 


lakers, 
xz los; os 
Jo] gix 


; dt dx. 


dt dx, kÆl, 
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are all very small), the right-hand integral behaves like a constant 
multiple of 


E ( d, ) 
— | log| — |. 
z( d) CX 


When 50 is taken to be small, this, on account of the inequality 
|J.]/d, € 24, is much larger than the bound furnished by the theorem of 
article 6, which is essentially a fixed constant multiple of 


iG. 


I have not been able to verify that the first of the above sums can be 
used to give a lower bound for E(d(v(t)/t), d(v(t)/t)) when the J, are not 
far apart. That, however, is perhaps still worth trying. 


10. Return to polynomials 


Let us now combine the theorem from the end of article 3 with 
the one finally arrived at above. We obtain, without further ado, the 


Theorem. If p  O is sufficiently small and P(x) is any polynomial of the form 


(i-z) 


with the x, > 9, the condition 


su np. uci 
Sup t 1—3p 


for n(t) = number of x, (counting multiplicities) in [O, t] implies that 
elog*|P(m)| _ cp 
L m? 5 

Here, c >Q is a numerical constant independent of p and of P(x). 


Corollary. Let Q(z) be any even polynomial (with, in general, complex zeros) 
such that Q(0) = 1. There is an absolute constant k, independent of Q, such 
that, for all z, 


log|Q(z) 
|z| 


< Kf lee" Imi 


E 


provided that the sum on the right is less than some number y > 0, also 
independent of Q. 
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Proof. We can write 


2 
Q(z) = n(-z) 
k k 


Put x, =|¢,| and then let 


z 
ro - T(-3) 


we have | P(x)| <|Q(x)| on R, so 


v log* {Pim ) . &log* Qm) 
> <a 
1 1 
To P(x) we apply the theorem, which clearly implies that 
MU 2 10 æ log* LP(m)| 


=. oS 
ot € T1 m? 


for n(t), the number of x, in [0, t], whenever the sum on the right is small 
enough. For zeC, 


log|Q(z)) < Fo (1 EL 1.) - I le 1 «ET ano 


and partial integration converts the last expression to 


© wt) 2|z|? n(t) 
i EGET gu di < n|z|sup~ 


In view of our initial relation, we therefore have 


log|Q(2)] . 10x Slog* |Q(m)| 


iz] `h‘ m? 


whenever the right-hand sum is small enough. Done. 


Remark 1. These results hold for objects more general than polynomials. 
Instead of |Q(z)|, we can consider any finite product of the form 


where the exponents À, are all > some fixed «> 0. Taking |P(x)| as 
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with x, =|¢,|, and writing 


n(t) = È Àk 
xke[0.1] 

(so that each ‘zero’ x, is counted with ‘multiplicity’ 4,), we easily convince 
ourselves that the arguments and constructions of articles 1 and 2 go 
through for these functions |P(x)| and n(t) without essential change. What 
was important there is the property, valid here, that n(t) increase by at least 
some fixed amount «> 0 at each of its jumps, crucial use having been made 
of this during the second and third stages of the construction in article 
2. The work of articles 3-8 can thereafter be taken over as is, and we end 
with analogues of the above results for our present functions |P(x)| and 
|Q(z)I. 

Thus, in the case of polynomials P(z), it is not so much the single- 
valuedness of the analytic function with modulus | P(z)| as the quantization 
of the point masses associated with the subharmonic function log| P(z)| that 
is essential in the preceding development. 


Remark 2. The specific arithmetic character of Z plays no róle in the 
above work. Analogous results hold if we replace the sums 


, 


penu | P(m)| y log "IQiml. 


1 


by others of the form 
log* |P(4)I 3 log * |Q(A)| 
AeA 


AEA A? É i? . 


A being any fixed set of points in (0,00) having at least one element in 
each interval of length >h with h- 0 and fixed. This generalization 
requires some rather self-evident modification of the work in article 1. 
The reasoning in articles 2-8 then applies with hardly any change. 


Problem 24 


Consider entire functions F(z) of very small exponential type « having 
the special form 


z? 
as nt: -5) 


where the x, are > 0, and such that 


i log* |F(x) 


; dx < o 
2 Lx 
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Investigate the possibility of adapting the development of this § to such 
functions F(z) (instead of polynomials P(z)). 

Here, if the small numbers 25 and p are both several times larger than 
a, the constructions of article 2 can be made to work (by problem 1(a), 
Chapter I!), yielding an infinite number of intervals J,. The statement of 
the second lemma from article 4 has to be modified. 

I have not worked through this problem. 


We now come to the principal result of this whole §, an extension 
of the above corollary to general polynomials. To establish it, we need a 
simple 


Lemma. Let «>0 be given. There is a number M, depending on « such 
that, for any real valued function f on Z satisfying 


X 


$ 


2 log*|f(n) 
2 qr 1+n? 


we have 
x 1 n(f(n) +f- n} 
Salop 1 + rm ) < 6a 
and 


90 s E s 2 
FA tog (1 Un f ae " 


1n 


Proof. When q20, the function log(1+q)—log*q assumes its 
maximum for q — 1. Hence 


log(1 +q) < log2+log*q, q20. 
Also, 

log* (qq') < log*q+log*q, q, q' >O. 
Therefore, if M > 1, 


52 
(1 n rime) 
E ume n * 2log* (|f (n)) - |f( —)l) 
< 3log2 4 2logn 4 2 max(log" | f (n)|, log*|f( — n)]) 


for nz 1. 
Given a > 0, choose (and then fix) an N sufficiently large to make 


3log2 + 2logn P 


2 
n>N n 
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Then, if fis any real valued function with 
e log* | f(n) 
— oo 1 + n? ix : 

we will surely have 


1 2 4 EE: 2 
Ege Seen n) ) < Sa 


by the previous relation, as long as M > 1. Similarly, 
1 (f(n)—f(—n)/ 
Spee (1 pM 9» 


for such f, if M 2 1. 
Our condition on f certainly implies that 


log*|f(n)) < a(l +n?) 
So 
If( -|f(—5] < 2e2 *?» 


for 1 <n < N. Choosing M, 1 sufficiently large so as to have 


N ] 4n2e2«0 +N?) 
Eate(1 555 —) < @ 


will thus ensure that 


TA " 
1 


n? M2 
and 
el (f(r) -f(- ny 
Eas(14 49-79) «a 


Adding each of these relations to the corresponding one obtained above, 
we have the lemma. 


Theorem. There are numerical constants &o 7 0 and k such that, for any 
polynomial p(z) with 


« log* |p(n)| 


=4 <4 
E 141m U 0* 


we have, for all z, 
Ip(z)) « Kae, 


where K, is a constant depending only on « (and not on p). 
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Proof. Given a polynomial p, we may as well assume to begin with that 
p(x) is real for real x — otherwise we just work separately with the 
polynomials (p(z)+ p(z))/2 and (p(z) — p(z))/2i which both have that 
property. 

Considering, then, p to be real on R and assuming that it satisfies the 
condition in the hypothesis, we take the number M, furnished by the 
lemma and form each of the polynomials 


27(p(z) + p( — 2) 
M2 i 


RET 
i, Vc Ha 


Q,(z) = 1+ 


Q(z) = 


The polynomials Q, and Q, are both even, and 


Q,(0) = Q,(0) = 1. 
By the lemma, 


o ] 
2 zz 108" 19.00 < 6a 


and 


2 1 
2 37108" Qon) < 6x, 


since (here) Q,(x) 2 1 and Q,(x)>1 on R. 

If x > 0 is small enough, these inequalities imply by the above corollary 
that (log|Q,(z)|)/|z| and (log|Q.(z)|)/\z| are both <6ka, k being a 
certain numerical constant. Therefore 


< eta 


and 


From these relations we get 
|z*(p(z) + p( — 2| < M2(1+e%"!) < 2M 2e, 
whence 


Ip(z) + p( —2| < \/2M,e**"! for |z| > 1, 
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and similarly 
Ip(z) - p( —21 < J2M,e"" 
Hence 
Ip(z)| < 2,/2M,e"" 
for |z| 2 1, and from this, by the principle of maximum, 
Ip(2| < 2./2M,e*  for|z| <1. 
The theorem therefore holds with 


K, = 22M et Q.E.D. 


Corollary. If «> 0 is small enough, the polynomials p(z) satisfying 
oo + 
logt Ip) < 
-0 1+ n? 


form a normal family in the complex plane, and the limit of any 
convergent sequence of such polynomials is an entire function of 
exponential type <3ka, k being an absolute constant. 


It is thus somewhat as if harmonic measure were available for the domain 
C ~Z, even though that is not the case. 
11. Weighted polynomial approximation on Z 


Given a weight W(n) 2 1 defined on Z, we consider the Banach 
space € ,,(Z) of functions y(n) defined on Z for which 


oim) —0 as n>+00, 
W(n) 
and write 
2 |p(n)| 
inccr pH 


for such q. (This is the notation of $A.3.) 
Provided that 


n* 


W (n) 


—0O as n>to 


for each k = 0, 1, 2,3,..., we can form the || || wz closure, € ,,(0, Z), of the set 
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of polynomials in n, in @y(Z). The Bernstein approximation problem for Z 
requires us to find necessary and sufficient conditions on weights W(n) 
having the property just stated in order that @,(0,Z) and @,(Z) be the 
same. 

The preceding work enables us to give a complete solution in terms of 
the Akhiezer function 


W, (n) = sup {|p(n)|: p a polynomial and ||pllyz <1} 
introduced in §B.1 of Chapter VI. 


Theorem. Let W (n), defined and > 1 on Z, tend to œ faster than any power 
of n as n + oo. Then €,(0, Z) = €,(Z) if and only if 


Proof. Let us get the easier if part out of the way first - this is not really 
new, and depends only on the work of Chapter VI, §B.1. 

As in $43, we take W(x) to be specified on all of R by putting 
W(x) = oo for x£Z, and define W,(z) for all zeC using the formula 


W,(z) = sup {|p(z)|: p a polynomial and |pl,; € 1}. 


Then @,(Z) can be identified in obvious fashion with the space € (R) 
constructed from the (discontinuous) weight W(x), and €,,(0, Z) identified 
with €,,(0), the closure of the set of polynomials in € (R). Proper inclusion 
of €,,(0, Z) in €,(Z) is thus the same as that of @,(0) in €,,(R), and we 
can apply the if part of Akhiezer's theorem from §B.1 of Chapter III 
(whose validity does not depend on the continuity of W(x) !) to conclude 
that 


« oo 


when that proper inclusion holds. 
If pis any polynomial with || p || wz € 1, the hall of mirrors argument at the 
beginning of the proof of Akhiezer's theorem's only if part shows that 


1 É 2log W,(t) 


dt 
nj)_,(x—t?+4 


log|p(x)|_ < 


for xeR. Taking the supremum over such polynomials p gives us 


an 2 log W,(t) 


: Z. 
n}_,(n—t)?+4 : i 


log W,(n) < 
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Therefore, since log W,(t) > 0 (1 being a polynomial!), we have 


y: log Wan) a1"? & 1! 2lgW,) 
f$ dxm ~*~ nj onon +1 (n—t? +1 


The inner sum over n may easily be compared with an integral, and we find 
in this way that the last expression is 
? lo t 
< const. [ g log Wy) 4 dt 
1+t 
This, however, is finite when €,,(0, Z) # @y(Z), as we have just seen. The if 
part of our theorem is proved. 
For the only if en we assume that 
$ log Wel) log W,( 
4. l+ 


and show that the function 


(asm 1, n=0 
9099 = 30. n30, 


cannot belong to @y(0,Z). We do this using the corollary to the first 
theorem of the preceding article. It is not necessary to resort to the second 
theorem given there. 

Suppose, then, that we have a sequence of polynomials p,(z) with 


-0 


~ 


lo — Pill wz E 0. 


This implies in particular that 
p,(0) oT Qo(0) = 1, 


so there is no loss of generality in assuming that p,(0) = 1 for each |, which 
we do. The polynomials 


Q,(2) = 3(p(2) + pil 2)) 


then satisfy the hypothesis of the corollary in question. 
We evidently have |p;|,,; <C for some C, so, by definition of W, 
Ip, (n)| < CW, (n) for neZ and therefore 


IQ] < $C(W,(n)+ W,(—n), | neZ. 


Also, p,(n) e @(n)=0 for each non-zero neZ, so, given any N, we 
will have 


(Qí(n|«1  for0<|n|<N 


when | is sufficiently large. 
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Taking any « >0, we choose and fix an N large enough to make 


L logt GC n) + W,(- 0) < a 


zs 


n 


this being possible in view of our assumption on W,. By the preceding 
two relations we will then have 


1 e] 
log" 10,(n)| = 2,,:108 og* |Q,(n)} < « 


n? n 
for sufficiently large values of l. 
If «> O is sufficiently small, the last condition implies that 


Q2) « e" 


by the corollary to the first theorem of the preceding article, with k an 
absolute constant. This must therefore hold for all sufficiently large values 
of l. 

A subsequence of the POUR Q,(z) therefore converges u.c.c. to a 

certain entire function F(z) of exponential type < ka. We evidently have 
F(0) 2 1 (so F £O !), while F(n) 20 for each non-zero nez. 

However, by problem 1(a) in Chapter I (!), such an entire function F 
cannot exist, if x >Q is chosen sufficiently small to begin with. We have 
thus reached a contradiction, showing that o, cannot belong to €,,(0, Z). 
The latter space is thus properly contained in €,,(Z), and the only if part 
of our theorem is proved. 

We are done. 


C. Harmonic estimation in slit regions 

We return to domains 9 for which the Dirichlet problem is 
solvable, having boundaries formed by removing certain finite open 
intervals from R. Our interest in the present § is to see whether, 
from the existence of a Phragmén- Lindelóf function Y,(z) for 2 (the reader 
should perhaps look at $A.2 again before continuing), one can deduce any 
estimates on the harmonic measure for 2. We would like in fact to be able to 
compare harmonic measure for 2 with Y,(z). The reason for this desire is the 
following. Given 4» 0 and M(t) 20 on 0Z, suppose that we have a 
function v(z), subharmonic in 2 and continuous up to 02, with 


v(z) < const. — A|%z|, ze, 
and 
vt) < M(t), teo. 
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Then, by harmonic estimation 
a«[ M(t)dos(t,z) — AY,(z), zeg, 


where (as usual) w,( ,z) denotes (two-sided) harmonic measure for 2 (see 
§A.1). It would be very good if, in this relation, we had some way of 
comparing the first term on the right with the second. 

As we shall see below, such comparison is indeed possible. In order to 
avoid fastidious justification arguments like the one occurring in the proof 
of the second theorem from $A.2, we will assume throughout that 02 
consists of R minus a finite number of (bounded) open intervals. The results 
obtained for this situation can usually be extended by means of a simple 
limiting procedure to cover various more general cases that may arise in 
practice. The domains 2 considered here thus look like this: 


Figure 151 


As in §A, we shall frequently denote 0Z by E. E is a closed subset 
of R which, in this $, will contain all real x of sufficiently large absolute value. 


1. Some relations between Green’s function and harmonic measure 
for our domains 2 


During the present §, we will usually denote the Green’s function 
for one of the domains 2 by G,(z, w), instead of just writing G(z, w) as in 
$A.2ff. We similarly write Y,(z) instead of Y(z) for Z's Phragmén-Lindelóf 
function. 

Our domains 2 have Phragmén-Lindelóf functions. Indeed, for fixed 
ze and real t, G,(z,t) 2 G,(t,z) vanishes for t outside the bounded set 
R ~ E. (We are using symmetry of the Green's function, established at the 
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end of §A.2.) If we take zR, G,(t,z) is also a continuous function 
of teR. The integral 


oo 
| G,(z, t) dt 
— 00 
is then certainly finite, and the existence of the function Y,, hence assured 
by the second theorem of §A.2. 

According to that same theorem, 


oo 


1 
Ya(z) = |3z| -if G,(z, t) dt. 
This formula suggests that we first establish some relations between G, (z, t) 
and w,( ,z) before trying to find out whether the latter is in any way 
governed by Y,(z). 
We prove three such relations here. The first of them is very well known. 


Theorem. For we, 


1 
G,(z, w) = lob wl + [,loele—wideet2 
E 


Proof. The right side of the asserted formula is identical with 


1 
log puse + f log|t — w|dc,f(t, 2), 
and, for bounded domains 2, this expression clearly coincides with 
G,(z, w) - just fix we2 and check boundary values for z on 02 ! (This 
argument, and the formula, are due to George Green himself, by the way.) 

In our situation, however, 2 is not bounded, and the result is not true, 
in general, for unbounded domains. (Not even for those with ‘nice’ 
boundaries; example: 


9 = {|z|>1}uf{oo}. ) 


What is needed then in order for it to hold is the presence of ‘enough’ 
0G near oo. That is what we must verify in the present case. 
Fixing we2, we proceed to find upper and lower bounds on the integral 


| log|t — w|do. (t, z). 
E 


In order to get an upper bound, we take a function h(z), positive and 
harmonic in 9 and continuous up to 02, such that 


h(z) = log* |z| + O(1). 
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In the case where E includes the interval [ — 1, 1] (at which we can always 
arrive by translation), one may put 


h(z) = log|z+./(z? — 1)| 


using, outside [ — 1, 1], the determination of / that is positive for z = x > 1. 
For large A > 0, let us write 


h,(z) = min (A(z), A). 


The function h,(t) is then bounded and continuous on E, so, by the 
elementary properties of harmonic measure (Chapter VII, §B.1), the 
function of z equal to 


| h,(t)dw,(t, z) 

E 

is harmonic and bounded above in 2, and takes the boundary value h ,(z) 
for z on 02. The difference fehalt)dwglt, z) — h(z) is thus bounded 


above in Z and <0 on 02. Therefore, by the extended principle of 
maximum (Chapter III, $C), it is <0 in 2, and we have 


f rodot < h(z), zeg. 
E 


For A'zA, h,(t) 2 h,(t). Hence, by the preceding relation and 
Lebesque's monotone convergence theorem, 


| h(t)dw,(t,z) < h(z), ze 2; 

that is, i 
[ ior eldest < log* |z|+ O(1) 

for zeZ. When we@ is fixed, we thus have the upper bound 
| tont —widw,(t,z) < log* |z| + O(1) 

for z ranging over 2. 


We can get some additional information with the help of the function h(z). 
Indeed, for each A, 


| h,(t)de,(t,z) < | h(t)de,(t,z) < h(z) 
E E 


when zeQ. As we remarked above, the left-hand expression tends to A (xo) 
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whenever z — xo € 02; at the same time, the right-hand member 
evidently tends to h(xo). Taking A > h(xo), we see that 


f h(t)dos(t, z) — h(xo) 
E 


for z — xg € 02. On the other hand, for fixed weZ, 
logit—w| — h(t) 


is continuous and bounded on 02. Therefore 
f, (log |t — w| — A(t)) dos (t, z) — log|xo —w| — h(xo) 

when z — xg € 2, so, on account of the previous relation, we have 
[ios [t — widwg(t, z) — log|xo — wl 


for z — xo e 02. 

To get a lower bound on the left-hand integral, let us, wlog, assume 
that Rz>0, and take an R>O sufficiently large to have 
(— œ, —R]U[R, œ) € E. Since 2 2 {3z > 0], we have, for |t| >R, 

1 3z 
> PA NUR 
dos(t, z) E 
by the principle of extension of domain (Chapter VII, §B.1), the right side 
being just the differential of harmonic measure for the upper half plane. 
Hence, 


[ostio z)2 | log |t + i| dco, (t, z) 
E 


(In 2 RJ 
1 zlog|t +i 
> Ji SEIOBIEFM a 
Juss |z—tl 


1|" Sestri = on). 


TJj-o |z- tl? 


The last integral on the right has, however, the value log|z +i|, as an 
elementary computation shows (contour integration). Thus, 


[oe ildoa 2 > log|z * i| — O(1) 
E 
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for 3z > 0, so, for fixed weZ, 
| log |t — w|dos(t,z) > log* |z| — O(1), ze. 
E 


Taking any weZ, we see by the above that the function of z equal to 


log + | log |t — w|daw_(t, z) 
E 


|z—w| 


is harmonic in £ save at w, differs in 2 by O(1) from 

log (1/|z — w|) + log* |z], and assumes the boundary value zero on 02. It is 
in particular bounded above and below outside of a neighborhood of w (point 
where it becomes infinite), and hence > 0 in 2 by the extended maximum 
principle. The expression just written thus has all the properties required 
of a Green's function for 2, and must coincide with G,(z, w). We are done. 


> It will be convenient during the remainder of this § to take dcos(t, z) as 
defined on all of R, simply putting it equal to zero outside of E. This enables 
us to simplify our notation by writing w,(S, 2) for o,(S C E, z) when SER. 


Lemma. Let 0€ 2, and write 


— (Lx, œ), 0), x>0, 
oy d uo 0, x<0 


(note that c, (x) need not be continuous at 0). Then, for 3z #0, 


E x—t 
G,(z, 0) = -[ (cp yr a sen tor 


Proof. By the preceding theorem and symmetry of the Green's function 
(proved at the end of $4.2), we have 


1 
G,(z,0) = G,(0,2z) = ee f log |t — z|dw,(t, 0). 
E 


Thanks to our convention, we can rewrite the right-hand integral as 


ci + MIT — z|dogs(t, 0). 
— o0 0 


Let us accept for the moment the inequality 


const. 
w(t) < nest 


postponing its verification to the end of this proof. Then partial integration 
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yields 
log|t—z|deg(t,0) = wg(0+)logiz| + | ———os()dt, 
0 o |t— zl 
and 
9 9 t-x 
f log|t —z|dw,(t,0) = w,(0—)log|z| — f Gagne 
Here, 


Og(0+)+a(0—) = wa((— ©, 00), 0) = walE,0) = 1, 


so, adding, we get 


G,(z,0) = log iM log|t — z| do, (t, 0) 


1 o t- 
= log— + log|z| -Í “zal! sen tdt 


t 
|| -olt— 


S = 
= -Í US (rg oa(O sen di 
as claimed. 


We still have to check the above inequality for c(t). To do this, pick an 
R >0 large enough to have 


(— oc, —R]U[R, o) € 
and take a domain & equal to the complement of 
(— o0, — RJU[R, oo) 


in C. Then 2 € &, so, by the principle of extension of domain (Chapter VII, 
§B.1), a(t)+a,(-t) < we,((— oo, —t]u[t oo), 0) for t>R. The 
quantity on the right can, however, be worked out explicitly by mapping 
4 conformally onto the unit disk so as to take — R to — 1, 0 to 0 and R 
to 1. In this way, one finds it to be « CR/t (with a constant C independent 
of R), verifying the inequality in question. Details are left to the reader — he 
or she is referred to the proof of the first lemma from $A.1, where most ofthe 
computation involved here has already been done. 


The integral figuring in the lemma just proved, viz., 


— | aa w,(t)sgntdt 


-olz 
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is like one used in the scholium of §H.1, Chapter III, to express a certain 
harmonic conjugate. It differs from the latter by its sign, by the absence of 
the constant 1/z in front, and because its integrand involves the factor 
(x — t)/|z — t|? instead of the sum 


x-t | 0 
iz — t|? e+. 


In §H of Chapter III, the main purpose of the term t/(t? + 1) was really 
to ensure convergence; here, since w,(t) is O(1/(|t| + 1)), we already have 
convergence without it, and our omission of the term t/(t? + 1) amounts 
merely to the subtraction of a constant from the value of the integral. Since 
harmonic conjugates are only determined to within additive constants 
anyway, we may just as well take 


1[(? x-t 
-— —— t tdt 
JN 


as the harmonic conjugate of 


1[* 3z 
— ———À t t 
= I pm ,(t)sgn t dt 
in {3z > 0]. This brings the investigation of the former integral’s boundary 
behavior on the real axis very close to the study of the Hilbert transform 
already touched on in Chapter III, §§F.2 and H.1. 

In our present situation, we already know that, for real x #0, 


lim G,(x +iy, 0) = G,(x, 0) 
y20 


exists. The identity furnished by the lemma hence shows, independently of 
the general considerations in the articles just mentioned, that 


> x-t 
lim ——,, w,,(t) sgn t dt 
tm | cm oe 

exists (and equals — G,(x,0) ) for real x #0. According to an observation 
in the scholium of §H.1, Chapter III, we can express the preceding limit as 
an integral, namely 


k (x — t)sgn (x — t) — os(x + 1) sgn(x + 1) ds 
0 T 


That's because this expression converges absolutely for x #0, on account of 
the above inequality for w,(t) and also of the 


Lemma. Let 0€2. Then w,(t) is Lip} for t>0 and for t « 0. 
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Proof. The statement amounts to the claim that 
w,(1,0) < const. /|Z| 


for any small interval I € E. To show this, take any interval Jọ € E and consider 
small intervals I € Jy. Letting £ be the region (Cu (o0]) ~ Jo, the usual application 
of the principle of extension of domain gives us 


os, 0) < [REA 0), 
with, in turn, 
o,(1,0) < const. w,(I, oo) 
by Harnack's theorem. 
To simplify the estimate of the right side of the last inequality, we may take J, to 
be [— 1, 1]; this just amounts to making a preliminary translation and change of 


scale — never mind here that 0&2! Then one can map £ onto the unit disk by the 
Joukowski transformation 


z — z—-J 2-1) 
which takes oo to 0, — 1 to — 1, and 1 to 1. In this way one easily finds that 
w,(I,00) < const.J/|1], 


proving the lemma. 


Remark. The square root is only necessary when I is near one of the 
endpoints of Jy. For small intervals J near the middle of Jy, w,(I, oo) acts 
like a multiple of |Z|. 


By the above two lemmas and related discussion, we have the formula 


Ga(x,0) = — | eee eee ON) 
0 


> 


valid for x #0 if 0 belongs to 2. It is customary to write the right-hand 
member in a different way. That expression is identical with 


à @,(\t) sgn t 
-lin | valt) sgnt ir, 
6-0 it-x|2ó x-t 


If a function f(t), having a possible singularity at aeR, is integrable over 
each set of the form (|t — a| > ô}, 6>0, and if 


im f f (t)dt 
It a2 ô 


6-0 


exists, that limit is called a Cauchy principal value, and denoted by 


F fdt orby vf f(t)dt. 
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It is important to realize that £^ | f(t)dt is frequently not an integral in the 
ordinary sense. 

In terms of this notation, the formula for G,(x, 0) just obtained can be 
expressed as in the following 


Theorem. Let 0e. Then, for real x #0, 


? og(t)sgnt 


dt, 
x—t 


where c(t) is the function defined in the first of the above two lemmas. 


This result will be used in article 3 below. Now, however, we wish to 
use it to solve for w,(t)sgnt in terms of G4(x, 0), obtaining the relation 


G,(x, 0) dx 


1 oo 
t t = = 
wg(t)sgn af t—x 


By the inversion theorem for the L, Hilbert transform, the latter formula 
is indeed a consequence of the boxed one above. Here, a direct proof is 
not very difficult, and we give one for the reader who does not know the 
inversion theorem. 


Lemma. §* \Ga(x + iy, 0)— G5(x,))dx — 0 for y>0. 
Proof. The result follows immediately from the representation 


1 K YGəlt, 0) 


NS ETa 


dt, y>0, 


by elementary properties of the Poisson kernel, in the usual way. 


The representation itself is practically obvious; here is one derivation. From the 
first theorem of this article, 


1 
G,(t,0) log + | logis — t|\dw,(s, 0) 
E 
and 


G,(z, 0) 


1 
log — + f log |s —z|dw,(s, 0). 
|2| E 


For 3z > 0, we have the elementary formula 


1(° 3zlog|s—t 
log|s — z| = — Slog|s~tl , 


t seR. 
TJ- Iz - t|? i 
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Use this in the right side of the preceding relation (in both right-hand terms !), 
change the order of integration (which is easily justified here), and then refer to 
the formula for G, (t, O) just written. One ends with the relation in question. 


Lemma. Let 0€2. Then G,(x, 0) is Lip} for x » 0 and for x « 0. 


Proof. The open intervals of R ~ E belong to 2, where G,(z,0) is harmonic (save 
at 0), and hence @,,. So G,(x,0) is certainly €, (hence Lip 1) in the interior of 
each of those open segments (although not uniformly so!) for x outside any neighbor- 
hood of 0. Also, G,(x, 0) = 0 on each of the closed segments making up E; it is thus 
surely Lip 1 on the interior of each of those. 

Our claim therefore boils down to the statement that 


1G56,0) — G,(a,0) < const../|x — al 


near any of the endpoints a of any of the segments making up E. Since G, (a, 0) = 0, 
we have to show that 


G,(x,0) < const. /|x — a| 


for x e R ~ E near such an endpoint a. 
Assume, wlog, that a is a right endpoint of a component of E and that x > a. Pick 
b « a such that 


[ba] € E 
and denote the domain (Cu (oo]) — [b,a] by 4. We have 2 € £, so 
G,(x,0) < G,(x, 0) 


by the principle of extension of domain. Here, one may compute G,(x,0) by 
mapping 4 onto the unit disk conformally with the help of a Joukowski 
transformation. In this way one finds without much difficulty that 


G,(x,0) < const.,/(x — a) 


for x >a, proving the lemma. (Cf. proof of the lemma immediately preceding the 
previous theorem.) 


Theorem. Let 0e. Then, for x £0, 


@(x)sgnx = 2E Sata t, 


where @,(x) is the function defined in the first lemma of this article. 


Proof. By the first of the preceding lemmas, for teR and h » 0, 


G,(t+ih, 0) = -[ og pg oon tdt 
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Multiply both sides by 


x-t 
(x—t)? + y? 


and integrate the variable t. We get 


= x-t ; 
| x-0 xy G.(t T ih, 0)dt 


= | og ry Go BP ri ol sen Cdi di. 


Suppose for the moment that absolute convergence of the double integral 
has been established. Then we can change the order of integration therein. 
We have, however, for y » 0, 


i coe | Se A dixe oe is 
-.x-0-y(-p-m (x—à +(y +h)’ 


as follows from the identity 


S 1 1 
—————— —— dt = 0, 
MESES pem 


verifiable by contour integration (h and y are 0 here), and the semigroup 
convolution property of the Poisson kernel. The previous relation thus 
becomes 


= x-t . 
f Ganira + ih, 0)dt 


ü h 
" jJ EE EH) sgn č dé. 


Fixing y > 0 for the moment, make h — 0. According to the third of the 
above lemmas, the last formula then becomes 


o 


^ x-t y 
— 7 —464(t,0)dt = — iO dé. 
M alt, 9) JI Š 
Now make y— 0, assuming that x #0. Since w,(€) is continuous at x, the 
right side tends to 
n w(x) Sgn x. 


Also, by the fourth lemma, G,(t,0) is Lip} at x. The left-hand integral 
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therefore tends to the Cauchy principal value 


[ 6,(60) | 
29 X-—t 


(which exists !), according to an observation in $H.1 of Chapter III and the 
discussion preceding the last theorem above. We thus have 


@,(x)sgnx = — Colt) i 
-» X-t 
for x #0, as asserted. 


The legitimacy of the above reasoning required absolute convergence of 


Xt t—E 
o J-a- ty? Sg gia aa Ca) sen 6 dr di 


which we must now establish. Fixing y and h>0 and xeR, we have 


const. 


x—t t— č P 
> (t D(E- c +1) 


(x+y -E +h? 
Wlog, let £ > 0. Then 


F dt [: dt 
E oc 
-e (It] + D(E — t| 1) o (+ (IE —t| - 1) 


which we break up in turn as 


a2 34/2 ow 
2f + 2 | + 2 f : 
g/2 342 
In the first of these integrals we use the inequality 
I¢—t| 2 £2, 
and, in the second, 
t > ¢/2, 
taking in the latter a new variable s = t — č. Both are thus easily seen to have values 
log* £41 
EzE 
In the third integral, use the relation 
t— č 2 t/3. 


This shows that expression to be < const.1/(č + 1). 
In fine, then, 


h 


X const. 


xet-.- tet log*|£] - 1 
x—0 +y? (t— E +h? BEEN! 
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for fixed xeR and y, h > 0. From the proof of the first lemma in this article, we know, 
however, that 
jo,(2)sgn¢| = o4) < 


const. 
Ie 1 


Absolute convergence of our double integral thus depends on the convergence of 


f 1 +log*|é| 
ss dto 


which evidently holds. Our proof is complete. 


dé 


Notation. If 2 is one of our domains with 0&2, we write, for x > 0, 


Q(x) = w,({ — 00, — x] v [x œ), 0). 


Further work in this § will be based on the function Qg. For it, the theorem 
just proved has the 


Corollary. If VEY, 


Qs) = af x eat oa for x» 0. 


Proof. When x » 0, 
Q(x) = w(x) t wal — x). 


Plug the formula furnished by the theorem into the right side. 


Scholium. The preceding arguments practically suffice to work up a 

complete treatment of the L, theory of Hilbert transforms. The reader who 

has never studied that theory thus has an opportunity to learn it now. 
If f €eL;( — oo, oo), let us write 


ue Sa X fdt 


~olz—t|? 
and 


eye | Im f()dt 


T 
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for 3z > 0; ü(z) is a harmonic conjugate of u(z) in the upper half plane. By 
taking Fourier transforms and using Plancherel’s theorem, one easily 
checks that 


| |a(x + iy)? dx < Ifl 


-0 


for each y > 0. Following a previous discussion in this article and those of 
§§F.2 and H.1, Chapter III, we also see that 


F(x) = lim a(x + iy) 


yr 


exists a.e. Fatou’s lemma then yields 


IF la < Ifl 


in view of the previous inequality. 
It is in fact true that 


in I(x) — a(x +iy)|2dx — 0 


—00 


for y —^ 0. This may be seen by noting that 


o oo 
| |&(x + iy) — &(x +iy’)|?dx = f |u(x + iy) 
70 — o 
— u(x + iy)|? dx 

for y and y' » 0, which may be verified using Fourier transforms and 
Plancherel's theorem. According to elementary properties of the Poisson 
kernel, the right-hand integral is small when y > 0 and y' > O are, as long as 
f € L5. Fixing a small y > 0 and then making y' > O in the left-hand integral, 
we find that 


y 163 — ütx + iy)|? dx 


is small by applying Fatou’s lemma. 
Once this is known, it is easy to prove that 


Ax) = — f(x) ae. 


by following almost exactly the argument used in proving the last theorem 


above. (Note that (log* |£| + 1)(|€|+ 1) € L;,(— oo, oo). ) This must then 
imply that 


Ifl < Js. 


540 
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so that finally 


Ifl; = MH. 


To complete this development, we need the result that the Cauchy 
principal value 


1 ^ FO ae 


nr}. ,x~-t 


exists and equals f(x) a.e. That is the content of 


Problem 25 
Let feL,(— oo, 060), p> 1. Show that 


D x-t fdt — f f(t) ái 
It-x|2 y 


zl. x-0 +y n x—t 


tends to zero as y —^ 0 if 
1 x+y 
f If()—f(x)\dt — 0 


for y 0, and hence for almost every real x. (The set of x for which the last 
conditionholds is called the Lebesgue set of f .) (Hint. One may wlog take f 
to be of compact support, making || f ||, « oo. Choosing a small ó > 0, one 
considers values of y between 0 and 6, for which the difference in question 
can be written as 


L uetus 
6 T? +y? 


T +) e a 
+ 5 ui ) uan. (f(x — 1) - f(x + 1)) dx. 


If the stipulated condition holds at x, the first of these integrals clearly +0 
as y — 0. For fixed ô> 0, the integral from ô to oo is < 2y? || f || ,/6° and 
this 0 as y —0. The integral from y to ô is in absolute value 


ges | èlf a uM 
y 


n 


Integrate this by parts.) 


An estimate for harmonic measure 


Given one of our domains 2 with 0€2, the function 
@((— oo, — x] v [x, 00), 0) is equal to 


E f° xG, (t, 0) 


n? x? — 1? 


dt 


70 
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by the corollary near the end of the preceding article. The Green’s function 
G,(t,0) of course vanishes on 02 = Ro(-— 2) and our attention is 
restricted to domains Y having bounded intersection with R. The above 
Cauchy principal value thus reduces to an ordinary integral for large x, and 
we have 


2 


Qux) ~ =| G,(t, 0) dt for x — oo, 


i.e., in terms of the Phragmén- Lindelóf function Y,(z) for 2, defined in $A.2, 


2Y4(0 
Q(x) ~ D x 0. 


It is remarkable that an inequality resembling this asymptotic relation 
holds for all positive x; this means that the kind of comparison spoken 
of at the beginning of the present $ is available. 


Theorem. if 0EQ, 


for x » 0. 


Proof. By comparison of harmonic measure for 2 with that for another 
smaller domain that depends on x. 
Given x>0, we let E,2Euo(—o5,-—x]u[x, o) and then put 


D. 
Tc 


Figure 152 


We have 9,29. On comparing o, ((— oo, — x] u[x, oo), 0) with 
@g((— oo, — x] u[x, oo), 0) on E,, we see that the former is larger than 
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the latter for (€2,. Hence, putting ( = 0, we get 
Q(x) < Qe (x). 


Take any number p >1. Applying the corollary near the end of the 
previous article and noting that Gz (t, 0) vanishes for 
teE, 2(— oo, — x]u[x, oo), we have 


2 f pxG (t, 0) 


ml p-r 


dt. 


Q, (px) = 


Since 2, c 2, G, (t,0) < G,(t, 0), so the right-hand integral is 


2p R 2p u 
<= G,(t,0)dt € —— —— G,(t, 0) dt. 
Tp? 1x i abd < rap? — Tx P Se 
By the formula for Y,(z) furnished by the second theorem of §A2, we thus get 
2p YQ) 
X —À—Á——- 
O20) S Tp x 
In order to complete the proof, we show that Q3 (px)/Q, (x) is bounded 
below by a quantity depending only on p, and then use the inequality just 


established together with the previous one. 
To compare Q, (px) with Qg (x), take a third domain 


é = C-((—oo, —x]u[x, oo): 


Figure 153 


Note that 9, S £ and 02, = E, consists of 06 together with the part of E 
lying in the segment [ — x, x]. For (€2, (and p > 1), a formula from $B.1 of 
Chapter VII tells us that 


Wg (( — 00, — px] VJ [ox, oo), ¢) 


= o,((— oo, — px] U[px, oo), CQ) 


= f w((— o0, — px]u [ex, 00), t)do, (t, ¢), 
Eng 
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whence, taking ¢ = 0, 
Qa (px) = o,((— oo, — px]U[px, oo), 0) 
T | [o» = oo, T px] V [px, oo), t)do, (t, 0). 
Eng 
Also, 
Q3 (x) = | — | do, (t, 0). 


Eng 


The harmonic measure w,((— oo, — px] U[px, oo), t) can be computed 
explicitly by making the Joukowski mapping 


This conformal map takes [ — x, x] to the diameter [ — 1,1], and 0 to 0. 
The union of the (two-sided!) intervals (— oo, — px] and [px, oo) on 0& 
is taken onto that of two arcs, o and ø’, on {|w| = 1}, the first symmetric 
about i and the second symmetric about — i. For çe, 

w,((— oo, — px] v [px, oo), C)is the sum of the harmonic measures of these 
two arcs in A, seen from the point w therein corresponding to ¢. When ¢ = t 
is real, this sum is just 2c,(c, u), u being the point of (— 1, 1) corres- 
ponding to t. However, from the rudiments of complex variable theory, 
the level lines of c,(c, w) are just the circles through the endpoints of c. 
From a glance at the following diagram, it is hence obvious that c,(c, u) 
has its maximum for —1<u<1 when u=0: 


g 


GS 


Figure 155 
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Going back to &, we see that 
cx, —00,— px] U Lex, oo), t) < o,((— 0o, — px] V Lex, oo), 0) 
when — x < t < x. Plugging this into the above formula for Q, (px), we find 


that 


Q, (px) > o,((-— oo, — px] u[ox, oo), 0) 


fı — | do, (t, o}. 
Eng 


The quantity in curly brackets is just Q, (x), so we have 


Q, (px) 
+ — 2 o,((- oo, — px] U[px, oo), 0). 
Q,, (x) T 
Here, the right side clearly depends only on p; this is the relation we set 
out to obtain. 
From the inequality just found together with the two others established 


at the beginning of this proof, we now get 


Qa (px) 
Q(x) < Q,, (x) ES o,(( — œ, — px] u[px, oo), 0) 
» X40 


< —— es 
mp? — Doll o, — px]U[px, 0), 0) x 


The front factor in the right-hand member depends only on the parameter 
p; let us compute its value. The two arcs o and o' both subtend angles 
2arcsin(T/p) at 0. Therefore 


2 1 
@,((— 00, — px] U[px, oo), 0) = 2o,(0,0) = US. 


and the factor in question equals 
p 
2 " 1 
(p* — 1) arcsin— 
p 
It is readily ascertained (put 1/p = sina !) that the expression just written 
decreases for p > 1. Making p oo, we get the limit 1, whence 
Q(x) € Y,(0)/x, Q.E.D. 


Remark. An inequality almost as good as the one just established can be 
obtained with considerably less effort. By the first theorem of the preceding 
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article, we have, for y > 0, 


Gy, 0) 


1 bi : 
LE t | log |iy — t|dw,(t, 0) 


— 00 


eo t? 
[ : io J(1 + T host 0), 


a quantity clearly > Q,(y)log x 2. On the other hand, 


; 1(° yG$(t0 
Goliy,0) = — f epa 


as in the proof of the third lemma from that article. Here, the right side is 


1 f? Y,(0) 
X T > = > 
a G,(t, 0) dt 


—00 


so the previous relation yields 


2 Y4(0) 
90) <S log2 y 
Problem 26 
For 0 « p <4, let E, be the union of the segments 
E -1 2n -1 Fe ez 
2 p 2 Ph n > 


these are just the intervals of length 2p centered at the half odd integers. 
Denote the component [(2n — 1)/2 — p, Qn — 1)/2 + p] of E, by J, (it 
would be more logical to write J,(p) ) 2, =C ~ E, is a domain of the 
kind considered in $A, and, by Carleson's theorem from §A.1, 


K, 
Og (Ins 0) < DE 
The purpose of this problem is to obtain quantitative information about 
the asymptotic behaviour of the best value for K, as p 0. 
(a) Show that Y, (0) ~ (1/1)log(1/p) as p ^0. (Hint. In Z,, consider the 
harmonic function 


COS tZ cos? nz 
. * 2 p 1 ^ ) 
sin zp sin? xp 


(b) By making an appropriate limiting argument, adapt the theorem just 
proved to the domain 2, and hence show that 


log 


Q, (x) < Y, (0)/x for x > 0. 
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(c) For n> 1, show that 
5 (Js. 1; 0) X Og (Jn, 0). 


(Hint: 


Figure 156 


(d) Hence show that, for nz 3, 


Wy (J,,0) < (ctos~)/n*, 
E p 


with a numerical constant C independent of p. 
(Hint: Q, (n) z 2Yi- 405 (Jii 0)) 

(e) Show that the smallest constant K, such that Og (Jn, 0) < K,/(n* +1) 
for all n satisfies 


1 
K, > C'log- 
p 


with a constant C' independent of p. 

(Hint. This is harder than parts (a)-(d). Fixing any p > 0, write, for large 
R, E, E,U(—o, -R]o[R,o), and then put 24-C-E; 
As R > 00, Gg, (t, 0) increases to G, (t, 0), so Y,, (0) increases to Y, (0). For 
each R, by the first theorem of the previous article, 


1 
G, (2, w) = log—— + f log |w — s|do, (s, 2), 
|z—w| ER 


whence 


s? 
1-3 do, s, 0) 


G, (50) -G, (71,0) = | log 


ER 
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Fix any integer A>0. Then je G; AU O)dt is the limit, as R — oo, of 
j- a folog]1 — (s/t?)|dt do, (s, oj Taking an arbitrary large M, which 
for t the moment we fix, we break up this double integral as 


ped 


To study the two terms of this sum, first evaluate 


A 
T 
0 


for |s|> A this can be done by direct computation, and, for |s| < A, by 
using the identity 
2 


A oo 
fioe -5a = -f log}1 
0 A 


Regarding f^, fologit — (s?/t?)|dt do, (5,0), we may use the fact that 
€ (S, 0) — og (S, 0) as R — oo for bounded S € R, and then plug in the 
inequality 


Oa (4,0) < K,/n? +1) 


2 
S 
nier dt; 


2 
S 
=z dt. 


together with the result of the computation just indicated. In this way we 


4 < CK, with a constant C independent of 


easily see that limg.,., Í zuo 


A, M, and p. 
In order to estimate 


A 
| | log|1— 
li» M Jo 


use the fact that 


YO _ Yo,(0) 
S S 


2 
4d dos (s, 0), 


Q (9 < 


(where Ys, (0), as we already know, is finite) together with the value of the 
inner integral, already computed, and integrate by parts. In this way one 
finds an estimate independent of R which, for fixed A, is very small if M is 
large enough. Combining this result with the previous one and then 
making M > œ, one sees that 


A 
| Go (t,0)dt < CK, 
with C independent of A and of p.) 


Remark. In the circumstances of the preceding problem Go (z,0) must, 
when p — 0, tend to oo for each z not equal to a half odd integer, and it is 
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interesting to see how fast that happens. Fix any such z # 0. Then, given 
p> 0 we have, working with the domains Z4 used in part (e) of the 
problem, 


G,(z0) = lim Gy (z 0). 
? R>% 


Here, 


1 [re] 
Go (z, 0) = logi + | log |z — tdeo (t, 0) 


= ow+| log* t| dcs (t, 0), 


— 00 


where the O(1) term depends on z but is independent of R, and of p, when 
the latter is small enough. 
Taking an M » 1, we rewrite the last integral on the right as 


| r | ; 
It «M kiz M 


and thus find it to be 


< log M -Í log t dQ, (t) 


Q 
= logM +9, (MlogM + |" 920 r Oa 


Plug the inequalities Q36) < Yo,(0)/t and Y4,(0 < Y, (0) into the ex- 
pression on the right. Then, referring to the previous relation and making 
R- oo, we see that 


logM +1 
G, (2,0) < O(1)--logM + Y, (0) EZE, 


By part (a) of the problem, Y, ,(0) = O(1)+(1/z)log(1/p). Hence, 
choosing M = (1/n)log(1/p) log log (1/p) i in the last relation, we get 


1 1 
Go (2, 0) < O(1) + loglog 5 + log log log—. 
p 


This order of growth seems rather slow. One would have expected 
Gs (z, 0) to behave like log(1/p) for small p when z is fixed. 


3. The energy integral again 


The result of the preceding article already has some applications 
to the project described at the beginning of this §. Suppose that 
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the majorant M(t) > 0 is defined and even on R. Taking M(t) to be identi- 
cally zero in a neighborhood of 0 involves no real loss of generality. If 
M(t) is also increasing on [0, oo), the Poisson integral 


| v(t)dc, (t, 0) 
6D 


for a function v(z) subharmonic in one of our domains 2 with 0e2 
and satisfying 


wt < M(t), teô, 


has the simple majorant 


Y,(0): | MD qe 
"MET 


The entire dependence of the Poisson integral on the domain 2 is thus 
expressed by means of the single factor Y,(0) occurring in this second 
expression. 

To see this, recall that w,((— oo, — t]u [t, oo), 0) = Q(t) for t» 0; 
the given majoration on v(t) therefore makes the Poisson 
integral < — fọ M(t) dO, (t), which here is equal to 


[5] 
f Q,(t)d M(t). 
0 

Since M(t) is increasing on [0, 0), we may substitute the relation 
Q,(t) < Y,(0)/t proved in the preceding article into the last expression, 
showing it to be 


* dM o M 
< Y,(0) | m) = Y,(0) | Par, 
0 0 


This argument cannot be applied to general even majorants M(t) 2 0, 
because the relation ,(t)< Y,(0)/t cannot be differentiated to yield 
dw,(t,0) < (Y,(0)/t?)dt. Indeed, when x € 02 = E gets near any of the 
endpoints a of the intervals making up that set, dw,(x,0)/dx gets large 
like a multiple of |x — a| ^? (see the second lemma of article 1 and the 
remark following it). We are not supposing anything about the disposition 
of these intervals except that they be finite in number; there may otherwise 
be arbitrarily many of them. It is therefore not possible to bound 
f*,M()dogs4(t0) by an expression involving only fọ (M()/?)dt for 
general even majorants M(t) > 0; some additional regularity properties of 
M(t) are required and must be taken into account. A very useful instrument 
for this purpose turns out to be the energy introduced in $B.5 which has 
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already played such an important róle in §B. Application of that notion to 
matters like the one now under discussion goes back to the 1962 paper of 
Beurling and Malliavin. The material of that paper will be taken up in 
Chapter XI, where we will use the results established in the present $. 


Appearance of the energy here is due to the following 


Lemma. Let 0€2. For x #0, 


G,(x, 0) ++ G5g( —x,0) = an log |= Jata). 


Proof. By the second theorem of article 1, 


G,(x,0) = -f GaSe i, -rssi 


x—t 
where 
@,((— oo, t], 0), t «0, 
mm i (Lt, ©), 0, — t»0. 
Thence, 


a2 
G,(x, 0)+ G9( —x,0) = i meas 


© t-2t 
= f zu Qs) dt, 


since c(t) + o5( — t) = Qs(t) for t > 0. 
Assuming wlog that x >0, we take a small c» 0 and apply partial 
integration to the two integrals in 


(E)n 


(efi NE) 
QUUM 


The function Q,(t) is 1 for t > 0 near 0 and O(1/t) for large t; it is moreover 
Lip 3 at each x >0 by the second lemma of article 1. The sum of the 


getting 


-ld(ro0). 
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integrated terms therefore tends to 0 as £— 0, and we see that 


° 2t 1 
FA Sox 7Q,(t)dt = JN log = 


Since the left side equals G,(x,0) + G4( — x,0), the lemma is proved. 


- ditQ, 0). 


In the language of $B.5, x(G,(x,0) + Ga( — x,0)) is the Green potential 
of d(tQ,(t)). Here, since we are assuming 2 AR = R ~ E to be bounded, 


1 {° 2x 
Q(x) = at xig Galt, Ode 


has, for large x, a convergent expansion of the form 


a, as as 
x T x? t x? es 
so that 
2 4 
dis) = ~ (+ Sa a 


for large t. Using this fact it is easy to verify that 


[ot 


is absolutely convergent; this double integral thus coincides with the energy 
E(d(t5(t)), d(r3,())) 

defined in §B.5. 

Theorem. If 0e2, 


E(d(t5()), d(tQ5(0)) < n(Y4(0))". 


Proof. By the lemma, the left side, equal to the above double integral, 
can be rewritten as 


z| dRo (0) d(xQ,(x)) 


k x[G,(x,0) + Ga(— x,0)]d(xQ,(x)). 
0 


Here, G,(x,0)+ G,(—x,0)20 and Q,(x) is decreasing, so the last 
expression is 


< ik [G,(x, 0) + G&( — x, 0)]xQ,(x)dx. 
0 
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From the theorem of the preceding article we have xQ,(x) < Y,(0), so this 
is in turn 


< Y,0) f G,(x,0)dx, 


which, however equals 2(Y,(0))? by the second theorem of §A.2. 
We are done. 


This theorem will be used in establishing the remaining results of the 
present §. For that work it will be convenient to have at hand an 
alternative notation for the energy 


E(dp(t), dp(t)). 


Suppose that we have a real Green potential 


i) | log T^ apt. 
If the double integral 
| k log == “| do(t) dp) 


used to define E(dp(t), dp(t)) is absolutely convergent, we write 


> lulz = E(dp(e), dp(t)). 


If we have another such Green potential 


v(x) - | log 
0 x— 


zH do(t), 


we similarly write 


<u, vg = E(dp(t), do(t)). 


€ , gis a bilinear form on the collection of real Green potentials of 
this kind; according to the remark at the end of §B.5 it is positive 
definite. The reader may wonder whether our use of the symbol ||u||g to 
denote J/(E(dp(t), dp(t))) is legitimate; could not the same function u(x) 
be the Green potential of two different measures? That this cannot occur 
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is easily seen, and boils down to showing that if p(x) is not constant, the 
Green potential 


u(x) = MN 
0 


x+t 

zt aon 

x—t 

cannot be =Q on [0, oo) (provided, of course, that the double integral used 
to define E(dp(t) dp(t) is absolutely convergent) Here, we have 


E(dp(t), dp(t)) = f, u(x)dp(x). Hence, if u(x) = 0, the left-hand side is also 
zero. Then, however, p(x) is constant by the second lemma of §B.5. 


4. Harmonic estimation in 2 


We are now able to give a fairly general result of the kind 
envisioned at the beginning of this §. Suppose we have an even 
majorant M(t)>0 with M(0) 2 0. In the case where M(x)/x is a Green 
potential 


"o = 
0 eh 


with the double integral defining  E(dp(t), dp(t)) = || M(x)/x||2 
absolutely convergent, the following is true: 


Theorem. Let M(t) be a majorant of the kind just described. Given 
one of our domains D containing 0, suppose we have a function v(z), 
subharmonic in D and continuous up to 09, with 


v(z) € A|$z| + O(1) 
for some real (sic!) A, and 


v(t) < M(t) for ted®. 


Then 


M(t) 


Mar + yal 


pes 


J 


0) < TUE + MN: 


Remark. 'The assumptions on v(z)'s behaviour can be lightened by means 
of standard Phragmén-Lindelóf arguments (see footnote near beginning 
of §A.2, after problem 16) Such extensions are left to the reader; 
what we have here is general enough for the applications in this book. 
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Proof of theorem. The difference 
v(z) — AY,(z) 


is (by the definition of Y,(z) in §A.2) subharmonic and bounded above 
in 2, and continuous up to 02, where it coincides with v(z). Hence, by 
harmonic majoration (Chapter VII, §B.1), 


v(z)— AY,(z) < f wt)dos(t,z) < f M(t)dog(t, z) for ze9. 


Taking z — 0, we see that we have to estimate fa M(tdos(t, 0), which, in 
view of the definition of Q(t), equals — fọ M(t)dQ,(t), M(t) being even. 
The trick here is to write 


z { MAd) = I: Mo Anat - | MO auo 0) 
0 0 o 
Since M(t) 2 0, the first integral on the right is 


X Y,(0) p” Mi dt 


by the theorem of article 2. In view of our assumption on M(t), the second 
right-hand integral can be rewritten 


-Fp log ~~ 


Using Schwarz’ inequality on the positive definite bilinear form E( , ) 
(see remark, end of §B.5), we see that the last expression is in modulus 


< J/(E(dp(t), dp(t))) /(GEd(rQs(0), d(tQo(1)))) 


which, by the result of the preceding article, is < || M(x)/x p /1 Y4(0). 
Putting our two estimates together, we get 


lapt) d(Q4() = — E(dp(t), d(eQ(t))). 


| M(9do,(t,0) < rof EI JA [e \ 
6D 0 t x E 


As we have seen v(0) — AY,(0)is < the left-hand integral. The theorem 
is thus proved. 


Remark. This result shows that for special majorants M(t) of the kind 
described, the entire dependence of our bound for v(0) on the domain 2 is 
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expressed through the quantity Y,(0), Y, being the Phragmén- Lindelóf 
function for 2. 


5. When majorant is the logarithm of an entire function of 
exponential type 


The result in the preceding article can be extended so as to apply to 
certain even majorants M(x) of the form 


for which the iterated integral 


[ot 


is not absolutely convergent. This can, in particular, be done in the 
important special case where 


M(x) = log|G(x)| 


with an entire function G of exponential type, 1 at 0, having even 
modulus > 1 on R, and such that 


? log|G(x)| 
-o dx) 


dp(t) dp(x) 


dx « oo. 


Then the right side of the boxed formula at the end of the previous article 
can be simplified so as to involve only Y,(0), fo (M(t)/t?)dt, and the type 
of G. 

The treatment of any majorant M(x), even or not, of the form log* | F(x)| 
with F entire, of exponential type, and such that 


* log*|F 
p eag 
-æ itx 

can be reduced to that of one of the kind just described. Indeed, to any 
such M(x) corresponds another, M(x) =log|G(x)| with G entire and of 
exponential type, such that 

M(x) > M(x) for |x|21, 

M(x) = M,(-x) > 0, 

M,(0) = 0, 


*M 
| M109 a, < o0. 
0 x 


and 
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To see this, put first of all 


Oz) = 1+2 FG)FG) + F(- zF 2)]; 
@(z) is then entire and of exponential type, even, and >1 on R with 
@(0) = 1. Clearly 

| © log (x) 


-o 1+x? di 


in view of the similar property of F, and 
@(x) > |F(x)? . for |x| 2 1. 
By the Riesz-Fejer theorem (the third one in $G.3 of Chapter III), there 


is an entire function G(z) of exponential type, having all its zeros in 3z <0 
(since here d(x) > 1), such that 
z) = GGA). 
The majorant M ,(x) = log| G(x)| then has the required properties. 
The result to be obtained in this article regarding even majorants 
log|G(x)| of the abovementioned kind can thus be used in studying 
problems involving the more general ones of the form log* | F(x)|. 


For entire functions G(z) of exponential type with G(0)=1, 
|G(x)| = |G(—x)| > 1, and 


[- log | G(x)| 


[iab 4*9 95 
x 


log| G(x)| has a simple representation as a Stieltjes integral. When dealing 
only with the modulus of G on R, we may, by the second theorem of $G.3, 
Chapter III, assume that G(z) has all its zeros in the lower half plane. 


Forming, for the moment, the entire function ®(z) = G(z)G(z), we see that 
@(x) = 6(— x) on R so that ®(z) = 4(— z), and every zero of ®(z) is also 
one of ®(— z). The zeros of ®(z) are just those of G(z) together with their 
complex conjugates, so, since all the former lie in 3z < 0, we have G(— 4) 2 0 
whenever G(4) = 0. The zeros of G(z) thus fall into three groups: those on 
the negative imaginary axis, those in the open fourth quadrant, and the 
reflections of these latter ones in the imaginary axis. The Hadamard factor- 
ization (Chapter III, $A) of G(z) can therefore be written 


ay -e*[I(1 «em : ghi- erhi i)e 
k n n ‘A 
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where the u, >0, RA,>0 and 534, >0. One (or even both!) of the two 
products occurring on the right may of course be empty. 
Since | G(x)| = |G(— x)|, « is pure imaginary. We also know, by the first 
theorem of n Chapter III, that 
M. 
— and TI 
Ln Hk 2 | Aal? 
both converge. The exponential factors figuring in the above product may 


therefore be grouped together and multiplied out separately, after which the 
expression takes the form 


epo )n(-z) (9) 


with b real. Here, we are only concerned with the modulus |G(x)|, xeR; 
we may hence take b — 0. This we do throughout the remainder of this article, 
working exclusively with entire functions of exponential type of the form 


Di; mz (o) 


where the yu, » 0, RA, » 0 and 34,» 0. The products on the right are of 
course assumed to be convergent. Our Stieltjes integral representation for 
such functions is provided by the 


Lemma. Let G(z), of exponential type, be of the form just described. Then, for 


3z>0, 
2 
g: 


log|G(z)) = | log 
0 
with an increasing function v(t) given by 


dv(t) _ Wn M, 
d (pots t xs gag mnie) 


Proof. Fix z, 3z>0. Then log|1 -- z/A| is a harmonic function of À in 
{3A > 0}, bounded therein for A away from 0, and continuous up to R save 
at 4 — 0 where it has a logarithmic singularity. We can therefore apply 
Poisson's formula, getting 


1;° Zz 
= — log|1 —-|- 
an og t 


dv(t) 


Z 
l 1+- 
og tq 
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for 34 > 0, from which 


log 1— 


id + log 


z? 


E 


A R7! 
(3 TET 


Similarly, for u >Q, 


z E fas z| ax 
los!i1-- —| = -Í logl1 -4| —— dt. 
og + Ji og F ONCE 
We have 
z z Zz 
log|G(z)| = $log|1 +—| + Y log]1+—|+log}1—+| }. 
k LS n An An 


When 3z » 0, we can rewrite each of the terms on the right using the 
formulas just given, obtaining a certain sum of integrals. If |9tz| < Sz, the 
order of summation and integration in that sum can be reversed, for then 


log -5 > 0, teR. 
This gives 
iv) z2 
log|G(z)| = l log l-3 dy(t), 
0 


at least for |Rz| < 3z, with v'(t) as in the statement of the lemma. 

Both sides of the relation just found are, however, harmonic in z for 
3z > 0; the left one by our assumption on G(z) and the right one because 
fo log|1 + y?/t?|dv(t), being just equal to log|G(iy)] for y 0, is convergent 
for every such y. (To show that this implies u.c.c. convergence, and hence 
harmonicity, of the integral involving z for 3z > 0, one may argue as at 
the beginning of the proof of the second theorem in §A, Chapter ITI.) The 
two sides of our relation, equal for | Rz| < 3z, must therefore coincide for 
3z > 0 and finally for Jz >0 by a continuity argument. 


Remark. Since G(z) has no zeros for 3z > 0, a branch of log G(z), and hence 
of arg G(z), is defined there. By logarithmic differentiation of the above 
boxed product formula for G(z), it is easy to check that 


darg G(t) 


dr = —mnv(t) 


with the v of the lemma. From this it is clear that v'(t) is certainly continuous 
(and even ¢,,) on R. 
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In what follows, we will take v(0) = 0, v(t) being the increasing function 
in the lemma. Since v'(t) is clearly even, v(t) is then odd. With v(t) thus 
specified, we have the easy 


Lemma. If G(z), given by the above boxed formula, is of exponential type, the 
function v(t) corresponding to it is < const.t for t>0. 


Proof. By the preceding lemma, 


f log 
0 


for 3z > 0, the right side being < K |z| by hypothesis, since G(0) = 1. Calling 
the left-hand integral U(z), we have, however, U(z) = U(z), so 


zi 
1-3 dwt) = log|G(z)| 


U(z) < Kiz] 
for all z. 
Reasoning as in the proof of Jensen’s formula, Chapter I (what we are 
dealing with here is indeed nothing but a version of that formula for the 
subharmonic function U(z)), we see, for t #0, that 


1f" log--, |t|«r 
x [ee do = iti 


re? 
fo 
t 
0, Itl 2r. 
Thence, by Fubini's theorem, 


1 [7 i$ d r 

Ns i = — dw(t). 

2s NL )dd [fosa 
Integrating the right side by parts, we get the value 2f (v(t)/t) dt, v(t) 
being odd and v'(0) finite. In view of the above inequality on U(z), we thus 
have 


From this relation we easily deduce that v(r) < 4eKr as in problem 1, 
Chapter I. Done. 

Using the two results just proved in conjunction with the first lemma of 
$B.4, we now obtain, without further ado, the 


Theorem. Let the entire function G(z) of exponential type be given by the 
above boxed formula, and let v(t) be the increasing function associated to G in 
the way described above. Then, for x » 0, 

xtt[, ( v(t) ) 
x—t t 


log |G(x)| = - log 
0 
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For our functions G(z), (log|G(x)|)/x is thus a Green potential on (0, oo). 
This makes it possible for us to apply the result of the preceding article to 
majorants 


M(t) = loglG(t)]. 


With that in mind, let us give a more quantitative version of the second of 
the above lemmas. 


Lemma. If G(z), given by the above boxed formula, is > 1 in modulus on R 
and of exponential type a, the increasing function v(t) associated to it satisfies 


PDT 


x~ 
2 
Exe X 


tz 0. 
t 2 n 


Remark. We are not striving for a best possible inequality here. 


Proof of lemma. 'The function U(z) used in proving the previous lemma is 
subharmonic and < K |z|. Assuming that 


© log|G 
| di < oo 


— 00 


(the only situation we need consider), let us find an explicit estimate for K. 
Under our assumption, we have, for 3z > 0, 


-olz—tl? 


1 oo 
log|G(z) < a3z -if —5 logiG())ldt 
by $E of Chapter III. When — y < x < y, we have, however, for z = x + iy, 


p. a 
jz—t)? = t?-2xt+x?+y’? 2 a ty xt + 2x? 


t? 
2 >” teR, 


whence, log |G(t)| being > 0, 
2y |° logiG(t)] 


— dt. 
"a PECES 


log|G(z)) < ay + 


Thus, since U(z) = U(z) 2log|G(z)| for 3z > 0, 
U(z) < GAN Se ar iaa 


in both of the sectors |9tz| € |3z]. 
Because U(z) < const.|z| we can apply the second Phragmén-Lindelóf 
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theorem of $C, Chapter III, to the difference 


U2) - (a +2 2 f7 se log GOI 4 ar) 


in the 90° sector |3z| < Rz, and find that it is <0 in that sector. One 
proceeds similarly in Rz < —|3z|, and we have 


U(z) < (a+2 f S20! ac Jia 
for |Sz| < [Rz]. 
Combining the two estimates for U(z) just found, we get 
U(z < Klz| 
with 
2° | 
TOW m 


This value of K may now be plugged into the proof of the previous lemma. 
That yields the desired result. 


Problem 27 


Let dXz) be entire and of exponential type, with 4 0) = 1. Suppose that dXz) 
has all its zeros in 3z <0 and that |d(x)| > 1 on R. Show that then 


ll log|dXx)] 
s dx < œ 
x 


-0 


(Hint: First use Lindelöf’s theorem from Chapter III, §B, to show that the 
Hadamard factorization for ®(z) can be cast in the form 


$Xz) = en(i-z) EAM 


where the 34,<0. Taking ‘¥(z)=@(z)exp(—iz3c), show that 
0 log|'¥(z)|/dy > 0 for y > 0, and then look at 1/¥(z). ) 


Suppose now that we have an entire function G(z) given by the above 
boxed representation, of exponential type a and >1 in modulus on R. 


If the double integral 
EM) 
t x 


[m 


is absolutely convergent, we may, as in the previous two articles, speak of the 


x+t 
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(UP) (7): 

t t 

in terms of the Green potential 

log G(x) _ -Í get (X), 
x—t t 


x 
this is just ||(log|G(x)|)/x||2 according to the notation introduced at the 
end of article 3. 


energy 


l 


o 


To Beurling and Malliavin is due the important observation that 
|| log | G(x)|)/x lz can be expressed in terms of a and fọ (log|G(x)|/x?)dx 
under the present circumstances. Since log|G(t)| > 0 and v(t) increases, we 
have indeed 


x 


= | “pelea (9 dx — av) ) 


0 x 
< (s2) f logIGQ9l 4. 
x»0 X 0 x 


Using the preceding lemma and remembering that |G(x)| is even, we find 
that 


*] 
IogIGG9l/x l8 = — f xni 


2 [7] oo 
logioj? < (s NE: eri 4.) j os) G00 4, 


x E 2 X Jo o 


Take now an even majorant M(t) > 0 equal to log|G(t)|, and consider 
one of our domains 9 with 0€2. From the result just obtained and the 
boxed formula near the end of the previous article, we get 


jio < YO J + Je 0 3)). 
o2 4 


pe (seen, = [May 


with 


o t o 
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at least in the case where 


EU 


is absolutely convergent. On the right side of this relation, the coefficient 

Y,(0) is multiplied by a factor involving only a, the type of G, and the integral 
fo (M(o)/t?) dt (essentially, the one this book is about!). 

It is very important that the requirement of absolute convergence on the 
above double integral can be lifted, and the preceding relation still remains 
true. This will be shown by bringing in the completion, for the norm || |lz, 
of the collection of real Green potentials associated with absolutely con- 
vergent energy integrals — that completion is a real Hilbert space, since 
| lle comes from a positive definite bilinear form. The details of the 
argument take up the remainder of this article. 

Starting with our entire function G(z) of exponential type and the 
increasing function v(t) associated to it, put 


xtt 


_ log|G(x)| E 2 x- t|. v(t) 
Qo) = = = il log — «(2 
and, for n = 1, 2, 3,..., 
1 f" 2 
Q,(x) = f log|1 — -z| dv(t). 
X Jo 
In terms of 
v(t) O<t<n, 
wt) = b t>n, 
we have 
+t a(t 
29 = - [e Eta (89)) 


by the first lemma of §B.4; evidently, Q,(x) — Q(x) u.c.c. in [0, oo) as n > oc. 


Each of the integrals 
2c) (8) 
t x 


ie 


is absolutely convergent. This is easily verified using the facts that 


a(“) ~ 4y"(0)dt 


x+t 
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near 0 (v(t) being @,, by a previous remark), and that 
a(“) = -Qar for t>n. 
Lemma. If |G(x)| 2 1 on R, the functions Q,(x) are >0 for x >0, and 
I.I; < 2v. 
Proof. For t» 0, log|1 — x?/?| 2 0 when x > 2t, so 


n x? 
xQ(x) = f log|1 — -z| dv(t) 


is >0 for x>./2n. Again, for 0<x «2t, log|1— x?/t?| <0, so, for 
0xxx« 2n, 


| log|1 


and finally xQ,(x), equal to log| G(x)| minus this integral, is 20 since 
|G(x)| 2 1. 

The second lemma of §B.4 is applicable to the functions v,(t). Using it and 
the positivity of Q,(x), already established, we get 


0.12 = Ie i. log — *a(2 a (48) 
= [Loco [3s -2e 


(e) 2 
< I Qo ax = T. euo = Soy. 


x? 
--dwt) < 0 


x+t 


We are done. 


Theorem. Let G(z) be an entire function of exponential type a, 1 at 0, with 
[G(x)| even and >1 on R, and such that 


f ? log|G(x)| 


dx < œ. 
-o 1+x? 


If 2 is one of our domains containing 0, we have 
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f log |G(t)|\dw,(t,0) < rofs» |(20( )! 
02 


jus [ Sela, 


2 
0 t 


T ud 
4 


where 


Proof. According to the discussion at the beginning of this article we may, 
without loss of generality,* assume that G(z) has the above boxed product 
representation. 

Beginning as in the proof of the theorem from the preceding article, we 
have 


o] 
20g bad D Q(x) dx 


f logiG(x))dog(x,0) = | 
ag 0 


e | P EICON ae 


0 


The first term on the right is of course 
2 log|G 
< Y,(0) [ BISO gy 
0 


by the theorem of article 2, log|G(x)| being positive. The second, equal to 
-f Q69d(x0,(x)), 
0 


can be looked at in two different ways. 
In the first place, for x 0, 


Q(x) = lim Q,(x) 


no 


with the functions Q,(x) introduced above. Also, for each n, 


* Dropping the factor exp (ibz) from the second displayed expression on p. 557 can 
only diminish the overall exponential type, for, if G(z) is given by the boxed formula 
on that page, the limsups of log|G(iy)|/ly| for y tending to oo and to — co 
are equal. To see that, observe that the limsup for y — oo is actually a limit (see 
remark, p. 49), and that G(z)/G(z) = B(z) is a Blaschke product like the one 
figuring in the remark on p. 58. The argument of pp. 57-8 shows, however, that 
then the limsup of logi B(iy)|/y for y — oo is zero. 
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1 +5 =| ante 


: p 
< —| log 
x 


Since v(t) < Kt, the right-hand member comes out < nK on integrating by 
parts. This, together with the preceding lemma, shows that 


0 x Qx) < aK for x » 0. 


Q(x) < Hi log 


1 +5 “lave, x>0. 


However, for large x, 


d(x0,(x)) = ( + o() a 


(see just before the theorem of article 3). Therefore 


f " Olx)d(xO,(x)) = lim | Q,)d(xQ50)) 
0 n- oo 


by dominated convergence. 

The right-hand limit can also be expressed as an inner product in a 
certain real Hilbert space. The latter — call it $ — is the completion with 
respect to the norm || ||g of the collection of real Green potentials 


u(x) = if log — 


such that 


[fat 


the positive definite bilinear form < , »gextends by continuity to § for 
which it serves as inner product. For each n, we have 


ik Qd) = e(a (48) TO = (Q, Ps. 


“| dott 


Idp(t)||dp(x)|_ < oo; 


where 
P(x) = x(G(x,0) + Go( —x,0)) ; 


here only Green potentials associated with absolutely convergent energy 
integrals are involved. By the lemma, however, 


p 
I Q, lle < 5". 
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so a subsequence of {Q,}, which we may as well also denote by {Q,}, 
converges weakly in $ to some element q of that space. (Here, we do not 
need to ‘identify’ q with the function Q(x), although that can easily be 
done.) In view of the previous limit relation, we see that 


| Q(x)d(xQ(x)) = lim ¢Q,,P>e = <4, P >e- 
0 no 
Thence, by Schwarz’ inequality and the result of article 3, 


| I Qo)d(xQ56)). « allel Pl 
= [dle (EARD) dt) < VYAO- 


Returning to the beginning of this proof, we see that 


| log |G(x)|deg(x,0) < Y,(0) f = loglGO ay 
o2 o x 


+ JnY40)Ialls, 


and thus need an estimate for ||q||;. The obvious one, 
lag <liminf,.. o IQ, lle < 2v‘(0)/2, is not good enough to give us what we 
want here, so we argue as follows. 

The weak convergence of Q, to q in $ implies first of all that 


lall = lim {Qn E- 


Fix any n; then, by weak convergence again, 


(60); = lim (Q4,Qn)2 = - tim |" ooa 49 


Here, d(v,(x)/x) is just — (v(n)/x?) dx for x >n, so, since 0€ Q,(x) < 2K, 
we have, by dominated convergence, 


- tim |" esa(39) = - [ow a(*) 


which, Q(x) being positive, is 
< | "ooa, 
0 x 
Again, v,(x) € v(x) for x > 0, so finally 
(92. < [oe Sas = (PREM a, 
0 


x x 
for each fixed n. The right-hand integral was already estimated above, 
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before the preceding lemma, and found to be 


< 2 (2 - f EUR ax) | EUR ax 


n\ 4 " "n 


This quantity is thus > lim,..<¢,2,.>2 = llqli2, giving us an upper 
bound on ||q lg. 


Substituting the estimate just obtained into the above inequality for 
faa log| G(x)| deo, (x, 0), we have the theorem. The proof is complete. 


Corollary. Let G(z) and the domain 2 be as in the hypothesis of the theorem. 
If v(z), subharmonic in 2 and continuous up to 02, satisfies 


wt) < log|G(), ted, 
and 


uz) < Al3z| + O(1) 


with some real A, we have 


0) < Zr +J+ eaf) 


E { tog iGCl yy 
0 x 


where 


and a is the type of G. 


This result will be used in proving the Beurling—Malliavin multiplier 
theorem in Chapter XI. 


Problem 28 


Let G(z), entire and of exponential type, be given by the above boxed 
product formula and satisfy the hypothesis of the preceding theorem. 
Suppose also that 


log| Giy)| 


—a for y—to. 
lyl 


The purpose of this problem is to improve the estimate of || (log| G(x)])/x lz 
obtained above. 


(a) Show that v'(0) = a/n + 2J/n? and that v(t)/t — a/r as t > oo. Here, J has 
the same meaning as in'the statement of the theorem. 
(Hint. For the second relation, one may just indicate how to adapt the 
argument from $H.2 of Chapter III.) 
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(b) Show that 
oe) 2 2 
| fei. = s (wow — (im £) l 
0 x x 4 ext 


(Hint. Integral on left is the negative of 


SS v(t) V v(x) 
| | is «(2 eo 


Here, direct application of the method used to prove the second 
lemma of §B.4 is hampered by (d/df)(v(t)/f)'s lack of regularity for 
large t; however, the following procedure works and is quite general. 

For small 8 > 0 and large L one can get e, O< e <6, and R > L 
making 


L R 
log d w wa dx 
pte t) x 
nearly equal to the above iterated integral. The order of integration 
can now be reversed and then the second mean value theorem applied 


to show that f? f£ and f? ft are both small in magnitude when 8 > 0 is 
small and L large. Our initial expression is thus closely approximated 


by 
L pL i 
i wx) v(e) 


Apply to this a suitable modification of the reasoning in the proof of 
the aforementioned lemma, and then make 8 — 0, L — OO.) 


x+t 
x—t 


x+t 
x-t 


x+t 
x—t 


Hence show that 


© | 1 
{ BEEN NS oal 
0 x x n 


(L2) < Laon 
t x n 


(c 


~ 


so that 


x+t 
0g|—— 
x-t 


Addendum 


Improvement of Volberg’s Theorem on the Logarithmic 

Integral. Work of Brennan, Borichev, Jóricke and Volberg. 

Writing of $D in Chapter VII was completed early in 1984, and 
some copies of the MS were circulated that spring. At the beginning of 
1987 I learned, first from V.P. Havin and then from N.K. Nikolskii, that 
the persons named in the title had extended the theorem of §D.6. 
Expositions of their work did not come into my hands until April and May 
of 1987, when I had finished going through the second proof sheets for 
this volume. 

In these circumstances, time and space cannot allow for inclusion of a 
thorough presentation of the recent work here. It nevertheless seems 
important to describe some of it because the strengthened version of 
Volberg's theorem first obtained by Brennan is very likely close to being 
best possible. I am thankful to Nikolskii, Volberg and Borichev for having 
made sure that the material got to me in time for me to be able to include 
the following account. 

The development given below is based on the methods worked out in 
$D of Chapter VII, and familiarity with that $ on the part of the reader 
is assumed. In order to save space and avoid repetition, we will refer to 
$D frequently and use the symbols employed there whenever possible. 


1/2 


1. Brennan’s improvement, for M(v)/v!/^ monotone increasing 


Let us return to the proof of the theorem in $D.6 of Chapter 

VII, starting from the place on p. 359 where A(é) and the weight 

w(r) = exp(— h(log(1/r))) were brought into play. We take over the 
notation used in that discussion without explaining it anew. 

What is shown by the reasoning of pp. 359-73 is that unless F(ei?) 


1 M(vv!? is increasing 571 
vanishes identically, 
| log |F(e!)|d@ > — oo 


provided that 
h(é) > const. £ 0 *9 


with some ô >0 as č —>0, and that 


[toes = 0 
0 


for small a 0. Brennan's result is that the first condition on h can be 
replaced by the requirement that &h(£) be decreasing for small & > 0. (The 
second condition then obviously implies that €h(é) — oo as č —40.) 

Borichev and Volberg made the important observation that Brennan's 
result is yielded by Volberg's original argument. To see how this comes 
about, we begin by noting that in $D.6 of Chapter VII, no real use of the 
property h(£) > const. £^ *9 is made until one comes to step 5 on p. 369. 
Up to then, it is more than enough to have h(£) > const. &^* with some 
c > 0 together with the integral condition on log A(£). Step 5 itself, however, 
is carried out in rather clumsy fashion (see p. 370). The reader was probably 
aware of this, and especially of the wasteful manner of using that step's 
conclusion in the subsequent local estimate of w(E, z) (pp. 370-2). At the 
top of p. 372, the smallness of f, (1A —|¢|))da(f, p) was used where its 
smallness in relation to 1/(1 — p) would have sufficed! 

Instead of verifying the conclusion of step 5, let us show that the quantity 


ap) Sene 


can be made as small as we please for p sufficiently close to 1 chosen 
according to the specifications at the bottom of p. 368, under the assumption 
that &h(£) decreases, with the integral of log (£) divergent. 

The original argument for step 5 is unchanged up to the point where 
the relation 


( | ^ (loi. aot n < const + (h(log(1/o2))) 


is obtained at the top of p. 370; here y can be chosen at pleasure in the 
interval (0, 1), the construction following step 3 (pp. 365-6) and subsequent 
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carrying out of step 4 being in no way hindered. Write now 


P(S) = čh(&); 


under the present circumstances P(£) is decreasing for small £ > 0. Since 
Yp» recall, lies in the ring {p° «|£| < 1), we then have, for p near 1, 


{ dep) s, { dole) _ 5 J h(log(1/1¢1)) 
„I= ^ fj loganh ~ 2, Pagat) 


dox, p) 


2 
s PaT |, teet dol, p). 


Referring to (*), we see that the last expression is 


2 
< POlog(/p) on + (h(2log(1/p)))". 


Here, the monotoneity of P(é) makes it tend to oo for £ — 0; otherwise 


fo log h(£) dá would be finite for small a>0 as already remarked. The 
function h(£) also tends to oo for € — 0, so, for p close to 1 the preceding 
quantity is 


< eU - 3 — 3 
P(2log(1/p)) (log(1/o)" | (1—p)" 


We thus have 


f SEP « xi -or* = eai o) 
LE 
for values of p tending to 1 chosen in the way mentioned above, and our 
substitute for step 5 is established. 

This, as already noted, is all we need for the reasoning at the top of 
p. 372. The local estimate for w(E, p) obtained on pp. 370-2 is therefore 
valid, and proof of the relation 


| log|F(e?)]d9 > — oo 
is completed as on pp. 372-3. 

It may well appear that the argument just made did not make full use 
of the monotoneity of £h(Z). However that may be, this requirement does 
not seem capable of further significant relaxation, as we shall see in the 
next two articles. At present, let us translate our conclusion into a result 
involving the majorant M(v) figuring in Volberg's theorem (p. 356). 
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In the statement of that theorem, two regularity properties are required 
of the increasing function M(v) in addition to the divergence of Y:? M(n)/n?, 
namely, that M(v)/v be decreasing and that 


M(v) 2 const. v* 


for large v, where « 1/2. The first of these properties is (for us) practically 
equivalent to concavity of M(v) by the theorem on p. 326. The concavity 
is needed for Dynkin's theorem (p. 339) and is not at issue here. Our interest 
is in replacing the second property by a weaker one. That being the object, 
there is no point in trying to gild the lily, and we may as well phrase our 
result for concave majorants M(v). Indeed, nothing is really lost by sticking 
to infinitely differentiable ones with M"(v) <0 and Mv) —0 for v — oo, 
as long as that simplifies matters. See the theorem, p. 326 and the 
subsequent discussion on pp. 328-30; see also the beginning of the proof 
of the theorem in the next article. 

With this simplification granted, passage from the result just arrived at 
to one stated in terms of M(v) is provided by the easy 


Lemma. Let M(v) be infinitely differentiable for v >0 with M"(v) <0 and 
M'(v) — 0 for v — oo, and put (as usual) 


hb) = sup (M(v) — vě). 
Then £h(£) is decreasing for small £ > 0 if and only if M(v)/v!? is increasing 
for large v. 


Proof. Under the given conditions, when €>0 is sufficiently small, 
h(é) = M(v)— vé for the unique v with M'(v) 2 ¢ by the lemmas on pp. 
330 and 332. Thus, 


M'()h(M'(»)) = M()M'Q) — (M'Y, 


so, since M'(v) tends monotonically to zero as v — oo, €h(é) is decreasing 
for small £ > 0 if and only if the right side of the last relation is increasing 
for large v. But 


+ MOMO- WMO) = M'(0M() - 26M"G)M'G) 


C wer e. 


yil2 
Since M"(v) « 0, the lemma is clear. 


Referring now to the above result, we get, almost without further ado, 
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the 


Theorem (Brennan). Let M(v) be infinitely differentiable for v>0, with 
M"(v) <0, 


Mt»). ] 
ji; increasing for large v, 
and 
YM(nm = o. 
1 
Suppose that 
Fe’) A Y a, ein? 


is continuous, with 


|a,| € const.e- M for n « 0. 


Then, unless F(e'?) vanishes identically, 


| log|F(e?))d9 > — oo. 


Indeed, this follows directly by the lemma unless lim, ~ ,, M'(v) > 0. Then, 
however, the theorem is true anyway — see p. 328. 


2. Discussion 


Brennan's result really is more general than the theorem on 
p. 356. That's because the hypothesis of the former one is fulfilled for any 
function F(e') satisfying the hypothesis of the latter, thanks to the 
following 


Theorem. Let M(v), increasing and with M(v)/v decreasing, satisfy the 
condition Y:? M(n)/n? = oo and have M(v) > const. v* *? for large v, 
where ô > 0. Then there is an infinitely differentiable function M,(v), with 
ov) < 0, 
Mv) € M(v) for large v, 
MQ(v)/v!? increasing, and Y? M,(n)/n? = oo. 


Proof. By the theorem on p. 326 we can, wlog, take M(v) to be actually 
concave. It is then sufficient to obtain any concave minorant M ,(v) of M(v) 
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with M,(v)/v!? increasing and f? (M,(v)/v?)dv divergent, for from such a 
minorant one easily obtains an M,(v) with the additional regularity 
affirmed by the theorem. 

The procedure for doing this is like the one of pp. 229-30. Starting with 
an M,(v), one first puts M,(v) = M,(v) -- v!? and then, using a €, 
function (t) having the graph shown on p. 329, takes 


Me») = ef M (v — 1) g(t) dt 
0 


for v > 1 with a suitable small constant c. This function M((v) (defined in 
any convenient fashion for 0 < v < 1) is readily seen to do the job. 

Our main task is thus the construction of an M,(v). For that it is helpful 
to make a further reduction, arranging for M(v) to have a piecewise linear 
graph starting out from the origin. That poses no problem; we simply replace 
our given concave function M(v) by another, with graph consisting of a 
straight segment going from the origin to a point on the graph of the 
original function followed by suitably chosen successive chords of that 
graph. This having been attended to, we let R(v) be the largest increasing 
minorant of M(v)/v!? and then put 


M,(v) = v'?R(v); 


this of course makes M,(v)/v!? automatically increasing and M,(v) < M(v). 

Thanks to our initial adjustment to the graph of M(v) we have 
M(vy/v!? — 0 for v — 0. Hence, since M(v) > const. vè *? for large v, R(v) 
must tend to oo for v — oo, and coincides with M(v)/v!? save on certain 
disjoint intervals («,, B,) c (0,00) for which 


M M 
E 


Concavity of M,(v) follows from that of M(v). The graph of M,(v) 
coincides with that of M(v), save over the intervals (o, B,), where it has 
concave arcs (along which M (v) is proportional to v!?), lying below the 
corresponding arcs for M(v) and meeting those at their endpoints. The 
former graph is thus clearly concave if the other one is. 

Proving that Z? M,(n)/n? = oo is trickier. There would be no trouble 
at all here if we could be sure that the ratios 8,/a, were bounded, but we 
cannot assume that and our argument makes strong use of the fact that 
ó » 0 in the condition M(v) > const. v* *?. 

We again appeal to the special structure of M(v)s graph to argue that 
the local maxima of M(v)/v!?, and hence the intervals (c, B,), cannot 
accumulate at any finite point. Those intervals can therefore be indexed 


0, € Y € By. 
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from left to right, and in the event that two adjacent ones should touch 
at their endpoints, we can consolidate them to form a single larger interval 
and then relabel. In this fashion, we arrive at a set-up where 


0«a,«fp,«u-«fp-«-., 
with M,(v) = M(v) outside the union of the (perhaps new) (q,, f), and 


y \ 1/2 BA? 
M,() = (=) M(aj) = (£) M(B,) for o, S v € r- 


ay v 


It is convenient to fix a By with 0 < By < a,. Then, since M(v)/v decreases, 
M(a,) < (,/Bo)M(Bo), so, by the preceding relation, 


1/2 1/2 
mey = (2) ma < (E) tme 
1 1 0 


In like manner we find first that M(«2) < (2/B,)M(B,) and thence that 
M(B) < (B2/02)'/?(a2/B,)M(B,) which, substituted into the previous, 


yields 
1/2 1/2 
M(B) < (2) (A) Mibo). 


a Bi\ oy Bo 
Continuing in this fashion, we see that 
B Xn (E) s (bs 
M(B) < |— M s[—] M(B). 
E (i Ge) Bee MAU We n 


Now by hypothesis, M(f,) > Cf*? where, wlog, C = 1. Use this with 
the relation just found and then divide the resulting inequality by o *?, 
noting that 


ay Byes Qy—1 "NO EA Bs: 


B.-, Xn-1 B.-2 9, [U 


a, = 


One gets ^ n 

9, Bn-1 : f, : Oy 
(A) < (yee) (E) gto 
Oy eh hs PF 


Oy 
o 
Pa-1%n-1 % Bo 


After cancelling (f,/2,)!? from both sides and rearranging, this becomes 


(bbs. By e (cns say 
Oy S — 1 9, = Ba-1Bn-2 Bo Bsr? 


There is of course no loss of generality here in assuming 6 < 1/2. The last 
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formula can be rewritten 


ES) IER) 


where c = (1/ó)log (M(B,)/B1? +°) is independent of n, and this estimate 
makes it possible for us to compare some integrals of M(v)/v? over 
complementary sets. 
Since M(v)/v is decreasing, we have 
" e x M(x)|^ dv _ Mlan) io On 


moira. Te 


> 
hs t Os Jp. V On B.-i 


and at the same time, 
5M M Bud M 
{ ay < Me) (dv. MG) Ba 
"ER An Ja, V On On 


From the second inequality, 


and partial summation converts the right side to 


Not (M(t) Mand) Bu Be, Mey) XB, 
P" i » log 9 + oy 2 do k 


ay n+ = 


The ratios M(a,)/a, are, however, decreasing, so we may apply the estimate 
obtained above to see that the last expression is 


«y pe — ee (1-28 aua, 


An n1 k=1 


£ Mew PS $; log = " d 


ay 


which, by reverse summation by parts, boils down to 


1—2ó N M(2,), On " Me) 
EN n=1 Qn BL 9 l 
This in turn is 
LO N n 
< 1— 26 M\) iy " M) 
20 4^ Ba-1 v vt 


by the first of the above inequalities, so, since M(v) = M (v) on each of 
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the intervals [,..,,«,], we have finally 


N SM 1-25 N (* M,(v) 
uU) 


» die. 


n=1 Ja, 


dv + Mey 
=1 Jp, y 4 
Un N n 
Adding $ (M(yyy?)dv = Y (M,(v)/v?) dv to both sides 


» E Bn-1 n=l Ba-1 
of this relation one gets (a fortiori!) 


PNM M 1 ("M 
{ ay < MOD p 1 (mM 
dc Y Oy 26 Jp. "V 
and thence 
S 1 {°M 
MO gy < MED p LS MOa, 
fo Y Oy 26 Jp, V 


In the present circumstances, however, divergence of Y'? M(n)/n? 

equivalent to that of the left-hand integral and divergence of Y? M ,(n)/n? 
equivalent to that of the integral on the right. Our assumptions on M(v) 
thus make Y'? M,(n)/n? = oo, and the proof of the theorem is complete. 


The second observation to be made about Brennan’s theorem is that 
its monotoneity requirement on M(v)/v!? is probably incapable of much 
further relaxation. That depends on an example mentioned at the end of 
Borichev and Volberg's preprint. Unfortunately, they do not describe the 
construction of the example, so I cannot give it here. Let us, in the present 
addendum, assume that their construction is right and show how to deduce 
from this supposition that Brennan's result is close to being best possible in 
a sense to be soon made precise. 

The example of Borichev and Volberg, if correct, furnishes a decreasing 
function h(é) with £h(£) 2 1 and fo logh(£)d£ = oo together with F(z), 
bounded and @,, in (|z| « 1) and having the non-tangential boundary 
value F(e?) a.e. on (|z| = 1), such that 


eR) < exp( —a( tog, ‘) for |z| « 1, 


0z 
| log|F(e?)]d9 = — oo 


while 


although F(e?) is not a.e. zero. 
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The procedure we are about to follow comes from the paper of Jóricke 
and Volberg, and will be used again to investigate the more complicated 
situation taken up in the next article. In order that the reader may first 
see its main idea unencumbered by detail, let us for now make an additional 
assumption that the function F(z) supplied by the Borichev—Volberg construc- 
tion is continuous up to |z| ^ 1. At the end of the next article we will see 
that a counter-example to further extension of the L, version of Brennan's 
result given there can be obtained without this continuity. Assuming it here 
enables us to just take over the constructions of $D.6, Chapter VII. 

The present function F(z) is to be subjected to the treatment applied 
to the one thus denoted in $D.6, beginning on p. 359. We also employ the 
symbols 


w(r) = exp ( —h (14), 


0, B, ®©, Q, &c with the meanings adopted there. 

Starting with F(z), we construct a continuous function g(e?) on 
(|z| 2 1) and a concave increasing majorant M(v) having the following 
properties: 


E CET 
(i) F gids — — oo, 


(i) — Y Mnn? = oo, 
(iv) M(vyv!? > 2, 


(v) glei?) ~ » a,€"? with |a,| < const.e ^"? for p « 0. 

— 00 
It is clear from this how close Brennan's result comes to being best possible 
provided that the above assumptions are granted. 

The weight w(r) we are now using is decreasing, and, since €h(€) > 1, 
goes to zero rapidly enough for the reasoning followed in steps 2 and 3 
of §D.6, Chapter VII to carry over without change. 

But the argument made for step 1 on p. 361 requires modification. Here, 
since F(z) is continuous on the closed unit disk and # 0 on its circum- 
ference, there is a non-empty open arc I of that circumference on which 
| F(e'%)| is bounded away from zero. Then, because w(r) —0 for r — 1, 
the open set © must have a component — call it © — abutting on I. 
If, at the same time, B contained a non-void open arc J of the unit 
circumference, we would have 0€' ^J = @. In that event one could reason 
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with the analytic function ®(z) as at the bottom of p. 362, because 
(d$()| < const.w(I£]) on a0 f|c| « 1). In that way, one would find 
that ®(z) 2 0 in 0’, making F(e'*) = 0 on I, a contradiction. Hence no such 
arc as J can exist. 

Once steps 1, 2 and 3 are carried out, we fix any p, 0« p < 1 and take 
the connected set Q = Q(p) € {p<|z|<1} described at the top of 
p. 363. As pointed out on p. 364, 0Q includes the whole unit circumference. 

Fix nowa Zo € Q. Givenan integer n > 0, let us apply Poisson's formula 
to the function z"d(z), harmonic (since analytic!) in Q and continuous up 
to 0Q. We get 


ZoP(Zo) = | EDE) dwal, Zo) 
e] 


where, as usual, w,( , )is harmonic measure for Q. The boundary 
ôN consists of the unit circumference together with 


y = 0QN{|z| « 1), 
so the last relation can be rewritten 
n 
f e@(e®) dwale, zo) = z5P(Zo) — | C"@(C)darg(¢, zo). 
=k y 
Let us first examine the right side of this formula. 
. 1 
With PET čo 0, the first term on the right has modulus |d(z,)|e ^ "^e. 
0 
Concerning the second term, we recall that by the construction of 
€, \®(Q)| < const.w(|£]) on y, including on any arcs thereof lying on 
{|¢| = p} and in €, as long as the constant is chosen large enough. Therefore, 
writing 
M(v) = inf (h(E) + ëv) 
—é>0 


we have, since w(|C|) = exp(— h(£)) with č = log(1/|C]), 
ICL] € conste V9, ¢ ey. 


Harmonic measure of course has total mass 1. Our second term is hence 
< const.e M? in magnitude, and we find that altogether, for n > 0, 


[4 
| e"?d(e?) dwale, z;)| < const. (e7" + eM), 


Rk 


It will be seen presently that e^ M? dominates e "* for large n, so that 
the latter term can be dropped from this last relation. On account of that, 
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we next turn our attention to M(v). This function is concave by its definition, 
and, since h(é) > 1/¢, easily seen to be > 2v! and thus enjoy property 
(iv) of the above list. Because h(£) is decreasing and f logh(é)dé = oo, 
we have [7 (M(v)/v?)dv = oo by the theorem on p. 337. That, however, 
implies that Y? M(n)/n? = oo, which is property (iii). 

We look now at the measure D(e'*)dw,(e!, zo) appearing on the left in 
the preceding relation. In the first place, dw,(e'’, zo) is absolutely continuous 
with respect to d9 on {|¢|= 1}, and indeed < C d9 there, the constant C 
depending on zy. This follows immediately by comparison of da,(e'’, zo) 
with harmonic measure for the whole unit disk. We can therefore write 


D(e'*) dale zo) = g(e?)d9 


with a bounded function g, and have just the moduli of 2ng(e?)s Fourier 
coefficients (of negative index) standing on the left in the above relation. 

In fact, daw,(e'’,z 9) has more regularity than we have just noted. 
The derivative dw,(e'’,z,)/d9 is, for instance, strictly positive in the 
interior of each arc I, of the unit circumference contiguous to B’s 
intersection therewith. To see this one may, given 1,, construct a very 
shallow sectorial box X in the unit disk with base on I, and slightly shorter 
than the latter. A shallow enough ¥ will have none of ôQ in its interior 
since Q abuts on I,. One may therefore compare da,(e'’,z) with 
harmonic measure for Z when ze and e? is on that box's base, and 
an application of Harnack then leads to the desired conclusion. 

From this we can already see that |g(e/?)| is bounded away from zero 
inside some of the arcs I,, for instance, on the arc J used at the beginning 
of this discussion. But there is more — g(e?) is continuous on the unit 
circumference. That follows immediately from four properties: the 
continuity of D(e'%), its vanishing for e?e B, the boundedness of dw,(e"®, zo)/d 9, 
and, finally, the continuity of this derivative in the interior of each arc I, 
contiguous to Bo {|¢| = 1}. The first three of these we are sure of, so it 
suffices to verify the fourth. 

For that purpose, it is easiest to use the formula 


dog(t, Zo), 


dogal, zo) ^ do,(e^z,) f dale’, ¢) 
d9 —  d9 , d9 


where œa( ,2Z 9) is ordinary harmonic measure for the unit disk A (cf. 
p. 371). For e? moving along an arc I,, 


do,(e^0/d8 = (1—1Cy2nIt — e*? 


varies continuously, and uniformly so, for 6 ranging over any subset of A 
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staying away from e'?. Continuity of doe, z))/d9 can then be read 
off from the formula since y has no accumulation points inside the 7,. 
The function g(e'’) is thus continuous, in addition to enjoying property 
(1) of our list. Nengcanon of properties (1i) and (v) thereof remains. 
Because dog(e)zgd9 < C and |@(e'%)| lies between two 
constant multiples of |F(e?), property (ii holds on account of the 
analogous condition satisfied by F and the relation of g(e?) to ®(e'). 
Passing to property (v), we note that an earlier relation can be rewritten 


[ie ind g(e e?)d9 


By concavity of M(v), M(v)/v eventually decreases and tends to a limit 
[Iz 0 as v — oo. Were l> 0, the right side of the inequality just written 
would be < conste "^ with |, = min(£,,]) > 0. Such a bound on 
the left-hand integral would, with property (ii) force g(e?) to vanish 
identically — see the bottom of p. 328. Our g(e?), however, does not do 
that, so we must have | 2 0, making M(n) < n£, for large n. The right 
side of our inequality can therefore be replaced by const.e M), and 
property (v) holds. The construction is now complete. 

It is to be noted that the only objects we actually used were the 
function h(£) with its specified properties and «(z) analytic in a 
certain domain © c {|z|<1} and continuous up to 00, satisfying 


Ie < cons. exp ( — (ez) on 06^ (|C| <1} and |G(2|» 0 on 


some arc of {|¢| = 1) included in 00. I have a persistent nagging feeling 
that such functions h(£) and ®(z), if there really are any, must be lying 
around somewhere or at least be closely related to others whose construc- 
tions are already available. One thinks of various kinds of functions 
meromorphic in the unit disk but not of bounded characteristic there; 
especially do the ones described by Beurling at the eighth Scandinavian 
mathematicians’ congress come back continually to mind. 

This addendum, however, is already being written at the very last 
moment. The imminence of press time leaves me no opportunity for 
pursuing the matter. 


< const(e "9-pe M) — 420. 


3. Extension to functions F(e?) in L,(— z, x). 


The theorem of p. 356 holds for L, functions F(e?) not ae. 
Zero, as does Brennan's refinement of it given in article 1 above. A procedure 
for handling this more general situation (absence of continuity) is worked 
out in the beautiful Mat. Sbornik paper by Jóricke and Volberg. Here we 
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adapt their method so as to make it go with the development already 
familiar from $D.6, Chapter VII, hewing as closely as possible to the latter. 
Our aim is to show that 


| log | F(e’)|d@ > — oo 


for any function F(e?) e L,(—2,2) not ae. zero and satisfying the 

hypothesis of Brennan’s theorem. Let us begin by observing that the 

treatment of this case can be reduced to that of a bounded function F. 
Suppose, indeed, that 


F(e?) po » a, e? 


belongs to L,, with |a,| < const. e- M»? for n <0. The series Y, <o a,e 
is then surely absolutely convergent, so 


9o P 
Y d, ei"? 
0 


is also the Fourier series of an L, function, which we denote by F , (e?) 
(this belongs in fact to the space H,). For |z| < 1, put 


z) = Ya 
0 
for this function, analytic in {|z| < 1}, we have (Chapter II, §B!), 
F,(z —F,(e?) ae. as z -4> e°, 


ind 


Using the integrable function log* |F,(e?)| > 0, we now form 


1 n i9 
b) = JF 5 — log* |F ,(¢)]d9, 


analytic and with positive real part for |z| « 1. According to the third 
theorem and scholium of $F.2, Chapter III, b(z) tends for almost every 
$ to a limit b(e?) as z +e’, with 


9ib(e?) = log*|F,(e?)| ae. 
A standard extension of Jensen's inequality to H, also tells us that 
log|F4(z)| < 9b(z, — |z|«1 


(cf. pp. 291-2 where this was proved and used for z = 0). 
We next perform the Dynkin extension (described on pp. 339—40) on 
the continuous function 


(e?) = > Qn et, 


584 Addendum. Improvement of Volberg’s theorem 


This gives us F_(z), @,, in the unit disk and continuous (hence bounded!) 
up to its boundary, with 


os < const exp( —a( log) ) |z|<1, 


Oz 
where, in the present circumstances, 


hi) = sup (M(v)/2— va) 


(see remark 2, p. 343). As usual, we write 


w(r) = exp( —h( tog) ) 


then, putting 
F(z) = F_(z)+F,(z) 
for |z| « 1, we have 


OF(z) 
üz 


< const. w(|z|) 


there, and 
F(z) — F(e?) a.e. for z 77 e*. 
The bounded function spoken of earlier is simply 
F(z) = e F(z). 


It is bounded in the unit disk by one of the previous relations; another 
tells us that Fo(z) has a non-tangential boundary value F,(e!%) = 
F(e?) exp(— b(e?)) equal in modulus to | F(e'?)|/max (|F , (e/?)|, 1) at almost 
every point of the unit circumference. Then, since F(e?)eL, is not ae. 
zero, neither is F,(e'%). We note finally that by analyticity of e~™, 
OFQ(z)/0z = e "?OF(z)/0z, making 


OF o(2) 
02 


< const. w(|z|), |z| « 1. 


Given that M(v) satisfies the hypothesis of Brennan's theorem, our 
function A(£) enjoys the two properties used in the first part of article 1, 
namely, that £h(£) decreases and that fo log h(é)dé = oo for small a >Q. 
If, now, we can deduce from these together with the preceding relation that 
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the bounded function F,(z), not a.e. zero for |z| = 1, satisfies 


f log|Fo(e?)]d9 > — oo, 


we will certainly have the same conclusion for 
log|F(e?^)| = log|Fo(e?)| + log* |F .(e'*)|. 


The rest of our work deals exclusively with F(z). 

In order to stay as close as possible to the notation of §D.6, Chapter 
VII, we denote the bounded function F(z) by F(z) from now on. Using this 
new F(z), we first form the sets B c {|z|<1} and 0 S {|z|<1} as on 
pp. 359-60, and then the function ®(z) introduced on p. 360. The latter, 
analytic in €, is actually defined on the whole unit disk, and has there at 
least as much continuity as F(z) besides lying in modulus between two 
constant multiplies of |F(z) It has, in particular, a non-tangential 
boundary value de?) a.e. on the unit circumference, and this does not 
vanish a.e. The construction of B ensures that 


|D(Q)| < cons. w(l£]) ^ on BON{|E| « 1) 


(indeed, on B), and our task amounts to showing that 
Í log |®(e*)|d9 > — oo 


on account of these properties. 

What makes the present situation more complicated than the one studied 
in §D.6 of Chapter VII is that ®(z) need no longer be continuous up to 
the whole unit circumference. This causes the notion of abutment introduced 
on p. 348 to be less useful here for the examination of our set Ó than it 
was in §D.6, and we have to supplement it with another, that of fatness. 
The latter, based on the famous sawtooth construction of Lusin and 
Privalov, helps us to take account of ®(z)’s non-tangential boundary 
behaviour. 

To describe what is meant by fatness, we need to bring in a special kind 
of domain together with some notation; both will also be used further on. 
Corresponding to each point e on the unit circumference, we have an 
open set S, consisting of the z with 1/2 « |z| « 1 lyingin the open 60° 
sector having vertex at e'* and symmetric about the radius from 0 out to 
that point. Given any subset E of (|C| 2 1] we then write 


Sr = U Se 


e"cE 
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It is evident that if we take any Sg and a p, 1/2 <p « 1, the intersection 
Sgo p «|z| « 1) 


breaks up into (at most) a countable number of open connected compo- 
nents, each of the form 


Sg. (p «Iz| « 1}, 


with the E, making up a (disjoint) partition of the set E. 


Definition. A connected open set of the form 
Sgo p «|z| « 1) 


(with 1/2 « p « 1) is called a sawblade of depth 1 — p. We say that such a 
sawblade bites on the set E. 


Now we can state the 


Definition. An open subset 4/ of the unit disk is called fat if it contains a 
sawblade biting on a closed E € {|¢|=1} with |E| » 0. In that circum- 
stance we also say that 4/ is fat at E. 


Equipped with these tools, we endeavour to investigate the set @ 
according to the procedure of $D.6, Chapter VII. In this, some modifica- 
tions are necessary; we have, in the first place, to skip over step 1 (p. 361). 
Then, taking p, 1/2 « p « 1, we construct a set Q(p), proceeding differently, 
however, than as we did on pp. 361-3. 

There is, by the properties of ®(z), a closed subset Ey of the unit 
circumference, | Eo| > 0, such that, for the non-tangential boundary values 
Q(0), we have, wlog, 


IMC)|>1, 6 e Eo. 


Egorov's theorem enables us to in fact pick Ey so as to have |®(z)|> 1 
for zeSg, with p' «|z| « 1 when p' p is sufficiently close to 1. But the 
construction of B and 0 makes |®(z)| < const. w(|z|]) on B, hence on 
{|z}<1} ~ ©. Therefore, since w(r) —0 for r — 1, we must have 


Sg ^(p «Iz «1) € 0 


if p, p«p' «l1, is near enough to 1. One of the components of the 
intersection on the left is a sawblade of depth 1 — p' biting on a (Borel) 
subset E' of Eg with | E'| » 0; a suitable closed subset E of E' then has 
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| E| 7 0, and there is a sawblade of depth 1 — p' biting on E and contained 
in 0. We now take Q(p) as the component of 6 ^íp «|z| <1} including 
that sawblade; Q(p) is fat at E. 


For the present set Q(p) there is a substitute for step 2 of p. 362: 


Step 2'. Qp) includes the whole unit circumference. 
This we establish by reductio ad absurdum. Let us write Q for Q(p), 
and put 


y BQN (|z| « 1}, 
DU 200 — y 


T is thus the part of 0Q lying on the unit circumference. Assume that there 
is on the latter a non-empty open arc J with Jor = Ø; we will then 
deduce a contradiction. 

For that it is quicker to fall back on the device used in the second half 
of article 2 than to adapt Volberg’s theorem on harmonic measures 
(p. 349) to the present situation. Fixing z9&Q, we can say that 


Zo®(zo) = | Co()deg(,z;)) ^ fornz 0, 
ôn 
whence 


| enge Jdoole", z) = zo) 
T 


= | COE doal, Zo), ne. 


Here we are using Poisson's formula for the bounded function ("®(¢) 
harmonic (even analytic) in Q and continuous up to y, but not necessarily 
up to T, where it is only known to have non-tangential boundary values 
a.e. Such use is legitimate; we postpone verification of that, and of a 
corresponding version of Jensen's inequality, to the next article, so as not 
to interrupt the argument now under way. 

As in article 2, do(e'?,zo) is absolutely continuous and < Cd9 
on T, and we obtain a bounded measurable function g(e?) by putting 


dale", Z o) 
9 


g(e?) = Ple’) fore? e T 


and (here!) taking g(e'’) to be zero outside I. From the preceding relation 
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we then see, as in article 2, that 


< conste "^ + e Mim) 


| e"? g(ei?) d3 


R 


for n>0, where £, > 0 and 


M,(v) = mt (h(5) + čv). 

This function is increasing and concave, so the right side of the last 
inequality can be replaced by const.e ^ M??? for large n, with M ;(n) equal 
either to £on (in case lim, ,,(M,(v)/v) > čo ) or else to M (n). In either 
event, M ;(n)increases and Y? M,(n)/n? = oo onaccount of the properties 
of h(é). (See the theorem of p. 337 — M ,(n) is actually equal to M(n)/2 in 
the present set-up.) Now we can apply Levinson's theorem, since g(e^?) 
vanishes on the arc J. The conclusion is that g(e?) =0 a.e. 

But g(e'*) does not vanish a.e. Indeed, Q contains a sawblade £ biting on a 
closed set E, |E| » 0, where |®(e'%)| > 1. Thence, 


| lg(e^)|d9 = | | B(e'%) dwl, zo) > WE, zo). 
E E 


Harnack’s theorem assures us that the quantity on the right is > 0 if, for 
some zE, W,(E,z,) > 0. However, by the principle of extension of 
domain, oo(E,z;) > c,(E,z,). At the same time, 0€ is rectifiable, so a 
conformal mapping of & onto the unit disk must take the subset E of 0&, 
having linear measure > 0, to a set of measure > Q on the unit circum- 
ference. (This follows by the celebrated F. and M. Riesz theorem; a proof 
can be found in Zygmund or in any of the books about H, spaces.) We 
therefore have w,(E,z,) > 0, making o(E,zo) > 0 and hence, as we 
have seen, fclg(e?)|d9 > 0. 

Our contradiction is thus established. By it we see that the arc J cannot 
exist, i.e., that I is the whole unit circumference, as was to be shown. 


With step 2' accomplished, we are ready for step 3. One starts out as 
on p. 363, using the square root mapping employed there. That gives us 
a domain Q ,, certainly fat at a closed subset E", of E , (the image of E 
under our mapping) with |E”|>0 (recall the earlier use of Egorov’s 
theorem). Thereafter, one applies to Q, the argument just made for Q in 
doing step 2'. 

The weight w,(r) is next introduced as on p. 365, and the sets B, and 
©, constructed (pp. 365-6). After doing steps 2' and 3 again with these 
objects, we come to step 4. 


3 F(e'’) in L,(—7,n) 589 


Jóricke and Volberg are in fact able to circumvent this step, thanks to 
a clever rearrangement of step 5. Here, however, let us continue according 
to the plan of $D.6, Chapter VII, for the work done there carries over 
practically without change to the present situation. 

What is important for step 4 is that a ¢, |C| — 1, not in B must, even 
here, lie on an arc of the unit circumference abutting on 0. Such a C¢B 
must thus, as on p. 367, have a neighborhood V; with 


Wo(Iz«1) € On{p? «Iz| « 1j. 


The left-hand intersection therefore lies in some connected component of 
the one on the right, which, however, can only be Q(p?), since ( € 0Q(p?) 
by step 2'. The rest of the argument goes as on pp. 367-8. 

Now we can do step 5, or rather the substitute for it carried out at the 
beginning of article 1. For this it is necessary to have the Jensen inequality 


log |®(p)| < | 


cet 


, leg IDO ldo, p) 
p^) 


(notation of p. 369) available in the present circumstances, where continuity 
of $(z) up to {|¢| = 1} may fail. The legitimacy of this will be established 
in the next article; granting it for now, we may proceed exactly as at the 
beginning of article 1. 

From here on, one continues as on pp. 370-2, and reaches the desired 
conclusion that f” log|®(e'*)|d9 > — oo as on p. 373, after one more 
application of our extended Jensen inequality. 

We thus arrive at the 


Theorem. Let F(e?^) € L,(— n, n) not be zero a.e., and suppose that 


F(e??) AU Qn en? 


que 


with 
la,| < conste-M? ^ naQ. 


Suppose that M(v) is concave, that M(v)/v!? is increasing for large v, and 
that 


Y M(n\/n? = œ. 
1 
Then 


i log|F(ei?))d9 > — oo. 


Li 
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Remark. Yn their preprint, Borichev and Volberg consider formal trigo- 
nometric series 


in which the a, with negative n satisfy the requirement of the theorem, but 
the a, with n > 0 are allowed to grow like eM? as n — oo. Assuming more 
regularity for M(v) (M(v) > const. v* with an « < 1 close to 1 is enough), 
they are able to show that under the remaining conditions of the theorem, 
all the a, must vanish if 


n 0 oo 
lini | log} $ ae? + Ya,"e"|d9 = —oo. 
n — o0 1 


r1 


Before ending this article let us, as promised in the last one, see how 
the example of Borichev and Volberg shows that the monotoneity 
requirement on M(v)/v!? cannot, in the above theorem at least, be relaxed 
to M(y)/v!? > C > 0, even though continuity up to (|C| = 1) should fail 
for the function F(z) supplied by their construction. 

The reader should refer back to the second part of article 2. Correspond- 
ing to the bounded function F(z) used there, no longer assumed continuous 
up to {|¢| = 1} but having at least non-tangential boundary values a.e. on 
that circumference, one can, as in the preceding discussion, form the sets 
B, © and Q(p) and do step 2'. One may then form the function g(e?) as 
in article 2; here it is bounded and measurable at least. The work of step 
2' shows that g(e?) is not a.e. zero, while properties (ii)-(v) of article 2 
hold for it (for the last one, see again the end of that article). 

This is all we need. 


4. Lemma about harmonic functions 


Suppose we have a domain Q regular for Dirichlet's problem, 
lying in the (open) unit disk A and having part of ôQ on the unit 
circumference. As in the last article, we write 


T=0Qn0A and y=dQNA. 


For the following discussion, let us agree to call ¢, |¢|=1, a radial 
accumulation point of Q if, for a sequence {r,„} tending to 1, we haver,¢ e Q 
for each n. We then denote by I" the set of such radial accumulation 
points, noting that I” S&T with the inclusion frequently proper. 
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Lemma. (Jóricke and Volberg) Let V(z), harmonic and bounded in Q, be 
continuous up to y, and suppose that 

lim V(Q) 

ren 
exists for almost all CeI’. Put v(f) equal to that limit for such ¢, and to 
zero for the remaining CeT. On y, take v(f) equal to V(C). Then, for zeQ, 


VG) = | vC) darg(é, z). 
eQ 


Proof. It suffices to establish the result for real harmonic functions V(z), 
and, for those, to show that 


V(z) < f w0dog(,z2, ^ zeQ, 
aQ 


since the reverse inequality then follows on changing the signs of V and v. 

By modifying v(f) on a subset of T having zero Lebesgue measure, we 
get a bounded Borel function defined on 0. But on I, we have 
da,(f,z) < C,|dC| (see articles 2 and 3), so such modification cannot alter 
the value of fia v(i) doal, z). We may hence just as well take w() as a 
bounded Borel function (on ôN) to begin with. 

That granted, we desire to show that the integral just written is > V(z). 
For this it seems necessary to hark back to the very foundations of 
integration theory. Call the limit of any increasing sequence of functions 
continuous on 0Q an upper function (on ôN). There is then a decreasing 
sequence of upper functions w(C) > v(f) such that 


| wC) doal, z) — f uQda(f,z),  zeQ. 
oQ oQ 


Indeed, corresponding to any given zeļ, such a sequence is furnished by 
a basic construction of the Lebesgue-Stieltjes integral, coo( ,z) being a 
Radon measure on 0Q. But then that sequence works also for any other 
zeQ, since dog(6,2) < Cíz z)dog(C,z) (Harnack). 

Our inequality involving v and V will thus be established, provided that 
we can verify 


V(z) < | w,(6) deg, z), zeQ, 
a0 
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for each n. Fixing, then, any n, we write simply w(¢) for w,(¢) and put 
W(z) = | wE) dalk, z) 
oQ 


for zeQ, making W(z) harmonic there. Our task is to prove that 
V(z < W(2), zeQ. 
It is convenient to define W(z) on all of Q by putting 
W(t) = w(), | teoQ. 
At each (e0Q we then have 


liminf W(z) > W(Q 
zt 
zů 


by the elementary approximate identity property of harmonic measure, 
since w(¢), as limit of an increasing sequence of continuous functions, 
satisfies 


lim infw(l) > w(Co) for (,€0Q. 
obo 
teoQ 


The function W(z) enjoys a certain reproducing property in Q. Namely, 
ifthe domain 2 € Qis also regular for Dirichlet's problem, with perhaps 
(and especially!) part of 02 on 0Q, we have 


W(z) = | W(OQdes(6G2) for ze. 
a 


To see this, take an increasing sequence of functions f,(C) continuous on 
ôN and tending to w() thereon, and let 


Fz) = | f(Odog(z, ^ zeQ. 
an 


Then the F,(z) tend monotonically to W(z) in Q by the monotone 
convergence theorem. That convergence actually holds on Q if we put 
FAQ = fW) on 0€ this, however, makes each function F,(z) continuous 
on Q besides being harmonic in Q. In the domain 2, we therefore have 


F(z) = | FE) dog(t z) 
a2 


for each k. Another appeal to monotone convergence now establishes the 
corresponding property for W. 
Fix any zo €Q; we wish to show that V(z.) < W(zo). For this purpose, 
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we use the formula just proved with 2 equal to the component Q, of 
Qn {|z|<r} containing zo, where |z)|<r< 1. Because Q is regular for 
Dirichlet’s problem, so is each Q,; that follows immediately from the 
characterization of such regularity in terms of barriers, and, in the 
circumstances of the last article, can also be checked directly (cf. p. 360). 
We write 


T, = 00,00, 
making T, the union of some open arcs on (|C| =r}, and then take 
y = 00, ~ T, 


Y, is a subset (perhaps proper) of yn{|¢| <r}. 

The function V(z), given as harmonic in Q and continuous up to y, is 
certainly continuous up to 0Q,. Therefore, since V(Q) = wi) on y 2 y, 
we have, for z e €, 


V(z) = | v(0)deg (52) + | VE) dag (C, z). 
Yr T, 


At the same time, by the reproducing property of W, 


W(z) = | W()dog (52) + f, W()dog (0,2), z € Q,. 


We henceforth write w,( , ) for og ( , ). Then, since on y, € 0Q, 
W(t) = w(Q)is > v(0), the two last relations yield 


W(z)—V(z) > | (WE) — VE) dol, z) 
T, 


for z e Q,. Our idea is to now make r — 1 in this inequality. 
For |¢|= 1, define 


W(r)-V(r) if reer, 
O otherwise. 


A(t) = i 


Since V(z) is given as bounded, the functions A,(C) are bounded below. 
Moreover (and this is the clincher), 


liminf A(C > 0 ae. |c|— 1. 
r^i 


That is indeed clear for the ¢ on the unit circumference outside T" (the set 
of radial accumulation points of Q); since for such a &, r¢ cannot even 
belong to Q (let alone to T,) when r is near 1. Consider therefore a eI”, 
and take any sequence of r, < 1 tending to 1 with, wlog, all the r,¢ in Q 
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and even in their corresponding T,,. Then our hypothesis and the specifi- 
cation of v tell us that 


V(r,b) — 20), 


except when ¢ belongs to a certain set of measure zero, independent of 
{r,}. For such a sequence {r,}, however, 


lim inf W(r,f) > W) = w() 


noo 


as seen earlier, yielding, with the preceding, 


liminfA,() > WO- > 0. 


The asserted relation thus holds on T" as well, save perhaps in a set of 
measure zero. 

Returning to our fixed zọEQ, we note that for (1+ |zo|)/2 <r < 1 
(say), we have, on T,, 


do,(6,z)) < Kldt| 


with K independent ofr(justcomparec,( , )with harmonic measure for 
{|z|<r}). There are hence measurable functions 4,(¢) defined on {|¢| = 1} 
for these values of r, with 0 < u,(f) < K (and j(() —0 for rCeT, ), 
such that 


[vto Odot zo) = | A (Dru (1E ]. 
r =1 


Here the products A,(Q)ry,(¢) are uniformly bounded below since the A,(C) 
are. And, by what has just been shown, 


liminfA(Qryu(Q) 2 0 ae, |¢|=1. 
r>1 


Thence, by Fatou’s lemma (!), 


liminf} — A,(@)ru,(2)|do| > 0. 


r*1 Jg=ı 


We have seen, however, that when r|zgl  Wí(zo)— V(zo) is > 
the left-hand integral in the previous relation. It follows therefore that 


W(zo) — Vzo) > 0, 


as was to be proven. 
We are done. 
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Remark 1. When V(z) is only assumed to be subharmonic in Q but satisfies 
otherwise the hypothesis of the lemma, the argument just made shows that 


Viz) < | vC) dog(C, z) for zeQ. 
an 


Remark 2. In the applications made in article 3, the function V(z) actually 
has a continuous extension to the open unit disk A with modulus bounded, 
in A ~ Q, by a function of |z| tending to zero for |z| — 1. That extension 
also has non-tangential boundary values a.e. on 0A. In these circumstances 
the lemma's ad hoc specification of v(() on T ~ T" is superfluous, for the 
non-tangential limit of V(z) must automatically be zero atany ( € I' ~ I" 
where it exists. 


Remark 3. To arrive at the version of Jensen's inequality used in article 
3, apply the relation from remark 1 to the subharmonic functions 
Vu(z) = log*|M@®(z)|, referring to remark 2. That gives us 


max (log) leas) < l max (1og|¢) log Joost. 
dQ 


for zeQ. Then, since |®(z)| is bounded above, one may obtain the desired 
result by making M — oo. 


Addendum completed June 8, 1987. 
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